MA2342 - Homewrk 1 - Solutions and comments

The Answer/Solution parts of this text are essentially based on the solution submitted
in TeX by Jean Lagacé. I would like to give special thanks to him for providing his
homework in the LaTeX format.

1 Differential forms

Problem 1

QUESTION: Integrate o = (23 — 222y + xy? — 2y) dz — 22 dy over the unit circle, in a
counterclockwise direction. Explain the obtained result.

ANSWER :
7{ (23 — 2%y + zy® — 2y3)dx — 22dy =0
St
SOLUTION:
Let us use the following parametrisation for the circle for t € [—7, 7]:
T = cost, y = sint;
dx = —sintdt, dy = costdt;

which yields the following integral:

™
/ —cos® tsint 4+ 2cos® tsin®t — costsin®t 4 2sin? ¢ — 2 cos? ¢ dt. (1.1)
—T

The first and the third term integrate to 0 since they are odd functions. Using the
identities sin®t 4 cos®>t = 1 and using the fact that the integral of sin?t — cos® t over the
whole period is 0, by symmetry, we get that this integrates to 0.

DISCUSSION:

e You can use NIntegrate command in Mathematica to numerically compute (1.1)
and to check your answer in this way. This example is very simple of course and
computer can do it analytically as well, but you will face more challenging cases in
your research. You should acquire a habit of checking your results, in particular
numerically.

e One could think that § @ = 0 implies that « is an exact differential. However, we
cannot make any statement on the exactness of o based on this computation, it
simply means that integrating on this specific curve is 0. Sparing the computation,
if we had integrated the same differential on the square 9[0,1]2, the result would
have been —1/6. It is also easy to see, from the usual criterion on the exactness of
differentials, 8(%”0 = %, that it cannot be equal to df for some f, and is therefore
not exact.




e However, on the contour of integration condition z? + y? = 1 holds. It allows us
to simplify the integrand to (2z — 2y)dz — 2xdy. The latter one is exact and
non-singular inside the contour of integration. Hence the integral should be zero.

Problem 2

QUESTION: If you have a force F acting on a particle, you can define the differential
form Fydz' (summation over i is assumed). Then the work over a path v is given by
f,y Fijdz*. Translate the notion of "conservative" and "non-conservative" force to the
language of differential forms.

ANSWER: Conservative force is by definition a force whose work does not depend on
a path but only on the starting and ending points. This is one of the necessary and
sufficient conditions for a differential to be exact. So a conservative force is an exact
differential, while a non-conservative force is a non-exact differential.

DISCUSSION: Another name for conservative force is potential force: F = —dV, where
V is potential (minus sign is convention). Note that usually we consider F' as a vector,

not as a differential form. In this case we take a gradient, F = —VV or explicitly
Fi = —gij%, as discussed on the lecture. So the third name for the same thing is

gradient force.

2 Hamiltonians

Let us first state the equation for the Hamiltonian and the Hamiltonian equations of
motion. The Hamiltonian is the Legendre transform of the Lagrangian with respect to
the ¢ variables, that is it is given by

H= qul - ‘C?
where p; are the generalised momenta given by

oL

=25

From there, we can get the Hamiltonian equations of motion, a set of 2n first order
differential equations, where n is the number of degrees of freedom, as

. oA . oA

2

q

bi

- 8pZ Y p’L - 8q2 .

Problem 3

QUESTION: Find the Hamiltonian and Hamilton’s equations of motion for a system
with the following Lagrangian

L= %(i:%—l—j:%)—i-B(md:z —xod1) — U(x1,22) . (2.1)



Note: In the original task the potential was written with the opposite sign. It is ok if you
did your computations coherently, all up to the end with the opposite sign.

ANSWER: The Hamiltonian is

11 B?

H=—15 (P +p3) — B (x1p2 — wap1) + > (21 +23) | + U(x1,22).
The equations of motion are

Bpy—B?*x;  OU . —Bpi—B?zy 0U

hh=———"—535-" bo=——"""———""— 5373
m ox1 m 0xo

. 1 . 1
&1 = — (p1 + Bxa); ty = — (p2 — Br1).

m m

SOLUTION: First, let us compute the momenta,

oL

p1 = — = mI1 — Bzy;
61’1

p2 = o = miz + Bay;
81‘2

then we can get an expression for both &1 and o,

&1 = — (p1+ Bra);
m

. 1

o = f(pQ —B:Cl).
m

All is left to do is to write the Hamiltonian, following the equation at the beginning of
the section:

m 2

— Bxips + B?27 + Baopr + BQ%%} +U(xy,x2).

