A NORMAL FORM FOR A REAL 2-CODIMENSIONAL SUBMANIFOLD IN C¥*! NEAR A CR
SINGULARITY

VALENTIN BURCEA

ABSTRACT. We construct a complete formal normal form for a real 2-codimensional submanifold M C CN+1 near a CR
singularity approximating the sphere. This result gives a higher dimensional extension of Huang-Yin normal form in C2.

1. INTRODUCTION AND THE MAIN RESULT

The study of the real submanifolds in the complex space near an isolated complex tangent point goes back to Bishop
(see [1]). A point p € M with the property that the map M > ¢ — dim¢ Ty M defined near p is not continuous at p is
called a CR singularity. Here ToM := T, M N J (T, M), where J : CN+1 . CN*1 is the standard complex structure.

Bishop considered the case when there exist coordinates (z,w) in C? such that near a CR singularity p = 0, a real
2-codimensional submanifold M C C? is given locally by

(1.1) w=2Z+ (2> +7°) +0(3), or w=2>+7"+0(3),
where and A € [0,00] is a holomorphic invariant called the Bishop invariant. When A = oo, M is understood to be

defined by the second equation from (1.1). If A & {0, 3,00}, Moser and Webster (see [15]) proved that there exists a

formal transformation that sends M into the normal form
(1.2) w=zZ+A+eu) (22 +7%), ec{0,-1,+1}, g€N,

where w = u + . When A\ = 0 Moser (see [14]) derived the following partial normal form (the Moser normal form):

(1.3) w = 2Z + 2Re Zajzj
Jj=s
Here s := {j € N*; a; # 0} is the simplest higher order invariant known as the Moser invariant. This partial normal

form was completed by Huang and Yin (see [9]). They proved that (1.3) is either a quadric or it can be formally
transformed into the following normal form

(1.4) w = 2Z + 2Re Zajzj , ag=1, a;=0, if 7=0,Imods, j>s.
jzs
In this paper we construct a higher dimensional analogue of the Huang-Yin normal form. If (z,w) = (21,..., 2N, w)

are coordinates of CV*t1 and M ¢ CV*1 a real 2-codimensional submanifold, we consider the case when there exists a
holomorphic change of coordinates (see [7] or [10]) such that near p = 0, M is given by

(1.5) w=nZ1 4+ NEINE D Pmn(2,7),
m+n>3
where ¢, n(z,Z) is a bihomogeneous polynomial of bidegree (m,n) in (z,Z).
Some of our methods extend those from [9]. First, we give a generalization of the Moser normal form (1.3) (see [14]),
called here the Extended Moser Lemma (Theorem 2.2), which uses the trace operator (see e.g. [16], [17]):

N
(1.6) tr =

In C? the Moser normal form eliminates the terms in the local defining equation of M of positive degree in both z and

Z. The higher dimensional case considered here brings new difficulties. In CV*! the Extended Moser Lemma eliminates

only iterated traces of the coresponding terms. However, these terms can still contribute to higher order terms in the
1
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construction of the normal form. Similar normal forms were constructed recently for Levi-nondegenerate hypersurfaces
in CN*! by Zaitsev (see [17]).

The Extended Moser Lemma allows us to find just a partial normal form. This partial normal form is not unique but
is only determined up to an action of an infinite dimensional group Auty (M), the formal self-transformation group
of the quadric model M, := {w = z1Z1 + - - + 2nZn }. The condition that (1.3) contains nontrivial higher order terms
has the following natural generalization to higher dimension:

(1.7) Z@k,o(z) #0,
k>3

where here and throughout the paper we use the abbreviation

©r,0(2) == vro(z, 2)

as the latter polynomials do not depend on Z. As a consequence we obtain that s := min {k € N*; ¢ o(2) #Z 0} < 0.
Then s is a biholomorphic invariant and ¢, o(z) is invariant (as tensor). We call the integer s > 3 the generalized Moser
invariant. In course of this paper we will use the following notations

(1.8) A(z) = ps0(2), Ag(z) :=0,,9s0(2), k=1,...,N.
Definition 1.1. For a given homogeneous polynomial V(z) = Z brz! we consider the associated Fisher differential
|I|=k
operator
_ oMl
1.9 V* = br—.
(1.9) Z -

The polynomial A(z) will be assumed to satisfy the following non-degeneracy condition:
Definition 1.2. The polynomial A(z) is called nondegenerate if for any linear forms £4(z2),...,Lxn(2), one has
(1.10) Li1(2)A1(z) + -+ Ln(2)AN(2) =0 = Li(z)=---=Ln(z) =0.

In this paper we prove the following result:

Theorem 1.3. Let M C CN*! be a 2-codimensional real (formal) submanifold given near the point 0 € M by the
formal power series equation

(1.11) w=2ZF1 4t NIV Y Pman(2 D),
m+n>3

where m n(2,%) is a bihomogeneous polynomial of bidegree (m,n) in (z,Z). Assume that A(z) is nondenerate. Then
there exists a unique formal map

(1.12) (' w'") = (F(z,w),G(z,w)) = (z,w) + O(2),

that transforms M into the following normal form:

(1.13) W= TN DD G (20F) H2Re 4D D0 () o
mtnzs ks

where goinyn (z’,?) is a bihomogeneous polynomial of bidegree (m,n) in (z’,?) satisfying the following normalization
conditions

trm =Ly’ 2, 2) =0, m<n-—1, m,n#0;
(1.14) -
. t’rn@;'n,n (Zl7?) = Oa m > n, m,n 7é 0.
(1.15) (At)*wif,o(z) =0, f T=ts+1;t>1,
. (AR (hro(2)) =0, k=1,...,N, if T=ts; t >2.
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A few words about the construction of the normal form. We want to find a formal biholomorphic map sending
M into a formal normal form. This leads us to study an infinite system of homogeneous equations by truncating the
original equation. We follow Huang-Yin strategy defining the weight of z; to be 1 and the weight of Zj to be s — 1,
for all k=1...,N. Since Autg(M) is infinite-dimensional, it follows that the homogeneous linearized normalization
equations (see sections 3 and 4) have nontrivial kernel spaces. Using the preceding system of weights and a similar
induction argument as in [9], we are able to trace precisely how the lower order terms arise in non-linear fashion: The
kernel space of degree 2t + 1 is restricted by imposing a normalization condition on ¢}, o(z) and the kernel space of
degree 2t +2 by imposing a normalization conditions on ¢j ((2). The non-uniqueness part of the lower degree solutions
are uniquely determined in the higher order equations.

Our normal form is a natural generalization of the Huang-Yin normal form. Our normalization conditions are invariant
under the linear change of coordinates that preserves the model w = z1Z1 + - -+ + znyZn, namely the unitary change of
coordinates. Also, the non-degeneracy condition on A(z) is invariant under any linear change of coordinates.

A few words about the paper organization: In course of section 2 we will give a generalization of the Moser normal
form and make further preparations for our normal form construction. The normal form construction will be presented
in course of sections 3 and 4. In section 5 we prove the uniqueness of the formal transformation map.

Acknowledgements. This paper was written under the supervision of Dmitri Zaitsev. I would like to thank to him
for the introduction to the subject, for his patience and encouragement during the preparation of this paper. I would
like also to thank to Hermann Render for point me the Fisher decomposition generalization from [16].

2. PRELIMINARIES, NOTATIONS AND THE EXTENDED MOSER LEMMA

Let (z1,...,2n,w) be the coordinates from CN*!. Assume that there exists a holomorphic change of coordinates
such that near the point p = 0 M is defined by

(2.1) w=2z121+ -+ 2NZN + Z Qam,n(zaz)v
m+n>3

where ¢, ,(2,%) is a bihomogeneous polynomial of bidegree (m,n) in (z,%), for all m,n > 0.
Let M’ be another submanifold defined by

(2.2) W =22 4+ AN N+ Z Orm (2,77,
m+n>3

where <p;n’n (z/, ?) is a bihomogeneous polynomial of bidegree (m,n) in (z’, 7), for all m,n > 0. We define the hermitian
product

(23) <Z,t>:221¥1++ZNEN7 Z:(Zlava)ﬂt:(tlvatN)e(CN
Let (2,w') = (F(z,w),G(z,w)) be a formal map which sends M to M’ and fixes the point 0 € CV*1. Substituting
this map 1nto (2.2), we obtain
(2.4) Gz w) = (Few), Fzw) + 3 @ (Flew), Fz ).
m+n>3

In the course of this paper we use the following notations

(2.5) o>k(%,2) Z Omn(2,2),  r(z,%) Z Omn(z,2), k>3.
m+4n>k m+n==k
Substituting in (2.4) F(z,w) = Z Fon(z)w”, G(z,w) = Z G (z)w", where Gy, 5 (2), Finn(2) are homoge-
m,n>0 m,n>0

neous polynomials of degree m in z, using w satisfying (2.1) and notations (2.4), it follows that
2
> Gmn(@)((22) +923)" = || D Frumi(2) (2:2) + 028)™

m,n>0 mi,n1>0

(2.6)

+ (‘0/23 Z mana (2) ((2,2) + 90>3 Z ma,na (2) ((2,2) + @23)713

ma,n2>0 m31n320
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Since our map fixes the point 0 € CN*1, it follows that G o(z) = 0, Fyo(z) = 0. Collecting the terms of bidegree (1,0)
in (z,%) from (2.6), we obtain G ¢(z) = 0. Collecting the terms of bidegree (1,1) in (z,%) from (2.6), we obtain
(27) G0’1<Z, Z> = <F1)0(Z),F170(Z)> .
Then (2.7) describes all the possible values of Gg 1(2), F1,0(2). Therefore Im Gy 1 = 0. Composing with an linear auto-
morphism of Rew = (z, z), we can assume that Go 1(z) =1, Fj o(2) = z.

Using the same approach as in [17] (this idea was suggested me by Dmitri Zaitsev), the ,,good” terms that can help
us to find the formal change of coordinates under some normalization conditions are
(2.8) Pmn(22); Pmn(2,2), Gmal2)(2,2)" (Fnn(2),2)(2,2)", (2, Fnn(2)) (2, 2)"
We recall the trace decomposition (see e.g. [17] , [16]):

Lemma 2.1. For every bithomogeneous polynomial P(z,Z) and n € N there exist Q(z,%Z) and R(z,Z) unique polynomials
such that

(2.9) P(z,2) = Q(z,%2)(2,2)" + R(z,Zz), t"R=0.

Using the Lemma 2.1 and the ,,good” terms defined previously (see (2.8)) we develop a partial normal form that
generalize the Moser Lemma. Let 0, := (0,,,...,0,, ). We prove the following statement:

Theorem 2.2 (Extended Moser Lemma). Let M C CN*! be a 2-codimensional real-formal submanifold. Suppose that
0 € M is a CR singular point and the submanifold M is defined by

(2.10) w=(z2+ Y omnl(z3),
m+n>3

where Q. n (2,Z) s bihomogeneous polynomial of bidegree (m,n) in (z,%), for all m,n > 0. Then there exists a unique
formal map

(2.11) Ghw)y=1[z+ Z Frn(z)w"™, w+ Z Gmn(2)w" |,

m—+n>2 m+n>2
where Fp, n(2), Gm.n(2) are homogeneous polynomials in z of degree m with the following normalization conditions
(2.12) Font1(2) =0, Fi,(z)=0, foralln>1,

that transforms M to the following partial normal form:

(2.13) w' = (', 2) + Z Ormm (7:7) + 2Re Zgoﬁw (") ¢,

m+n>3 k>3
m,n#0 -

where ¢y, ,(2,Z) are bihomogeneous polynomials of bidegree (m,n) in (2,%), for all m,n > 0, that satisfy the following
trace normalization conditions (1.14).

Proof. We construct the polynomials Fy,, v (z) with m’ +2n’ =T —1 and G, v (2) with m’ 4+ 2n' = T by induction on
T = m’+2n'. We assume that we have constructed the polynomials Fy, ;(z) with k42 < T—1, Gy(z) with k+2] < T.
Collecting the terms of bidegree (m,n) in (z,%z) with T = m + n from (2.6), we obtain
(214) ¢l (5:9) = G n(2) 2,2)" = Fonctnc1 (21,2} (2,207 = 2 Bt am 1 (2) 5 20 - omn(2,2)
where ,,...” represents terms which depend on the polynomials Gy, ;(z) with k+ 20 < T, Fj;(2) with k+ 2] < T — 1
and on ¢y,1(2,%), ¢y, (2,%) with k +1 <T =m +n.
Collecting the terms of bidegree (m,n) in (z,%) with k := m +n > 3 from (2.14), we have to study the following
cases:

(1)Casem <n—1, m,n > 1. Collecting the terms of bidegree (m,n) in (2,z) from (2.14) with m < n — 1 and
m,n > 1, we obtain

(2'15) (P;n,n(z7z) = <Z, Fn*m+1,m*1(2)> <Zv Z>m_1 +...
We want to use the normalization condition tr™~'¢) (2,Z) = 0. This allows us to find the polynomial
Fr—m+1,m—1(%). By applying Lemma 2.1 to the sum of terms which appear in ,,...”, we obtain

(2.16) Prnn(2,7) = (= (2, Facms1,m-1(2)) + Dimn(2,7)) (z,2)" 7 + P1(2,7),
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where D, ,(z,%) is a polynomial of degree n —m + 1 in Z1,...,Zy and 1 in z,..., zy with determined coefficients
from the induction hypothesis and tr™~* (Py(z,%)) = 0. Then, using the normalization condition tr”™ ¢/, (2,%) =0,
by the uniqueness of trace decomposition we obtain that (z, Fj,_m+1.m—1(2)) = D n(z,Z). It follows that

(217) Fk,l(z) =0, (Dl+17k+l(z,2)), for all k > 2,1 > 0.

(2)Casem >n+1, m,n > 1. Collecting the terms of bidegree (m,n) in (2,%) from (2.14) with m > n + 1 and
m,n > 1, we obtain

(218) @fm,n(zvz) = (Gm—n,n(z)<zv Z> - <Fm—n+1,n—1(z), Z>) <Z, Z>n71 +...

In order to find the polynomial G, n(2) we want to use the normalization condition tr"¢;, ,(2,%) = 0. By applying
Lemma 2.1 to the sum of terms which appear in ,,...” and to (F,_n41.n-1(2), 2), we obtain

(2.19) @;n,n('z’E) = (Gm-nn(2) = Emn(2)) (z,2)" + P2(2,%),

where E,, () is a holomorphic polynomial with determined coefficients by the induction hypothesis and tr™ (Py(z, %)) =
0. Then, using the normalization condition tr"¢;, ,,(2,Z) = 0, by the uniqueness of trace decomposition we obtain that
Gm—nn(2) = Epn(2). It follows that

(2.20) Gri(2) = Exyi(2), forallk>2,1>0.

(3)Case m =n — 1, m,n > 1. Collecting the terms of bidegree (n—1,n) in (z,%) from (2.14) with n > 2, we obtain

(2'21) 9041—1711(272) = Spn—l,n(f%Z) - <F0,n—1(z)’ Z> <Z’ Z>n_1 - <Z7F2,n—2(z)> <Z’ z>n—2 +...

In order to find F3 ,_2(2) we want to use the normalization condition tr”‘%pﬁ%l’n(z, Z) = 0. By applying the Lemma

2.1 to the sum of terms from ,,...”, we obtain
(2'22) 410’/“,71,77,(272) = (<F0,n*1(z)7 Z> <Z7 Z> + <Z>F2,n*2(2)> - Cﬂfl,n(zvz)) <Za Z>n_2 + PS(Z7E)7

where t1"72 (P3(2,%Z)) = 0 and C,,_1.,(2,%) is a determined polynomial of degree 1 in 21,...,2x and degree 2 in
n—2 ./

Z1,..., 2N We take F,—1(2) = 0 (see (2.12)). Next, using the normalization condition tr" ;4 ,,(2,%Z) = 0, by the
uniqueness of trace decomposition we obtain that (z, F ,,—2(2)) = Cp—_1,,(2,%). It follows that

(2.23) Fsno(2) = 0, (Cho1n(2,2)).
(4)Case m =n+ 1, m,n > 1. Collecting the terms of bidegree (n,n — 1) in (z,%) from (2.14) with n > 2, we obtain
(2.24) Prn1(27) = (G1n1(2)(2,2) = (Fan—2(2), 2) = (2, Fon—1(2)) (2, 2)) (2,2)" 7> + pnin—1(2,2) + ...

In order to find Gy,-1(z) we want to use the normalization condition tr"~'¢/, , ,(z,%) = 0. Using (2.12) and by
applying Lemma 2.1 to (Fy ,—2(2),2) (see (2.23)) and to the sum of terms from ,,...”, we obtain
(2.25) Prn1(22) = (Grn-1(2) = Bun-1(2)) (2,2)" " + Pa(2,%),

where tr" 71 (Py(2,%)) = 0 and B,, ,—1(2) is a determined holomorphic polynomial. By the uniqueness of trace decom-
position we obtain that G ,,—1(2) = By, n—1(2), for all n > 2.

(5)Case m =n, m,n > 1, m+ n > 3. Collecting the terms of bidegree (m,n) in (z,%) from (2.14) withm =n > 1
and m + n > 3, we obtain

(2.26) Prn(2.7) = Gon(2)(2,2)" = (F1n-1(2), 2) (2, 2)" " = (2, Fin1(2)) (2, 2)" 7 + nn(2,2) + .

By taking Fi,—1(z2) = 0 (see (2.12)), we obtain ¢}, ,(2,Z) = Gon(2){2,2)" +.... In order to find Go(2) we use
the normalization condition tr"¢;, , (2,%Z) = 0. By applying the Lemma 2.1 to the sum of terms from ,,...” we obtain
that ¢, ,(2,2) = (Gon(2) — An) (2, 2)" + P5(2,%), where A,, is a determined constant and tr” (P5(z,%)) = 0. By the
uniqueness of trace decomposition we obtain that Gy, = A, for all n > 3.

(6)Case (T, 0) and (0, T). Collecting the terms of bidegree (7,0) and (0,T) in (z,%) from (2.14), we obtain

(2.27) {GT,o(f) + SOIT,O(Z;) = wT_,o(Z) +a(z)
©o.1(2) = po,1(2) + b(2)

where a(z), b(z) are the sums of terms that are determined by the induction hypothesis . Using the normalization

(
condition ¢f 7(2) = ¢ 4(2) we obtain that gr.0(2) = 1,0(2) + a(z) — b(2) — wo,7(2)- O
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The Extended Moser Lemma leaves undetermined an infinite number of parameters (see (2.12)). They act on the
higher order terms. In order to determine them and complete our partial normal form we will apply in the course the
sections 3 and 4 the following two lemmas:

Lemma 2.3. Let P(z) be a homogeneous pure polynomial. For every k € N*, there exist Q(z), R(z) unique polynomials
such that

(2.28) P(2) = Q(2)A(2)* + R(2), (Ak)* (R(z)) =0.
Lemma 2.4. For every homogeneous polynomial P(z) of degree (t + 1)s there exist a unique decomposition
(2.29) P(z) = L(z) + C(2), (AAY)(C(2))=0, k=1,...,N.

such that L(z) = (A1(2)A1(2) + -+ An(2)AN(2)) A(2)t, where A1(2),...,An(2) are linear forms.
The lemmas 2.3 and 2.4 are consequences of the Fisher decomposition (see [16]).

Remark 2.5. The Lemma 2.4 is a particular case of the generalized Fisher decomposition. The polynomial L(z) is
uniquely determined, but the linear forms A;(2),..., Ax(2) are not necessary uniquely determined. In order to make
them uniquely determined we consider a nondegenerate polynomial A(z) (see (1.8) and Definition 1.2).

The following proposition shows us the nondegeneracy condition on A(z) is invariant under any linear change of
coordinates:

Proposition 2.6. If A(z) is nondegenerate and z — Az is a linear change of coordinates, then A(Az) is also
nondegenerate.