1 1
H=— [p? + Bpizs + p3 — Bpax1 — = (p] + 2Bp1x2 + B*x5 + p3 — 2Bpax1 + B*x})

Simplifying this mess, we get
2

11 B
H=— [2 (P +p3) = B (21pa = wap1) + - (21 + 23) | + U1, 22).

Finally, we get the equations of motion, including those for & we already computed,

. __OM _Bpy— B’z OU . __OH Bpi+B’my U

pr= ory m 0x,’ p2= 0z m 0xy’
oH 1 oH 1

T B m (p1 + Bza); T2 9p2 m (p2 x1)



Problem 4

QUESTION: Rewrite the Lagrangian from the previous exercise in polar coordinates
and find the Hamiltonian and Hamilton’s equations of motion in terms of generalised
coordinates and momenta: {7, ¢, p,, Py}

ANSWER : The Lagrangian is
m (.2 242 2,
£:—2 (7‘ + 0 ) + Br0 — U(r,0).
The Hamiltonian is ) )
2 2\2
= — —(pg — B .
H Zy [pr—I—TQ(pg 7“):|+U

The equations of motion are

.1 (p} 9 ou . oU.
pr—m(rs”f” T 2=
._ Pr, ~_p9—B7’2
=P f=PLo— o
m mr?

SOLUTION: To change into polar coordinates, we use the following change of variables :
r1 = rcosb, T9 = rsinb;
iy =7 cos — Orsiné, 9 = 7sin 6 + Or cos b;
which transforms the Lagrangian into
L :% (7’“2 cos? 0 — 2/ cos 0sin 0 + 6%r2 sin? 0 + 72 sin? 0 + 276 cos O sin 6 + %12 cos? 9)
+ B (i’r sin @ cos 0 + 012 cos? 6 — 7rsin 0 cos 0 + Or% sin? 0) +U(r,0);
and becomes, after simplification

=2 (i +1%?) + Br*) - U(r.0).

We can now compute the Hamiltonian. To do so, we must first compute the momenta,
yielding

_9L _
=57 =

oL 94 9
= — =mr°0 + Br-.
Do o0

Dr mr;



From this, we can get expressions for 7 and € as

g &'

m7
0= —1 (pg — Brz)
mr?2 ’
and we write the Hamiltonian
2
. ; D m [ p 1 2
H= pﬂ+p99—£:prr+pe2(109—37"2)—<’" (pe—Brz)>
m mr 2

which gets simpliiie(l to
1 2 1 2\2 U

We finally get the equations of motion as follow, using what we already computed for 7

and 0
. 1 (p 9 ou ) oUu
b= — (% —rp?) - 2 = -2
Pr=n (7"3 " or b2 06
. Pr ; pg—BT‘2
= 0= 2
m mr

One can observe from these equations of motion that if the potential is radial, it means
that pg is a conserved quantity for a system with this Hamiltonian.

DISCUSSION: It is good and important that you do an explicit computation similar to
above. At the same time, learn to observe several generic patterns. There were several
of them during this computation:

e [t is quite often that kinetic term is quadratic in velocities: % gijq'iq'j . The matrix
g should be sought as a metric. Passing from one coordinate frame (original {z, y}
coordinates) to another (polar coordinates) means changing metric. If you start
from a quadratic quantity like %gijq'iqj , you will end up with a quadratic quantity
% gij(ji(ji, where by ¢ and g we denoted the corresponding objects in the new coor-
dinate frame. In this particular case we can find § (almost) without computation.
First, we note that polar coordinates is an orthogonal frame hence g should be diag-
onal (think about this! can you explain these statements?). Hence the kinetic term
can be at most of the form % (A(T, #)72 + B(r, ¢)¢2> Due to rotational symmetry
of the problem, A and B should be independent from ¢. Purely by dimensional
analysis, A = const, B = r2const. It remains to fix two numerical constants. Find
by yourself two arguments that demonstrate that these constants are both equal
to 1 (consider velocity vectors in some special directions when the answer is under
very good control).



e [f you make Legendre transform of a quadratic form, you end up with a quadratic
form defined by an inverse matrix:
1 . 1 .
2 9ii q' ¢’ — (Legendre transform) — 5(9_1)”]01- P - (2.2)

Note that it is completely for g depend on co-ordinates. It should not depend
however on the velocities (i.e. objects which are subject to the Legendre transform).

e If your Lagrangian has a term linear in velocities:
L=F(q)q+L (2.3)

Then you can do the following: 1) Find the Hamiltonian for £’ 2) Replace in this
Hamiltonian p — p — F(q), and you will get the right answer (Prove this fact!
Or understand the mechanism behind on the example of Problem 4). Note: this
technique is used in the next problem.