N
Proof. Let ﬁ(z) = A (Az), where A = {ajk}1<j w<n- Therefore ﬁj(z) = Z Ay (Az)ajy, for all j=1,...,N. We con-
k=1

N
sider £1(z), ..., Ly (z) linear forms such that £1(2)A; (2)+ - -+Lx (2)Ax(z) = 0, or equivalently Z Ay (Az) Li(z)a;, =
k=1
0. Since A(z) is nondegenerate and {a;x},; . is invertible it follows that £(z) =--- = Ln(2) = 0. O

The system of weights : Following the line of [9], we define a system of weights for 21,%1,. .., 2y, Zy as follows. We
define wt {z} = land wt {Z;} = s—1,forallk =1,..., N.If A(z,Z%) is a formal power series we write wt { A(z,Z)} = k
if A(tz,t°7'z) = O (t*). We also write Ord {A(2,%)} > k if A(tz,tz) = t* A(2,Z). We denote by O7,(z,%) a series in
(2,%) of weight at least m and order at least n. We define the set of the normal weights

Wtnor {w} =2, Whthor {Zl} == Whpor {ZN} = Whnor {El} == Whpor {EN} =1

Notations : If h(z,w) is a formal power series with no constant term we introduce the following notations
h(z,w) = Z ) (z,w), where AL, (tz, t?w) = tlhggr(z, w),

1>1

th(Z’w) = Zhglko)r(z,wL hic(z,w) = Zhg())r(z7w)'
k>l k<l

(2.30)

3. PROOF OF THEOREM 1.3-CASE T +1=ts+1,t>1

By applying Extended Moser Lemma we can assume that M is given by the following equation
T+1
(3.1) w=(z,2) + Z Omn(2,2)+0 (T +2),
m+n>3
where ., (2, 7Z) satisfies 1.14), for all 3 <m +n <T.

We perform induction on T' > 3. Assume that (1.15) holds for ¢k o(2), for all k = s+1,...,T with £ = 0,1 mod (s).
IFT+1¢& {ts; te N*—{1,2}} U {ts+1; t € N*} we apply Extended Moser Lemma. In the case when T+ 1 €
{ts; t € N* — {1}}U{ts + 1; t € N*}, we will look for a formal map which sends our submanifold M to a new submanifold
M’ given by

T+1
(3.2) w' = (,2) + Z Omm (7,2) +0O(T+2),
m+n>3



A NORMAL FORM FOR A REAL 2-CODIMENSIONAL SUBMANIFOLD IN C¥*! NEAR A CR SINGULARITY 7

where ¢, , (#/,2') satisfies (1.14), for all 3 < m +n < T and ¢} ,(2') satisfies (1.15), for all k = s+ 1,...,T with
k =0,1 mod (s). We will obtain that ¢}, (z) = ¢xo(2) for all k = 3,...,T

In the course of this section we consider the case when T'+ 1 = ts + 1. We are looking for a biholomorphic transfor-
mation of the following type

(') = (z + F(z,w),w + G(z,w))

(3 3) T—2t T—2t
= 3 R - Y e
that maps M into M’ up to the order T+ 1 = ts+ 1. In order for the preceding mapping to be uniquely determined we
(2t+1)

assume that Fypor ~ (z,w) is normalized as in Extended Moser Lemma, for all I = 1,...7T. Substituting (3.3) into (3.2)
we obtain
T+1
(3.4) w+ G(z,w) = (z+ F(z,w),z+ F(z,w)) + Z Ormom (z—l—F(z,w),z—i—F(z,w)) +0(T+2),
m+n>3

where w satisfies (3.1). By making some simplifications in (3.4) using (3.1), we obtain

(3 5)
2
T-2t T—-2t
Z ij;“”) ,(2,2) + 9>3(2,%)) = 2Re < Z Fr(z?)fj_l) (2,2) + ¢>3(2,2) > Z Frg,?)?r‘+l) (2,2) + ¢>3(2,%))
T—-2t T-2t

+¢is | 2+ Z F2 (2,(2,2) + 923(2,2)) 2 + Z FRH (2, (2,2) + ¢23(2,%))

— (,023(2,5).

Collecting the terms with the same bidegree from (3.5), we find F(z,w) and G(z,w) by applying Extended Moser
Lemma. Since we don’t have components of F'(z,w) of normal weight less than 2¢ and G(z, w) with normal weight less
than 2t 4 1, collecting in (3.5) the terms with the same bidegree (m,n) in (z,%) with m 4+ n < 2t 4+ 1, we obtain that
(p;n,n(z’z) = Pm.n(2,2).

Collecting the terms of bidegree (m,n) in (z,Z) with m +n = 2t + 1 (like in the Extended Moser Lemma proof) we
find G\oiT 1)(z, w) and F,(ffr)(z, w) as follows. We make the following claim:

Lemma 3.1. Ggfﬁ_l)(z,w) =0, £ (z,w) = aw' — z(z,a)w'"!, where a = (ay,...,an) € CV.

Proof. Collecting the pure terms of degree 2t + 1 from (3.5), we obtain that @at11,0(2) = @11 0(2). Collecting the
terms of bidegree (m,n) with m+n =2t+11in (2,%Z) and 0 <m < n — 1 (3.5), we obtain

(3~6) go’mm(z,f) = - <Zan—m+1,m—1(z)> <Za Z>m71 + gamm(z,f).

Since i n(2,2), iy 0 (2, Z) satisfy (1.14), by the uniqueness of the trace decomposition, we obtain Fy, . 41,.m—1(2) = 0.
Collecting the terms of bidegree (m,n) in (2,%z) with m +n =2t + 1 and m > n+ 1 from (3.5), we obtain

(37) (lp'lm,,n<z7z) = G’I’I’L*’ﬂ,n(z)<zv Z>n - <men+1,n71(z)7 Z> <Za Z>n_1 + g0m7n(2,2)
Since Fp,—pnt1,n—1(%) = 0 it follows that G,,—y (z) = 0. Collecting the terms of bidegree (¢t —1,¢) and (¢,t —1) in (2, %)
from (3.5), we obtain the following two equations

Oro14(2,2) = = ((Fo-1(2), 2) (2, 2) + (2, Fa—2(2))) (2, 2) 72 + pr-1,6(2, %),
Pri-1(22) = Grim1(2)(2,2)" 71 = ((Fau—2(2), 2) + (2, Fo—1(2)) (2,2)) (2,2) 72 + @10-1(2, 7).
Using (3.8) it follows that Gi:—1(2) = 0. We set Fy;—1(2) = a =: (a1,...,an) and we write Fp; o(z) =
(F217t_2(z), . 7F2N7t_2(z)). Since @m n(2,%), @5, n(2,Z) satisfy (1.14), by the uniqueness of the trace decomposition,
from (3.8) we obtain the equation (z,a)(z, z) + (F2;—2(%), z) = 0, that can be solved as
0
0z,

(3.8)

(3.9) F;t_Q(z) =— (z,a)(z,2)) = —zk(z,a), k=1,...,N.

Therefore F22 (z,w) = awt — 2(z, a)w!~!, where a = (a1, ...,an) € CV. O



8 VALENTIN BURCEA

By Lemma 3.1 we conclude that F(z,w) = F,(ffr)(z,w) + F>oi11(z,w) and G(z,w) = G>a142(2, w) (see (2.30)). We

also have F>g.41(z, w) = Z Fkl(z)w , where Fy,;(#) is a homogeneous polynomial of degree k. It follows that
k+20>2¢4+1
. > i > >
(3.10) wt {F>or41(z,w)} > k+21}121121t+1{k Is} k+2m>1£1t+1{k +20} >2t+ 1.

Next, we prove that wt {F>2t+1(z,w)} > ts+ s — 1. Since wt {F>2t+1(z, w)} > i 21{1>1121t ) {k(s — 1) + s}, it is enough
= = +2U>2t+

to prove that k(s—1)+1s > ts+s—1 for k+2l > 2¢t+1. Since we can write the latter inequality as (k—1)(s—1)+1s > ts,
for (k—1)420 > 2t, it is enough to prove that k(s —1)+1s > ts, for k+ 2] > 2¢. Since s > 3 it follows that ks — 2k > 0.
Hence 2k(s — 1) + 2ls > ks + 2Is. It follows that k(s — 1) +1s > 5(k +21) > 2L = ts.

Lemma 3.2. Using the previous calculations, we give the following immediate estimates

wH{Foon(zw)} 22+ 1, wt{Foanzuw)} 2 ts 451, wt{|Foan(zw)*} 2 ts+2,

F(zt) (z,w) H }>ts—|—2

nor

(3.11) wt{F,(Li’;)( )} >ts+2—s, wt{Fr(Litr)(z,w)} > ts, {‘

wt{ (B (2 w), Foora(zw)) o vt {(Foona(zw), F (w) ) | > s 42,
where w satisfies (3.1).

As a consequence of the preceding estimates, we obtain

2
(3.12) IF G w) = | F& 0|+ 2Re (FED (2 w), Foaria(z,0) ) + 1Pz (2, 0) P = 0343(,2),

where w satisfies (3.1). We observe that the preceding power series ©7: 1 (2, Z) has the property wt {@fﬁ% (2, z)} > ts+2.

In order to apply Extended Moser Lemma in (3.5) we have to evaluate the weight and the order of the terms which
appear and are not ,,good”. Beside the previous weight estimates (see (3.11) and (3.12)) we also need to prove the
following lemmas:

Lemma 3.3. For all m,n > 1 and w satisfying (3.1), we have the following estimate
(3.13) G (24 F(2,0), 2+ F(z,0)) = ¢, (2,7) + 2Re (02(2,2), Foopa (2, 0) ) + 0343(2,2),
where wt{@fﬁig( *)} > ts+ 2.

b2

Proof. We make the expansion ¢y, ,, (2 + F(z,w),z + F(z, w)) = Opn(2,Z) + ..., where in ,,...” we have different

types of terms involving Fj /(2) with &' + 21" < m + n and normalized terms ¢y i(z,%), ¢}, ;(2,%) with k +1 < m +n.
In order to study the weight and the order of terms which can appear in ,,...” it is enough to study the weight and the
order of the following particular terms

Ay(z,w) = Fi(z,w)2'2), Ay(z,w) = 212 Fi(z,w), Bi(z,w) = Fa(z,w)2'z7,  By(z,w) = Fa(z,w)z1z",

where F(z,w) is the first component of Fnor)(z, w) and Fy(z,w) is the first component of F>o;11 (2, w). Here we assume
that |[I| =m—1, |I1| =m, |[J1|=n—-1, |J| =n.

Using (3.11) we obtain wt {A;(z,w)} > m —14+ts+2—s+n(s—1) > ts + 2. It is equivalent to prove that
m—14s(n—1)—n > 0. This is true because m—1+s(n—1)—n>m—-143(n—1)—n>m+3n—4-—n>3+n—4>0.
On the other hand, we have Ord {A1(z,w)} >m —1+2t+n > 2t + 2.

Using (3.11) we obtain wt {As(z,w)} > m+ts+ (n—1)(s—1) > ts+2 <= m+ (s —1)(n — 1) > 2. We have
m+n—1)(s—1)>m+2(n—1) > m+2n—4 >0, and this is true because m + n > 3 and m,n > 1. On the other
hand we have Ord {As(z,w)} > m+2t +n—1> 2t 4 2.

In the same way we obtain that Ord {B;(z,w)}, Ord {B2(z,w)} > 2t + 1. Using (3.11), every term from ,,...” that
depends on Fy(z,w) can be written as ©%(z,z)Fy(z,w). From here we obtain our claim. O

Lemma 3.4. For w satisfying 3.1) and for all k > s, we have the following estimation
(3.14) G (2 Fl2,0)) = ¢ (2) + 2Re (02(2,2), Foarra (2 w) ) + O313(2,2),

where wt{@fﬁig( *)} >ts+2.
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Proof. We make the expansion ¢}, (z + F(z,w) = ¢},(2) + ... . To study the weight and the order of terms which can
appear in ,,...” it is enough to study the weight and the order of the following terms

Alz,w) = Fi(z,w)z!, B(z,w) = Fy(z,w)z!,

where Fi(z,w) is the first component of Fr(lii)(z, w) and Fs(z,w) is the first component of F>9,41(%, w). Here we assume
that |I| = m — 1 > s. Then, by (3.11), we obtain that wt {A(z,w)} > s +ts+ 2 — s > ts + 2. On the other hand, we
have Ord {A(z,w)} > s+ 2t > 2t + 2. Using (3.11), every term from ,,...” that depends on Fy(z,w) can be written as
©2%(2,%) Fy(z,w). From here we obtain our claim. O

We want to evaluate the weight and the order of the other terms of (3.5). By Lemma 4.3 and Lemma 4.4, it remains
to evaluate the order and the weight of the terms of the following expression

S(z,z) = 2Re (F(z,w),2) + 2Re {¢) (2 + F(z,w))},
(8.15) = 2Re <F7(“2,ﬁ)(z w) + F>oi41(2,w), z> + 2Re {A (z + F2Y(z,w) + Fsa111(2, w)) } )
where w satisfies (3.1).
Lemma 3.5. For Fﬁtr)(z,w) given by Lemma 4.1 and w satisfying (3.1) we have
(3.16) 2Re < F2Y (z,w),z> =2Re {(z,a)A(2)w' '} + ©7113(2,2),
where wt {W} > ts+ 2.
Proof. We compute

2Re <F,(,itr) (z,w), > = 2Re {w' (a,2)} — 2Re {(2,a)(z, 2)w' "'},
(3.17) = 2Re {(z,a) w" — (z,a)(z, 2)w' '} + (a,2) (w' —W") + (2,a) (W' — w'),
=2Re {(z,a)A(2)w' '} + ©7/13(2,2),

where wt {W} > ts+ 2. O

In course of our proof we will use the notation A’(z) = (A1(z),...,An(z)). It remains to prove the lemma
Lemma 3.6. For w satisfying (3.1) we have the following estimate
2Re {A (2 + F(z,w))} =2Re {A(z) — s(z,a)A(z)w' "}

3.18 -
(3.18) +2Re (A(2) + ©2(2,7), Fozir1(,0) ) + ©313(2,2),
where wt{@fﬁig( )} >ts+2.

Proof. Using the Taylor expansion it follows that

N
(3.19) 2Re {A (z 4+ F(z,w))} = 2Re {A(z) + Z Ak(z)FQQt(z, w) + L(z,z)} ,

k=1

where F;Qt(z,w) = (Fézt(z,w), . ,ngt(z,w)) and L(z,Zz) = <@§(2,E),F22t+1(2,w)>. We compute

N
Z 2Re {Ak(2) F>2t z,w) ZQRe {Ak(z) (apw' — z1,(2, a)w' ™" + F’;ztﬂ(z,w))} ,
(3.20) a

_ @fgjg( Z) — 25Re {(z,a)A(2)w' '} + 2Re <A’(z),FZQt+1(z, w)> ,

where wt {6?;]3 (2, z)} >ts+2. O
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For w satisfying (3.1), by Lemma 3.5 and Lemma 3.6, we can rewrite (3.15) as follows
(3.21) S(z,%7) = 2(1 — s)Re {(z,a)A(2)w'™'} + 2Re <z + A'(2) + @'g’(z,z),m> +0712(2,2),
where wt {%} > ts + 2. By Lemmas 3.1 — 3.6 we obtain
Ganra (2 (2,2) + p23(2,%)) =21 = 9)Re { (2, @) A(2) (2, 2) + ¢23(.7)" " |
(3.22) +2Re <z +A(2) + 0%(2,7), Fonra (2, (2, 2) + wzg(z7z))>

+ 9022t+2(za§) - 90/221‘/—0—2(2’2) + @?ﬁig(z,i),

where wt {@fﬁig(z,z)} > ts+ 2.

Assume that ¢ = 1. Collecting the terms of total degree k < s+ 1 in (2,%) from (3.22) we find the polynomials
(G%’Z‘:l)(z,w),ﬂgﬁ)r(z,w)) for all k < s. Collecting the terms of total degree m +n = s+ 1 in (z,%) from (3.22), we
obtain

(3:23) Gl (2, (2,2)) =2(1 = 5)Re {(. @) A(2)} + 2Re (=, FL5) (2 (2, 2) ) + 9l (2,2) = e (2:2) + (O1)115 (2,2).

By applying Extended Moser Lemma we find a solution (Ggfotl) (z,w), F,Sf,)r(z, w)) for the latter equation. We consider

the following Fisher decompositions
(3.24) Ps+1,0(2) = Q(2)A(2) + R(2),  ¢iy10(2) = Q'(2)A(2) + R'(2),

where A* (R(z)) = A*(R/(z)) = 0. We want to put the normalization condition A* (¢ (2)) = 0. Collecting the
pure terms of degree s + 1 in (3.23), by (3.24) we obtain

(3.25) Por1,0(2) = psr1.0(2) = (1= 5)(2,a)A(2) = (Q(2) — (1 — 5)(2,a)) A(2) + R(2),
where Q(z) is a determined polynomial of degree 1 in z1,...,zy. It follows that Q'(z) = Q(z) — (1 — s)(z,a) and
R/(z) = R(z). Then the normalization condition A* (¢, 4(2)) = 0 is equivalent to find a such that Q'(z) = Q(z) —

(1 — s)(z,a) = 0. The last equation provides us the free parameter a.
Assuming that ¢ > 2, we prove the following lemma (this is the analogue of the Lemma 3.3 from [9]):

Lemma 3.7. Let Ny :=ts+2. Forall0<j<t—1andp € [2t+j(s—2)+2,2t+ (§+ 1)(s — 2) + 1], we make the
following estimate

(3.26) Gplz,w) =2(1 = s)*1Re {{z,a) A(z) 10! 971} + 2Re (24 AV(2) + 02(2,2), Fap 1 (2, ) )

+95p(2,7) = p2p(2,7) + O (2,2),
where wt{@%jz(z,f)} > Ny and w satisfies (3.1).

Proof.

Step 1. When s = 3 this step is obvious. Assume that s > 3. Let pg = 2t + j(s —2) + 2, where j € [0, — 1]. We make
induction on p € [2t + j(s —2) + 2,2t + (j + 1)(s — 2) + 1]. For j = 0 (therefore p = 2t + 2) the lemma is satisfied (see
equation (3.22)). Let p > pg such that p+1 <2t + (5 + 1)(s — 2) + 1. Collecting the terms of bidegree (m,n) in (z,%)
from (3.26) with m + n = p, we obtain

(327) G (2 (2,2)) = 2Re (2, Fb) (2, (2,2)) ) + (%) — 00l2,2) + (O, (2,2).

By applying Extended Moser Lemma we find a solution (F,(lﬁr_l)(z,w),G%,«(z,w)) for (3.27). Assume that p is

even. In this case we find F7(£;1)(z,w) recalling the cases 1 and 3 of the Extended Moser Lemma proof. Using the
cases 2 and 4 of the Extended Moser Lemma proof we find Ggfi,)r(z,w). Since wt {(@1)?\;:2 (zj)} > N, we obtain

wt {<F,(£T_1) (z,(z,2)), z>} , Wt {<F,§€T_1) (z,(z,2)), z>} > Ns. Also wt {G%@T (2, (z, z))} , wt {Ggf:))r (z, <z,z>)} > Ns.
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We can bring similarly arguments when p is even. We obtain the following estimates

wt {F(pfl)(z,w)} >Ny —s+1, wt {F,(lg,fl) (z,w)} > N;—1,

nor

(3.28) wt {Fr(f;;l)(z,w) B L (2, (z, z})} >N,—1, wt {F(pfl)(z, w) — F®P-Y (2 (2, z))} > Ny —s+1,

nor nor
wt {GO) (2 w)} = N, wt { G (2,0) = GO, (2, (2,2)) } = N,

where w satisfies (3.1). As a consequence of (3.27) we obtain

G (2, w) = G (2,42, 2)) = ORF M (22)', 2Re (2, Fi D (z,w) = Fb Y (2,(2,2)) ) = ORT (2,2 .

nor nor

(3.29)

(&) + 02(z2), By V(2 w) ) + (B (2,0), A(2) + ©3(2,2) ) = O (2,2)’

and each of the preceding formal power series @?th(z,f)’ has the property wt {@ﬁ’vtl(z,f)’} > N,. Substituting
Fspo1(z,w) = Fy(ff),fl)(z,w) + F>p(z,w) and Gsp(z,w) = Ggfz,)r(z, w) + G>p41(2z, w) into (3.26), we obtain