I must say I don’t encourage you to use these properties as the ONLY mean for deriving
your answer. Formulated in generic fashion, they might render your computation too
formalised so you would not have a grip on it. The best is to do the computation
partially boldly, and then to check whether your answer can be obtained from the above-
mentioned generic observations as well. Then you have two independent ways to obtain
the result and you get a firm confidence of its correctness if both ways give the same
answer.

Problem 5

QUESTION: Find the Hamiltonian and Hamilton’s equations of motion for a relativistic
particle of charge e which is moving in the constant magnetic field B. The lagrangian is
given by:

2
9 v e
L=—-mc\/1— = + %eamBaxng (2.4)
where v, = i, is the velocity vector and v is its absolute value. e€,g, is the fully
antisymmetric tensor with €193 = 1.
ANSWER: The Hamiltonian is
22
H =mc 1+ m 5
where Py = po — 5-€apyBgT-.
The equations of motion are
. 1 Py
Ta = 2 E )
1+ mlzc2
pa — _ 1 GO‘B'YBﬂP'Y
2
L+ mlzc2 "




SOLUTION: We get p, by differentiating with respect to v;, that is

oL MUy, e
Pa = ava = — —+ %EQB,YBB:I:—Y .

We used the property €,3, = €ya3. Note also that A, = €,3,8B3C, means in the vector

notation A = B x C (check this!). So actually we can write in the index free form:

Yt IBxr

P=—— Vo
=

(2.5)

In what follows we introduce notation P = p — 5-B X r. One should keep in mind that
P depends on r. But for the sake of Legendre transform this is the only quantity that

matters.
Solving for v one has

P v2
vy /1- 2
m c

We can find v? from computing the norm of the last expression (v? = v-v and P? = P-P):

P2 2
s P (),
m C

which after some algebra gives us

5 1 P? v? 1

— 1, P 20 T2 T T p?
1+m202m ¢ 1+m202

v

From there, we can get v and the Lagrangian as

P 1
v=— —,
" 14_7711:2,62
o 2
L= e —|—£V-(B><r),
P2 2c
1+m202

and we can get the Hamiltonian as

H = pv-L=FP+_Bxr)v-L=P v+ %
2C P2
1—i_7712c2
1 p? p2
:72 +m02>—m02 1+ﬁ
1+m1302 m m=c



To get the equations of motion, let us first compute the derivative of P? with respect to

Tq.
oP? e e
ErN = —2P, (%5750435) =2 %60@6’73613%

where we used €,8, = —€,3+. In index-free notation the last expression reads:

e
P2=2_BxP. 2.
\Y 5B % (2.7)

From this, we recover the &; that we already computed as

. oH P, 1
Qja = a = —_— > s
P V14 oy
and we compute p as
1
p=-VH=—_° BxP.

2me /1+ m1;2c2

DISCUSSION: If you are not familiar enough with Levi-Civita symbol, you might find
it useful to work in vector index-free notations. Another option is to choose explicitly B
along z-direction and write down all the formulae explicitly.

There are two important checks to do about your result. First, when B = 0, one has
P = p and the Hamiltonian becomes the standard relativistic expression for the energy
of moving particle, equations of motion are also in place. Second, consider ¢ — co and
put B, = By = 0. Then we find ourselves essentially in the set up of problem 3 with
5.B. = B. For the latter we know explicitly equations of motion, so we can check our
findings in problem 5.

3 Poisson Brackets

We define the Poisson bracket, using Einstein summation convention, as

_9f o9 Of 99
~ 0q; Opi  Op; O

{f. g}

where p and ¢ are Darboux coordinates.

Problem 6
QUESTION: Prove that {f,{g,h}} +{g,{h, f}} + {h,{f,g}} =0.