G (z:w) + Gzpaa (z,w) =2(1 = s)7'Re {(2,a)A(z) 1w =971}

(3.30) + 2Re <z A (2) + 022, 7), BB (2, w) + Fop w)> +¢(2,2) — 9p(2,7)

+ ((91)57\[g (2,2) + QD/Zp+1(sz) - SDZIH*l(Z»z) + @ilo\ftl(zvz)'

”
yye e

Collecting the pure terms of degree p from (3.27), it follows that ¢, 0(2) = ¢}, (2) + ..., where in we have
determined terms with the weight less than p < N, := ts + 2. Therefore ¢, (2) = ¢} o(z). We will obtain that
©K,0(2) = ¢} o(2), for all k =3,...,T. By making a simplification in (3.30) using (3.27), it follows that

2,w) =2(1 — s) T Re { ({2, a)A(z)T T w771 e(z "(z 2(2.2), Fs (2, w)
(3.31) Gopra(zw) =2(1 = 5)""Re {(z,0)A(2) }+2R < + A(2) + 05(2,2), F>p (2, )>

+ (plzp—&-l(Z?z) - (pZP-‘rl(Z)Z) + J(Z,?) + @?th(Z,Z),

where wt {67\;:1(2,2)} > N, and

J(2,%) =2Re <z, B (zw) = FEY (2, (2, z>)> +2Re <A’<z) +0%(2,2), Fbr (2, w)>
+ G’l('Lp())T (Z, <Za Z>) - G(P)

nor

(3.32)
(z,w).

Using (3.28) and (3.29) it follows that J(z,%) = ©5"1(2,%), where wt {@g’vtl(z,z)} > N,.

Step 2. Assume that we have proved the Lemma 3.7 for p € [2t + j(s — 2) + 2,2t + (j + 1)(s — 2) + 1] for j € [0,¢t—1].
We prove the Lemma 3.7 for p € [2¢t 4+ (j + 1)(s — 2) + 2,2t + (j + 2)(s — 2) + 1]. Collecting the terms of bidegree (m,n)
in (z,%) from (3.26) with m+n=A+1:=2t+ (j +1)(s — 2) + 1, we obtain

G (2, (2, 2)) =2(1 — s)7H Re {(z,a) A(2)7+ (2, 2)1 771} + 2Re <Z,F<A>(z, (2, z>)>

nor

(3.33) .
+ 0h11(2,2) — ear1(2,2) + (O1)y (2,2).

Here wt {(@1)?\:1 (Z,E)} > N,. We define the map

(3.34) FM(z,w) = F{V (z,w) + F{Y (z,0),  FY(2,0) = —(1— 8)77 (2, 0) A(2) 772 (21, 2).

nor

Substituting (3.34) into (3.33), we obtain

(3.35) GM1 (2, (z,2)) = 2Re <z (2, (2, Z>)> +oa1(2,2) — par1(z,2) + (O1)N ' (2,2).
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By applying Extended Moser Lemma we find a solution (Gsﬁjl) (z,w), FQ(A) (z, w)) for (3.35). Using the same arguments

as in the Step 1 we obtain the following estimates
wi { G (2, w) = G (2, (2,2) ot { GV (o) | wt {GEED (2, (2,2)) | = N,

(3.36) wt {FQ(A)(z,w) - FQ(A) (z,{z, z>)} , wt {FéA)(z,w)} , Wt {FQ(/Z) (z,(z, z>)} >Ny —s+1,

wt {F§A>(z,w) — M (2, <z,z>)} wi {FgA)(z,w)} Wi {FQW (2, (z;z))} >N, -1,

where w satisfies (3.1). As a consequence of (3.36) we obtain

| (&) + 02z 2), F{V (2, w)) + (FEV (2, w), () + 02(2,7) ) = ONF2(2, %) ,
(3.37
G (2, w) = G (2, (2,2)) = ON2(2,2), 2Re (B (2,0) = FIY (2, (2,2)) , 2) = ©4F2(2,2),

where w satisfies (3.1) and each of the preceding formal power series has the property wt {@%j%z,f)} > N,. Substi-
tuting F>a(z,w) = FA) (z,w) + F>pat1(z,w) and Gopat1(z,w) = G%jl)(z,w) + G>a42(z,w) in (3.26), we obtain
(3.38)
G%ﬁjl)(z,w) + Gpqo(z,w) =2(1 — 5)7T1Re {(z, a}A(z)ijt*j%}
+ 2Re <z + A(2) + ©2(2,7), Fio(z,w) + Foaa (2, w)> + at+1(2,2) — ¢ 11(2,2)
+¢hnsa(2:2) = P2asa(22) + (O] (2.7) + OF2(2.7).
By making a simplification in (3.38) with (3.33), and then using (3.34), we obtain

(3.39) GZA+2(va) = 2Re <2+ A/(z) + @f(z,?), FZA+1(Z7w)> + QDIZA+2(ZvE) - QDZA+2(27§) + @%jz(zvz) +J(2,%),

where
J(,2) = 2Re (2, Fi)(zw) — FB) (2, (,2)) ) + 2Re {A(2) + ©2(2,2), F) (2, w) )
+2(1 - 57 Re {{z @) A(2) b7t — (2 a) Az)TH (2, )0
+ G0 (2, (2, 2)) = GO (2, w),
(3.40)

— 9Re <z FO G w) — FY (2, (2, 2)) + FY (2, w) — Y (2, (2, z>)>

+ 2Re <A’(z) + @?(Z,E), Fl(A)(z,w) + F2(A)(z,w)> +GW) (2,(z,2)) — GWN) (z,w)

+2(1 = s)'Re {(z,a)A(z)"T! (w771 = (z,2)!771)}.
Using (3.36) and (3.37) it follows that
(3.41) J(2,%Z) = 2Re <z, Fl(A) (z,w) — Fl(A) (2, <z7z>)> + 2Re <A’(z) +02(z,%), 1(A)(z7w)>
' +2(1 — s)T1Re {{z,a)A(2) ! (w7 — (2, 2)t ) } + O4F2(2, %),
where wt {@%{2(2,2)} > N,. We observe that
(3.42) Re (2, F{™ (2,(2,2)) ) = =(1 = 5)*'Re {(z,a)(z, 2) T A(z) 11}
Since wt {Fl(A)(z,w)} > N, — s and wt {Fl(A)(z, w)} > N, it follows that
(3.43) Re <e§(z,z),FfA>(z,w)> — 041%(2,2),

where wt {@?VjZ(z,Z)} > N;. Using (3.42) and (3.43), we can rewrite (3.41) as follows

(3.44) J(2,%Z) =2Re <z, FI(A)(z,w)> + 2Re <A’(z), 1(A) (z,w)> +2(1 = s)"'Re {(z,a)A(z)T T w71} 4 @%Jf(z,f),
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where wt {@?{:2(2’,2)} > Nj;. Substituting the formula of Fl(A)(z, w) in (3.44), we obtain

J(2,7) = —2(1 — s)7*'Re {<z,a>A(z)j+1wtﬂ'*2 ((z, )+ <(zl, 2N, (Al(z), o AN(Z))>)}
(3.45) +2(1 — 5)’TRe {(z, a)A(z)ijt*j*l} + @?V:'Q(zj),
= —2(1 —s)’"'Re {(z, a)A(2) w72 ((2,2) + sA(2) — w)} + @ﬁ,f(z,?),
=2(1— s)7*?Re {(z,a)A(2)’ w772} + @?,jz(z,f),
where w satisfies (3.1) and wt {@Qﬁ(z,?)} > Ns. O

Collecting the terms of bidegree (m,n) in (z,%z) with m +n =t¢s+ 1 and ¢t = j — 1 from (3.26), we obtain
GtV (2,(2,2)) =2(1 - 8)'Re {{z,a)A(2)'} + 2Re (2, F{&) (2, (2. 2)))

nor nor

(3.46) -
+ Phr1,0(2:2) = @rsr1,0(2,2) + (O1) 5 (2,2).

By applying Extended Moser Lemma we find a solution (Ggﬁffl) (z,w), F,%sr) (z, w)) for (3.46). Collecting the pure terms
from (3.46) of degree ts + 1, it follows that
(3.47) Prar1,0(2) = Prsr1,0(2) = (1 = 5)" (2, a) A2)".

The parameter a will help us to put the desired normalization condition (see (1.15)). By applying Lemma 2.4 for
Phsr1,0(2) and @i o(2), it follows that

(3.48) prs+1.0(2) = (1= 9)'Q(2)A(2)" + R(2),  ¢ar10(2) = Q'(2)A(2)" + R'(2),

where (AY)" (R(z2)) = (A*)" (R'(2)) = 0. We impose the normalization condition (A)* (¢}, 1 (2)) = 0. This is equiv-
alent finding a such that Q'(z) = 0. Here Q(z) is a determined holomorphic polynomial. We find a by solving the
equation Q'(z) = (1 — 5)!(z,a) — Q(z) = 0.

Composing the map that sends M into (3.1) with the map (3.3) we obtain our formal transformation that sends M
into M’ up to degree ts + 1.

4. PROOF OF THEOREM 1.3-CASE T+ 1= (t+1)s, t > 1
In this case we are looking for a biholomorphic transformation of the following type

' w') = (z+ F(z,w),w + G(z,w))

(4.1) T—2t—1 T—2t
F(zow)= Y FZH(zw), Glz,w) = Y G (2, w)
=0 7=0

that maps M into M’ up to the degree T+ 1 = (¢t + 1)s. In order to make the mapping (4.1) uniquely determined we

assume that Fﬁffrlﬂ)(z,w) is normalized as in Extended Moser Lemma, for all I = 1,...7T. Replacing (4.1) in (3.2),
and after a simplification with (3.1), we obtain

T—2t—1 T—2t—1
> G (z,<z,z>+¢23<z,z>>=2Re< > FRH <z,<z,z>+w23(z,z>>,z>
T:O l:O
T—2t—1 2
@2)  H|| D EEHD (2 (z,2) + p33(2, 7))
=0

T—2t T-2t
+obs |2+ Y FCHD (2 (2, 2) + 933(2,2)) 2+ > FREHD) (2, (2, 2) wzs(z,z))) — 33(2,2).
I=—1 I=—1

Collecting the terms with the same bidegree in (z, Z) from (4.2) we will find F(z,w) and G(z, w) by applying Extended
Moser Lemma. Since F(z,w) and G(z,w) don’t have components of normal weight less than 2t + 2, collecting in (4.2)
the terms of bidegree (m,n) in (2,%) with m +n < 2t + 2, we obtain ¢y, ,,(2,2) = ©mn(2,%).

Collecting the terms of bidegree (m,n) in (z,%z) with m +n = 2t + 2 from (4.2), we prove the following lemma:
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a1 e ai1N z1

Lemma 4.1. GnZOt;FQ (z,w) = (a +a@) wt, y(bzofoﬂ)(z, w) = w' , where a is the trace of
anNy ... aN N ZN

the matriz (aij),<; j<n-

Proof. Collecting the pure terms of degree 2t + 2 from (4.2), we obtain that @9, 42(2) = 5, 5(2). Collecting the terms
of bidegree (m,n) in (z,Z) withm+n =2t +2 and 0 < m <n — 1 from (4.2), we obtain

(4.3) Grnn(#:2) = = (2, Focmi1,m-1(2)) (2, 2)™ 7 + Pmn(2, 7).
Since Ymn(2,2), ¥p.n(2,%) satisfy (1.14), by the uniqueness of trace decomposition, we obtain F,_pmy1,m-1(2) = 0.
Collecting the terms of bidegree (m,n) in (z,%) with m +n =2t + 2 and m > n + 1 from (4.2), we obtain

(4.4) Prnm(2,2) = Gm-n(2)(2,2)" = (Fn—nt1,n-1(2),2) (2, 2)" 7" + @m,n(2,%).

Since Fy—m+1,m—1(2) = 0 it follows that G,—n(2) = 0.
Collecting the terms of bidegree (¢t + 1,¢+ 1) in (z,%Z) from (4.2), we obtain

(4.5) Prr1e1(2,2) = (Goer1(2)(z, 2) — (F14(2), 2) — (2, FLe(2))) (2, 2)" + ri1,041(2, 7).
Then (4.5) can not provide us Fy 4(z). Therefore Fj ;(z) is undetermined. We obtain

ay ... Q1N z1
(4.6) FCHD (5 w) = wt , a;€C,1<4,5<N.

aNi --- QNN ZN
The trace of the matrix a is determined by aq1,...,ayy. We can write a;; = a+ b11,...,ayy = a+ byny. We also use

the notations by; = ay,;j, for all k # j. The matrix B = (bk,j),<;, ;< represents the traceless part of the matrix A.
By applying Lemma 2.1 to the polynomial (F} ;(z), z), we obtain (Fy ;(z),2) = a(z, z) + P(z,%z) with tr (P(2,%)) = 0,

N
where P(z,%) = Z b; jz;Z;. Using the preceding decomposition we obtain
ij=1
(4.7) Prr1141(22) = (Goer1(2) —a =) (2,2)"™ + @ri1.041(2,7) — 2Re (P(2,7)(z,2)") .
Since tr (P(2,%)) = 0 it follows that tr'™! (Re (P(z,%)(z,2)!)) = 0 (see Lemma 6.6 from [17]). O

We can write F(z,w) = Fr(f,ffrz)(z, w)+F>oi43(z, w) and G(z, w) = G>a142(%, w) (see (2.30)). We have F>op19(2z, w) =
Z F.1(2)w!, where Fy, ;(2) is a homogeneous polynomial of degree k. Therefore wt { Fso;o(2, w)} > k+21lr1>irQlt+2{k+
k+421>2t+2 2

ls} > i 21}1>1121 2{k + 21} > 2t 4+ 2. Next, we show that wt {F>2t+2(z,w)} > ts 4+ s — 1. Since wt {F>2t+2(z,w)} >
+20>2t+ = 2

. 21}1>1121 2{k(s — 1) + s}, it is enough to prove that k(s — 1) +1s > ts+ s — 1 for k + 2] > 2t + 2. Since we can write
+21>2t+

the latter inequality as (kK — 1)(s — 1) +1s > ts for (k — 1) 4+ 20 > 2t + 1, it is enough to prove that k(s — 1) +1s > ts
for k + 20 > 2t + 1 > 2t. Continuing the calculations like in the previous case we obtain the desired result.

Lemma 4.2. For w satisfying (3.1), we make the following immediate estimates

wt{F,(LﬁiH)(z,w)} >ts+1, wt{Fr(f,tTH)( )} >ts+s—1, wt{’

F2HD (2w H } >ts+s+1,
(4.8) wt{F>o142(z,w)} > 2t + 2, {F22t+2(z,w)} >ts+s—1, wt{HFZQHQ(Z’w)”Q} >ts+s+1,

{<F£iﬁ+1)(z,w), F22t+2(z,w)>} , ’U}t{<F22t+2(Z,UJ), F,(Liﬁl)(z, w)>} >ts+s+1.

As a consequence of the estimates (4.8) we obtain
2
(19)  EG )l =||[FE e w)|| + 2Re (EED (e w), Fonera(sw)) + [ Fozvsa(z0)F = 03154, (2.2),

where wt {@fﬁigﬂ( )} >ts+s+1.

In order to apply Extended Moser Lemma in (4.2) we have to identify and weight and order evaluate the terms which
are not ,,good”. We prove the following lemmas:
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Lemma 4.3. For all m,n > 1 and w satisfying (3.1), we make the following estimate
(4'10) wlm,n (Z + F(Z7 w)7 Z+ F(zv w)) = cp;n’n(z,f) + 2Re <@§(272)7 F22t+2(z7 w)> @?gjrrirl (275)7

where wt{@fsig’ﬂ( )} >ts+s+1.

Proof. We have the expansion ¢}, ,, (z + F(z,w),z + F(z, w)) = @run(2,Z) + ... (see the proof of the Lemma 3.3). In
order to prove (4.10), it is enough to study the weight and the order of the following particular terms

Ay(z,w) = Fi(z,w)2'2)) Ay(z,w) = 212 Fi(z,w), Bi(z,w) = Fa(z,w)2'z7, By(z,w) = 212" Fy(2,w),

where F(z,w) is the first component of F2t )(z,w) and Fy(z,w) is the first component of F>g;10(z, w). Here we

assume that |I| =m —1, |J|=n, |[I1| =m, | 1| =n — 1.

Using (4.8) we obtain wt {A;(z,w)} > m—1+ts+1+n(s—1) > ts+s+1l <= m+ns—n>s+1 <<
m+ s(n—1) > n+ 1 and the latter inequality is true since m + s(n — 1) > m + 3(n — 1) > n + 1. On the other hand
Ord{Ai(z,w)} >m—1+2t+1+n>2t+3.

Using (4.8) we obtain wt { A3(z,w)} > m+(n—1)(s—1)+ts+s—1>ts+ s+ 1 and the last inequality is equivalent
with m + (n — 1)(s — 1) > 2. The latter inequality can be proved with the same calculations like in Lemma 3.3 proof.
On the other hand, we observe that Ord {Ay(z,w)} >m+2t+14+n—12>2¢t+ 3.

In the same way we obtain Ord { B1(z,w)}, Ord { B2(z,w)} > 2t+2. Using (4.8), every term from ,,...” that depends
on Fy(z,w) can be written as ©2(z,%)Fy(z,w). This proves our claim. O

Lemma 4.4. For all k > s and w satisfying (3.1), we make the following estimate
(411) Pho (2 + F(z,0)) = gl (2) + 2Re (02(2,2), Fonrale,w) ) + O312,,(2,2),

where wt{@fg+s+1( )}Zts—i—s—i—l.

Proof. We make the expansion ¢} , (2 + F'(2,w)) = ¢}, o(2) + ... . To study the weight and the order of terms which
can appear in ,,...” it is enough to study the weight and order of the following terms
Alz,w) = Fi(z,w)z!, B(z,w) = Fyz!,

where F(z,w) is the first component of FT(L%HI)(Z,UJ) and Fy(z,w) is the first component of F>g;13(z, w). Here we

assume that |[I| = m — 1 > s. From (4.8) we obtain wt {A(z,w)} > s+ ts+ 1 = ts+ s+ 1. On the other hand, we
have Ord {A(z,w)} > 2t + s + 1 > 2t 4+ 3. Using (4.8) each term from ,,...” that depends on Fy(z,w) can be written
as ©2(2,%)Fy(z,w). This proves our claim. O

Lemma 4.5. For w satisfying (3.1) we have the following estimate
N
2Re{A (z+ F(z,w))} =2Re {A(z) + Z Ag(2) (ag1z1 + -+ agvzn) wt}
(4.12)
+2Re (A(2) + ©2(2,2), Fozrpa(z,0) ) + OF12, 1 (2,2),
where wt{@fsifﬂ( ,E)} >ts+s+1.
Proof. For w satisfying (3.1), we have the expansion
N
(4.13) 2Re {A (= + F(z,w))} = 2Re {A@) 3 AL P (2 w) + L(z,z>} +O2t2(2.2),
k=1

where F>o,41(2,w) = (Fé%“(z, w), ... ,Fé\gt“(z,w)) and L(z,Zz) = <@§(z,§), F22t+2(z,w)>. We compute

N
ZQRe {Ak(z) F>2t+1 zZ,w) Z2Re Ap(z) | w! Zakaj + F§2t+2(z,w)