"When preparing this solution, I did this limit to check myself and found a mistake in my text! Do this
limit as well, it is always worth to do such checks on your computation



SOLUTION #1: Applying the definition of the Poisson bracket, we get that

{f,{gyh}}_af[ 9% Oh 99 Ph &g b g th]
9q;j |9¢:0p;j Op; ~ 0q; OpiOp;  OpiOp; Oq;  Op; 0q;Op;
of [ 0?9 Oh  0g 0°*h 0%g Oh  0g 0*h _

~ p; [3%‘3% Op; ' 0q; Opi0q;  OpiOq; Oq;  Op; aQian] ’

where we assumed that f, g, h are differentiable enough that the second derivative com-
mutes. We can then write

0f 0% Oh  0f dg 0°h  0f % oh  0f dg 0*h

) ah = A a
o by = 5 50w op 04, 0g; pidp;  op; 94,00 00 Op; O 9004,
of g Oh Of dg ?h  Of 029 Oh Of dg O°h

~ 0q; 0piOp; 0q;  Dq; Op; 0q;dp;  Ip; Dq;0q; Dp;  Dp; Dg; Dpida;”
Similarly, we can compute the two other ones as

0g &h_0f , 09 0h &’f g &h Of , g Oh f

) hv = 5 a_
WA T3} = 5 50, opr 94, 0a; Opiop; 0w, 9q,0m Da; | Dp, Ops B0y
oy O of dgon 9 09 h of g oh of
dq; OpiOp; Oq;  Oq; Op; Dq;0p;  Op; Oq;0q; Op;  Op; Oq; Op;Oq;’
and
oh 0> 0 oh Of 02 oh 02 0 oOh Of 02
{hAf, 9} = +— f Og | OhdF O¢ + ! A f 09

dq; Dqidp; Op; ' Dq; Dq; Opidp; | Ap; Dg;Op; Dg;  Ip; Ipi D dy;
oh 0:f 89 ohof g  Oh 0°f dg Oh df 0

~ 9q; Opidp; 0¢;  9q; Op; Daidp;  Op; Dq;0q; Ops  Ip;j gi Ipidy;’
It then becomes a simple matter of summing those three expressions, and seeing that
every term appears summed once and subtracted once. The fact that we could switch
the derivatives at will using Fubini’s theorem had to be use, the identity is not true

otherwise.

SOLUTION #2: As you can see above, each of the explicitly written terms has one
factor which is a second derivative. Landau-Lifshitz book has a simple argument why all
second derivatives should cancel out. Since there are no terms free of them, the whole

expression should be zero.

SOLUTION #3: Define the differential operator Dy = %56% — %8%' First, we need to

convince ourself that {f, g} = [Df,Dgy|-1, where [A, B] = A B— B A is what is standardly
known as commutator and -1 means that one acts on the identity function. The next
step would be rather straightforward:

{fa {ga h}} = [Df7 [D97Dh]] 1. (31)



Then the Jacobi identity follows from the well-known Jacobi identity for commutators:
[4,[B,C]] + [B,[C, A + [C,[A4, B]] = 0, (3-2)

the latter is straightforwardly check by expanding commutators using their definition
[A,B] = AB— BA.

Problem 7

QUESTION: The Hamiltonian of a free particle in D dimensions is given by H =
2
ZD Pi  Consider the quantity Jij = piz; — pjr;. Compute the following poisson

=1 2m"

brackets:

{Jijooe}s AJig ae}s {Jij, It (3.3)

in the case of {J;j, Jii }, express the answer as a linear combination of J’s only.
What is the value of {Ji4, J13}7
Prove that J;; is the conserved quantity by computing {.J;;, H}.

{Jij, P}
ANSWER:

{Jij> i} = 6jkpi — Girpj-
First write out the expression as

0Ji; Op,  0J;j Opy,

{Jij,pk} - O0xq Opa - Opa 024

and note that any py is independant of all g, and of p, if o # k. Therefore,

Opk Opi,
2 P~ G
8$a OVO&, apa k

where d;; is the Kronecker delta. Therefore, we can rewrite our first equation as

8Jij
{ng,pk} - 5ka 8xa’

0Ji;

oz

From the expression for J;;, we finally get that

{Jij> pr} = 6jkpi — Girpj-

10



{Jij, ox}
ANSWER:

{Jij, x1} = djpaws — dipx;
Similarly for this one, we have that

Ory, 0Var, ox

k
8pa ko

0xq
This yields that

8Jij 8.73k B 8Jz'j axk
0o Opa Opo Oxq
8JZ‘]‘

{Jij, zi} =

- _6ka

{Jij, Jui }
ANSWER:

{Jijs T} = S + SaJjn — 6 i — OinJju.