(4.14) *! =t

N
= 2Re {wt Z Ag(z) (agrz1 + -+ CLkNZN)} + 2Re <A/(Z), F22t+2(z7u))> .
k=1
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O
Lemma 4.6. For w satisfying (3.1), we have the following estimate
(4.15) G212 (2, w) — 2Re <F£iﬁ+l)(z, w), z> =2(a+@)Re {A(z)w'} +2Re {P(z,2)w'} + 713, (2,7),
N e —
where P(z,Z) = Z br,jzkZ; and wt{@fﬁig’ﬂ(z,f)} >ts+s+1.
kyj=1
Proof. For w satisfying (3.1), by Lemma 4.1 it follows that
bi1+a ... aiN 21
G212 (2, w) — 2Re <F,(Lii+1)(z, w), z> = (a+a)w'™ — 2Re <wt : : ,z>,
ani ... byn+a ZN
(4.16) = 2Re {aw'™'} — 2Re {aw'(z,2) + P(z,2)v'} + @ (vt —w't),
=2Re {aw’ (w— (2,2))} — 2Re {P(2,2)w'} + ;412 ,(2,7),
= 2Re {awt (A(z) + A(z))} —2Re {P(z,2)w'} + ©7112, 1 (2,2),
=2(a+a)Re {A(z)w'} — 2Re {P(z,Z)w'} + ®§§1§+l(z,z),
where wt {@?ﬁig_,_l(z,i)} >ts+s+1. O

Substituting F(z,w) = Frgtrﬂ)(z,w) + Fsoi42(2,w) and G(z,w) = Gggjm(z,w) + G>o143(2,w) (see (2.30)) into
(4.2) and by Lemmas 4.2 — 4.6, we obtain

N
G>2t43(2,w) = 2Re { (Z Ag(2) (ak1z1 + -+ +apnzn) — (a +G)A(Z)> wt} +2Re {P(2,%) (v’ — (2,2)')}
(4.17) k=1

+2Re (Z+ A'(2) + 02(2,2), Foarra(z ©) ) + Whra(22) — wausa(27) + OF12,,(2,2),
where w satisfies (3.1) and wt {@fﬁiiﬂz,?)} > ts + s+ 1. It remains to study the expression

(4.18) E(z,Z) = 2Re {P(2,%) (' — (2,2)") } .

Lemma 4.7. For w satisfying (3.1) we make the following estimate

(4.19) E(2,%) = 2Re {(P(m) + P(z,E)) A S z)l} + 0213, (2,7),
k+l=t—1
N s
where P(z,Z) = Z bi,jzKZ; and wt{@fﬁii’ﬂ(z,i)} >ts+s+1.
k,j=1

Proof. We compute

E(z,Z) = 2Re {P(z7z) (A(z) + A(z)) > whz z>l} + 0213 1(2,2),
(4.20) k+l=t—1

= 2Re {(P(z,z) + P(z,E)) A(z) Z wh(z, z)l} + 0713, 1 (2,2),

k+l=t—1

where wt {Gfﬁgﬂ(z,f)} >ts+s+1. O
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We consider the following notations

N
L(z,%) = P(z,%) Z (brj + bjk) 21Zj,

N N
Q(2) =Y Ak(2) (amz + -+ + agnan) — (a+a) A(2), Z (b +Djk) 210k (2).
k=1 =1

Then, for w satisfying (3.1), by Lemma 4.7 and the notations (4.21), we can rewrite (4.17) as follows

Ganera(zw) = 2Re {Q()u'} +2Re {L(z, DAV Ei1 (w, (z,2))} + e (74 A(2) + 032, 2), Fon 2z, 0) )

+ 30/22t+3(2a2) - @22t+3(2a2) + @fgiirl(zvz)v

(4.22)

where wt {@f;isﬂ( )} >ts+ s+ 1. Here Ey_q (w,{z,2)) = Z w”(z, 2)!. For p > 2t + 3 we prove the following
k+l=t—1
lemma ( the analogue of the Lemma 3.4 from [9]):

Lemma 4.8. We definee =0ifp<2t+sande=1ifp>2t+s,v=1ifp<ts+2andy=0ifp=ts+ 2. Let
Nl:i=ts+s+1. Forall0<j<tandpec[2t+j(s—2)+3,2t+ (j+1)(s —2) + 2], we have the following estimate

Gp(z,w) =2(1—5)Re {Q(2)A(z)'w" 7} + 2v(—1)7Re ¢ L(z,2)A(z)"t" Z Elt1 W bz, z)l

I Hlo=t—j—1
(4.23)
+ 2¢Re {Ql w'™ ]Z s) ]}+2Re <Z+A'(z)+®§(z,§),F2p,1(z,w)>

+¢5,(2,2) — 92p(2,7) + @N<(Z7 z),
where wt{@N,(z z)} > N and w satisfies (3.1). Here Elt i, withly +1lp=t—j—1 and Fi- 9 withl=1,...,j—1 are

natural numbers depending on some binomial coefficients. Also 5 € N, for alll =1,...,j—1.

Proof. For j =0 and k = 0 we obtain p = 2t 4+ 3. Therefore (4.23) becomes (4.22).

Step 1. We make a similarly approach as in the Step 1 of the Lemma 3.7.

Step 2. Assume that we proved the Lemma 4.8 for m € [2t 4+ j(s —2) + 3,2t + (j + 1)(s — 2) + 2], for j € [0, — 1].
We want to prove that (4.23) holds for m € [2t + (5 + 1)(s — 2) + 3,2t + (j + 2)(s — 2) + 2]. Collecting from (4.23) the
terms of bidegree (m,n) in (2,Z) with m+n=A+1:=2t+ (j + 1)(s — 2) + 2, we obtain

GUEY (2, (2,2) = 2Re (2, F8) (2, (2,2)) ) + 29(~1)'Re { Lz DAY 1z, 270 S B,
li+le=t—j—1
(4.24) ; _ _ _
+2¢eRe { Q1(2)A(2)/(z,2)! 77 Z DA (1= s)F77 5 +2(1 - s)’Re {Q()A(2) (z,2)" 7}
+ (p;\+1(z,§) - LpA+1(Z, Z) + (@1)?\;{1 (Zv 2)7
where wt {(@1)?,71 (Z,E)} > N!. We define the following mappings
FY (z,w) = F™ (z,w) + B (2, w) +F§A>(z w) + FM (2, w),
FM(z,0) = (1= Y Q(2)A(z) w7 (21,...,2n) s

Ft J) (21,...,21\[)7

[ay

(4.25) F{M (2,0) = —eQi(2)A < y

1=

0
A ' 4 N N
F?E )(z,w):—'y(—l)JA(z)J+1 Z 11 l2 Z bll+bll Zl,.. ,Z blN+le
=1

l1+l2=t—j 1 ]:1
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Substituting (4.25) into (4.24), by making some simplifications it follows that
(4:26) G (2, (2,2) =2Re (2, FiY (2,(2,20) ) + @ (5,7) — o (2,2) + (@M (2,2).

By applying Extended Moser Lemma we find a solution (G%fl) (z,w), FiA) (z, w)) for (4.26). By repeating the procedure

from the first case of the normal form construction, we obtain the following estimates

nor nor nor

wt {GAH (2 w) = GO (2, (2,20 b, wt { GO0 () b, wt {GUHD (2, (2,20) = L,

(4.27) wt {Fi“(z,w) —FM (2, (z,z))}, wt {Fi“(z,w)} , wt {FAEM (2, (z,z))} >N — 541,

wt {FiA)(z,w)} , Wt {F4(A) (z, (z,z))}, wt {FiA)(z,w) — F4(A) (z,E)} > N! -1,

where w satisfies (3.1). As a consequence of (4.27) we obtain

(4.28) <A’(Z) + @i(z,f),FiA)(z,w)> + <F4§A)(2’,w),A/(z) 4 ®§(27§)> _ 9%_2_2(275)/’
. Re <F4£A)(Z,w) - F4(A) (z,(z,2)) 7Z> — @x?2<z’2),7

where w satisfies (3.1) and each of @?,2‘2(2,2)’ has the property wt {@%2‘3(2“,2)} > N.. Substituting F>a(z,w) =

8 (z,w) + F>pat1(z,w) and Gopat1(z,w) = Gsféjl)(mw) + G>aq2(z,w) in (4.23), it follows that

G (2,w) + Ganpa(z,w) =2Re (24 A'(2) + 02(2,2), Fib)(2,0) + Foari (2, 0) ) + Ph(:2) — oas1(2,2)
+ (@1)%?1 (2,2) + ¢5r41(2:2) — p>at1(2,2) + @%?2(277)
+2(1 — s)’Re {Q(2)A(z) w' ™7}

(4.29) , , :
+29Re ¢ (—1)7L(2,2)A(z)" 1! Z Elt;l]2wl1(z,z>l2
I +Hla=t—j—1

+2Re {czl(zm(z)jwt-j S -1t s>lﬂ”} 7

=0

where w satisfies (3.1). Simplifying the preceding equation using (4.24), it follows that
(430) GZA+2(Za w) = 2Re <2 + A/(Z) + @3(2,2), FZA-‘rl(Zv w)> + QDZA-FQ(ZaZ) - QD/ZA—FQ(ZvE) + @ﬁa(zv?) + J(Z,E),
where we have used the following notation

nor nor

+2(1 - s)Re {Q(2)A(V w7 — Q)AE) (2, 2)' T} + G (2, (2,2)) — G (2 w)

J(2,7) = 2Re <z FO (2 ow) — FO) (2, (2, z>)> + 2Re <A’(z) +02(2,7), FS8) (=, w)>

(4.31) +29(=1)Re { L(z,2)A(z)7 ! > Blulza)E -2 Y B

l1,l2
litla=t—j—-1 tlamrj 1
j—1 ‘ ‘
t 2eRe {Q1<2)A<z>j (17 (1 =) (B0 = B, Zy—j)} 7

=0
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3 3
J(2,%) = 2Re <z > (FMzw) - FY (2,2, z>)>> +2Re <A’(z) +0%(2,2), > FV(z, w)>

k=1 k=1
+2(1 = s)Re {Q(2)A(=) (w'™ — (2,2)" ) } + G (2, (2,2)) = GLat? (2,0)

+2v<—1>jRe{£<z,z>A<z>f‘“( DI o R P L S oy R €3 >)}

li4la=t—75—1 li4lo=t—75—1

(4.32)

|
—

+ 2¢Re {Ql(z)A(z)j (— 1)51( s) Ft J ( t—j _ (z,z}t_j)}.

l

I
o

We observe that
Re <F1(A) (27 <z’z>),z> = _(1 _ S jRe {Q p A(z)j<z7z t—j}7

Re <F2(A) (z, (z,z)),z> = —cRe {Ql( VA(2)7(z, )1~ JZ —s)'F/ ]}

(4.33)

Re (F{V (2, (2,2)),2) = —(~1)/7Re {z(z,z)A(z)j+1<z,z>H1 3 E;;;z}.

lLitla=t—75—1
Since wt {FlgA)(z,w)} >ts+ 1 and wt {F,gA)(z,w)} >ts+s—1forall k € {1,2,3}, it follows that
3
(4.34) <®2 ER I > = 0A%(2,2),
k=1

where wt {@Qﬁ(z,?)} > N!. Using (4.27), (4.28), (4.33), (4.34) we can rewrite (4.32) as follows

3
J(z,Z) =2Re < ZF( (z,w >+2Re <A'(z),ZF,§A)(z,w)>
k=1

(4.35) +2(1 - s)Re {Q(2)A(2) w7} +2(~1)71Re {c(z,z)A(z)Hl(z,z)t—j—l Z E;I;Z}

li4lp=t—j—1

+2cRe {Ql(z)A(z)”wt‘j i(—l)@(l —s)'F } .