{J13, J1a} = —J34

Let us first expand the expression for J;; and Jj; in the Poisson bracket as

_ O(pizj — pjx;) O(prwy — prwvg)  O(pirj — pjas) O(prwy — P
{Jij, T} = -

Using once again the respective independance of the x,s and of the p,s, we gets

{Jij, T} = (6japi — 0ialj) (Oka®i — O1a®k) — (0ja®i — 0ia®;j)(OkaPl — O1aPk)
= 0jkPiT1 — 0jPiTk — OikP5 Ty + 0y — OjkPiTi + OjPkTi + O PiTi — OyPrTi,

where we used the fact that d;;0;; = 6. Rearranging terms, this leaves us with
{Jijs T} = S + daJjn — 6 ik — inJ 1.
This, in turn allows us to easily compute {Ji3, Ji4} as

{J13, J1a} = —J34

11



{Jij, H}

ANSWER :
{Jij, H} =0
and therefore it is a conserved quantity.
We know that a quantity is conserved in the Hamiltonian equations of motion when the

Poisson bracket of that quantity with the Hamiltonian is equal to 0. Let us compute the
Poisson bracket of J;; with the Hamiltonian in the case of the free particle.

{Jij, 1} = O(pizj —pjwi) OH  O(piz; — pjz;) OH .
axa 8pa 8pa al'a
Using the fact that the free particle Hamiltonian is independant of z, we further get
OH
{Jij, H} = (6japi — 0inpj) E.
_ Pibj _ PiPi,
m m’
=0;

which ends up proving that J;; is a conserved quantity in the free particle problem.

Problem 8

QUESTION: For the case of free particle in D=3, express angular momenta M; in terms
of Jji, using €;;,. And vice versa, express J’s in terms of M’s. Find the Poisson brackets

{M;,p}, {Mi,xr}, {M; M}. (34)

If possible, express the answer in terms of M again.
ANSWERS:

M; in terms of Jj;, and vice versa are given by
1
M; = =5 €ijidjn
Jjk = —€jkiMi = exjiM;

The various Poisson brackets we had to compute were

{M;,x;} = €ijpay
{M;,pj} = €ijrpr
{Mi,Mj} = EijkMk'

Angular momentum is given by

M =x X p;
M; = €ilmTIPm-

12



We can also write, for Jjj

Jjk = DjTr — PrTj;
= (0;10km — 0jmOk)PiTm;
= €i5k€iImPITm-
From the last equality, it is directly written that
Jjk = —€ijM; = € M;.

Conversely, one can see that

€ijk ki = €ijk(PRT; — TED;);
= €ijkTjPk t €ikjTrDyj;
= 2M,;.

or, equivalently,

1
MZ’ = §6kji<]jk-

Using results in problem 7 and the fact that the Poisson bracket is obviously bilinear,
this yields

1
{M;, 2} = 5 €l {Jjt, xr}s

1
= sei( 0Ty — Ojkm1);

2
= 5(6’”"93]' — €1kiTy);
1
= _i(eijkl'j + €ijk;);
= €4ikTy;

where we have renamed mute variable as we saw fit. Similarly, we get

1
{M;,pr} = 56l { Tt pr} s

1
= —€15i(0pj — 0jkp1);

2
1
= §(€ka'pj — €1kiDL);
1
= —5 (€iwp; + €ijip;);
= €4ikDj-

13



And finally, we can compute

1
{M;, My} =  Clai€mnk {Jits Jam } 5

1
= Zeljiemnk(élnt]jm + 5jmJln - 5lmJjn - 5jn=]lm>;

=1 (elji€tkmJim + €jit€jnkJin — €lji€inkJin — €jit€jkmJim) -

We can then rename all the mute variables (i.e. everything that is not i or k), in a way
that would make us able to sum over J, and rearranging the variables in the Levi-Civita
symbol, to get
1
{M;, My} = 1 (€rji€temJim + €1ji€lmTjm + €ji€ikmIjm + €ji€kmJim) ;

= €ji€lkmJjm;
= (0jk0im — OjmOik)Jjm;
= Ji.

We used in the last computation the fact that d;,J;m = 0 since Joq = 0V

Problem 9

QUESTION: Find the time derivative M, for the system in exercise Problem 3, by
computing { M., H}.

ANSWER : The time derivative of the angular momenta is

dM, ou ou
a ~ Mo =g g

SOLUTION: First we note that for arbitrary function f(p,q,t) one has

df _of Of  0f _Of O0fOM ofon _of
dt ot aql T opf T ot Taqap  ap dg ot

+{f, H}. (3.5)

If f does not depend explicitly on time, only on p and ¢ (and only through them on
time), which is the case for M;, one has

df
o = U (3.6)

That is why by computing {f, %} we compute the time derivative f.
Since there is no explicit time dependance in the angular momenta, their time derivative
is given by ‘

M; = {M;,H}.

14



The Hamiltonian in problem 3 was

1[1 1
Ho= — |5 (01 +03) = B(aipe —wop1) + 5B (2] +23)) | + Ula1,2)
1
" 2m [(p1 + B2)* + (p2 — Bx1)*] + U . (3.7)

Note that the system is two dimensional, hence there is a sense to consider only

Mz =T Py —YPx

oH oH oH 87—[ 8U 8U

M, = Py T 3.
{ h Py Opy b Opy v dy Yor Yoz ~ 8y
1
+— [py(pz + BY) = pu(py — Bx) = Ba(ps + By) — By(py — Ba)]
oU ouU
=y, T (3.8)
Problem 10

QUESTION: Find the time derivatives ijMijz for the system in Problem 5, by
computing {M;, H}.

ANSWER: Iy ,
={M,H}=—————Bx(rxP).

dt 26m /1+m202

SOLUTION: Solution of this problem depends a lot on how well you think through your

computational strategy. Bruteforce approach is likely to generate too big expressions
which would be hard to handle.
The first logical step would be to notice that

1
/ P
Hence relativistic nature of the Hamiltonian is not that crucial, it produces only the

1 . .. . .
common prefactor ————, while the non-trivial part of the computation is to find
m\/lerI;iQ

{H,M} =2 M} = { L p2 ,M}. (3.9)

8P2{ s

{3P* M}.
Our preparatory work would be to recall several Poisson brackets which were computed
in the previous problems or follow from them:

{xi, M} = eijrxr . {pi, M} = €ijipr (3.10)
{Mi, Mj} = eijkMk’ . (311)
{22, M} =0, {p*, M;} =0, (3.12)

15



And we also recall relations from the vector algebra
(AxB)-(CxD)=(A-C)(B-D)—(A-D)(B-C), (3.13)
Ax(BxC)=B(A-C)-C(A-B). (3.14)

In fact, both these equations are due to the Plucker identity

€apyCaply’ = 08 Oy — OpyOpr - (3.15)

If we contract (3.15) with APBPCH DY we get (3.13). If we contract (3.15) with
AYBP'C"" and leave the index 8 free, we get (3.14).
There is another simple relation we will use:

A-(BxC)=B-(CxA)=C-(AxB). (3.16)

In the language of Levi-Civita symbol, it is just the property €ng, = €gya = €yas-

Our next step is to expand %PQ. We will use notation a ~ b to say that two expressions
have the same Poisson bracket with M: {a,M} = {b,M}. In practice, we will throw
away x? and p? terms from the expansion of §P? because of (3.12).

1 1 e 2 1 e 1 /7e\2
=D ,< - —_B > = p - _p-(B ,<7) B 2
2 s (P Bxr) =gp =g p-(Bxrj+o (5 ) (Bxr)
I € LreN2, oo 2
= 2P T aB (rXp)+2(2c) (B%r% = (B-1)%)
e 1 /7e\2
~ ——B-M—f(—) B.-r)?. 1
% 5 \5.) (BD) (3.17)

{B . M,Mj} = BzfijkMk = _Gjisz‘Mk; — {B . M,M} =-BxM. (3.18)

1
{B - T, Mj} = Biﬁz’jkrk = _GjikBiTlm — {i(B . I‘)2 ,M} =-Bx I‘(B . I‘) . (319)
Now we note that
BxM=Bx((rxp)=r(B-p)—pB-r)=r(B-P)—p(B-r). (3.20)

We are now ready to compute

{%PQ,M} = 2%B><M+<2%)2B><r(B-r):
= 5r(B-P)— —p(B-1)+ (5 ) Bxr(B-1)
_ %(r(B~P)—P(B~r)):§Bx(r><P). (3.21)
And finally
Muy=-S— L Bx@Exp). (3.22)

16



DISCUSSION: The derivation was quite lengthy. We can do it differently and faster by
computing directly M since we already know r and p from Problem 5:

. 1 1
M = fxp+rxp:—7<Pxp—£rx(BxP))):
1+ p2 2c
m2c?
e 1 1
= ———=(Px(Bxr)—rx(BxP)), (3.23)
2cm P2
1+m262

and after a simple algebra we again get (3.22).

17