=0

Substituting the formulas of FI(A)(Z, w), FZ(A)(Z, w) and FéA)(z, w) in (4.35) and using w satisfying (3.1), we obtain

J(2,Z) = —2(1 — s)’Re {Q w™IT ({2, 2) 4+ sA(2)) — Q(Z)A(z)jwt_j}
—2(~1)1Re {c(z,zm(z)f“ Y. Bt (wh - <z,z>“)}
LiHla=t—j—1

(4.36)

_2(_1)j7Re{Q1(Z>A<z>J‘+1 > H }

li+la=t—j5—1
jfl

— 2¢Re {Q1 z)7 — ) F Tt 1(<z,z>+sA(z)—w)},

1=
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J(2,7) = 2(1 — s)" T Re {Q(2)A(2)" 1wt~}

+2y(—=1)7"1Re { L(2,2)A(2)7 T2 Z Elthl2 Ywl2(z, 2)4

li+la=t—75—2
(4.37) i+1 i1 b= yt—i—1
+2(=1)*1Re { Q1(2)A(z)* > B jw
li+lo=t—j5—1
+26Re{ Z ]+1Z ﬂz-‘rl )l+1Ft ] }+@A+2( )
where wt {@f\vﬁ(z,i)} > N.. O

Collecting the terms of bidegree (m,n) in (z,z) from (4.23) with m +n =ts + s and ¢t = j, we obtain
(138) GUH3) (2, (2, 2)) =2(1 — s)'Re {Q(2)A(2)"} + 2KRe {Q1(2)A(2)"} + 2Re <z Eltsts=1) (5 w)>
.38
+ Phars0(2:2) = Qusrs0(2,2) + (O1) 3 (2,2).

By applying Extended Moser Lemma we find a solution (GSS;“ é’)( w), Fltsts— 1)( )) for (4.38). Collecting the pure

terms of degree ts + s from (4.38), it follows that
(4.39) Prots0(2) = Prsrs0(2) = (1= 5)'Q(2)A(2)" + KQ1(2)A(2)",

where K = (=1)P1ky (1 —s)t = 4+ (=1)Pt=1k, 1 (1 — s) + (=1)Pky, with kq,. ..,k € N. By the proof of the Lemma
4.8 (see (4.36) and (4.37)) we observe that 81 = —1,...,8; = (—1)*. Next, by applying Lemma 2.4 to ¢ts4s5,0(2) and
Phsts0(2), it follows that

Protrs0(2) = (A1(2)A1(2) + - + An(2)An(2)) A(2)" + C(2),
Prors0(2) = (A1(2)A1(2) + - + A (2)An(2) A(2)" + C'(2),
where (ARAY)" (C(2)) = (ARAY (C'(2)) =0, for all k=1,...,N. We have

N _
a—+a
:E Ak(z)(aklzl+"'+<akk_s )Zk+~-~+akNZN),
k=1

(4.40)

(4.41)

M=

Q1(z) = Y Ap(z)((arr +@1x) 21 + -+ + (akk + Gk — (@ +@)) 2x + - -+ + (axn +aNk) 2N) -

k=1

We impose the normalization condition (A;A?)* (Phsrso(2)) =0, forallk =1,...,N. By Lemma 2.4 this is equivalent

to find (ai;),; ;< such that Aj(z) =--- = Ay(z) = 0. It follows that
(1—s)ar; + K (axj + @) = cx;, forallk,j=1,...,N, k#j,
(4.42) , a+a _ _
(1—9)agr — + K (agk + axy — (a4 @) = cgg, forallk=1,...,N,
N
where ¢, ; is determined, for all k,5 = 1,...,N. Here Na = Zakk. Using the second equation from (4.42) we find
k=1
Imagg, for all k =1,..., N. By taking the reality part in the second equation from (4.42), we obtain
N
(4.43) (Ns(1—s)" +2NKs)Reag, — (2(1 — 5)" +2Ks) Y Reay =Reckr, k=1,...,N.
=1
N N
By summing all the identities from (4.43), it follows that (1 — s)'N(s — 2) Z Rea; = Z Recg ;. Next, going back to
1=1 k=1

(4.43) we find Reay, for all [ = 1,...,N. Now, let k # j and k,j € {1,..., N}. By taking the real and the imaginary
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part in first equation from (4.42), we obtain
(4.44) ((1=s)"+ K)Reay; + KReaj, =Recy;, KReay; + ((1—3s)"+ K)Rea;, = Rec;,
’ ((1fs)t+K)lmakijlmajk:Imckyj, fKImaijr((1fs)t+K)lmajk:|mcj7k,

where cﬁw- is determined, for all k,j5 = 1,..., N and k # j. In order to solve the preceding system of equations it is
enough to observe that (1 — s)? ((1 — s)! + 2K) # 0. It is equivalent to observe that

(1—8) 2((~Dki(1 =)' "+ (=1)'ke) £ 0,

(4.45) (1) (s = 1) +2 (ka(s — 1)L+ ha(s — 1) 24 -4 &)) #£0.
)

Composing the map that sends M into (3.1) with the map (4.1) we obtain our formal transformation that sends M
into M’ up to degree ts + s + 1.

5. PROOF OF THEOREM 1.5-UNIQUENESS OF THE FORMAL TRANSFORMATION MAP

In order to prove the uniqueness of the map (1.12) it is enough to prove that the following map is the identity

(5.1) M' 3 (z,w) — Z+Z (k) (2, w), erZG%kOJ{l z,w) | € M.
k>2 k>2

Here M’ is a manifold defined by the normal form from the Theorem 1.5. We have used the notations (2.30). We perform
induction on k > 2.

Definition 5.1. The undetermined homogeneous parts of the map (5.1) by applying Extended Moser Lemma are called
the free parameters.

We prove that Fr(lil(z, w) = 0. Here we recall the first case of the normal form construction. We assume that ¢ = 1.
By repeating the normalization procedures from the first case of the normal form construction, we find that all of
the homogeneous components of Fr(f))r(z, w) except the free parameter are 0 and that G,(fo)r (z,w) = 0. Using the same
approach as in the first case of the normal form construction (see (3.25)), it follows that

(5.2) Ps+1,0(2) = @sy1,0(2) = (1 = 5)(2,0)A(2) = 0.
Here a is the free parameter of FT(Li)r(z w). It follows that a = 0. Therefore F,g?,l(z, w) = 0.
We assume that Féi)r(z,w) =...= F,(L]f,r 2)(z,w) =0, G,({O’o)r(z,w) =...= G%ko?l)(z,w) = 0. We want to prove that

i 1)( w) =0, leln (z,w) = 0. First, we consider the case when k = 2¢t, with ¢t > 2. Let a € CV be the free parameter
of the polynomial F,(ff;)(z, w). By repeating all the normalization procedures from the first case of the normal form

construction it follows that all of the homogeneous components of F,g%?(; w) except the free parameters are 0 and that
Gggfl)(z, w) = 0. We are interested in the image of the manifold M through the map (5.1) to M up to degree ts + 1.
We repeat the normalization procedure done during Lemma 3.7 proof. In that case we have considered a particular
mapping (see (3.3)). Here we have a general polynomial map with other free parameters. They generates terms of weight

at least ts 4+ 2 that do not change their weight under the conjugation:
Wt {(FLm(2)w™, 2)}, wt{(z, Fim(z2)w™)} > ts+2, for all m > t;

(5:3) wt {(Fy - (2)w",2)},  wt{(z, Fo, (2)w")} > ts+2, for allr > ¢ + 2.

Here Fy,(2)w™, Fy,(z)w" are the free parameters of Fier' ™" (z,w) and Fiar (z,w), for all m > ¢ and r > t + 2.
Therefore they can not interact with the pure terms of degree ts 4+ 1 (because of the higher weight). All the Lemmas
3.1 — 3.6 remain the same in this general case.

Using the same approach as in the first case of the normal form construction (see (3.47)), it follows that

(5.4) Prs11,0(2) = rsy1,0(2) = (1 = 8)'(2,a)A'(2) = 0

It follows that a = 0. Therefore Fé%tr)(z, w) = 0.
We assume that k& = 2¢ + 1, with ¢ > 2. Let (a; ;) -, J<N be the free parameter of F,(L%f,ﬂ)( ,w). By repeating all the
normalization procedures from the first case of the normal form construction, it follows that all of the homogeneous

components of F,g%faﬂ)(z w) except the free parameters are 0 and that lelSay 2)(2, w) = 0.
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We are interested of the image of the manifold M’ through the map (3.3) to M’ up to degree ts + s + 1. The other
free parameters of the map (5.1) generates terms of weight at least ts + s + 1 that do not change their weight under
the conjugation:

wt {(F1,m(2)w™, 2)}, wt{(z, Fi m(2)w™)} > ts+s+1, for all m > ¢+ 1;
wt {(For(2)w", 2)}, wt{(z, Fo,(z)w")} >ts+s+1, forallr >t +3.

All the Lemmas 4.1 — 4.7 remain true in this general case.
Using the same approach as in the second case of the normal form construction (see (4.39)), it follows that

(5.6) Prs+s,0(2) = Prsrs0(2) = (1= 8)'Q(2)A"(2) = 0.
It follows that (a; ;) = 0. Therefore

(5.5)

1<ij<N
2t+1 _ 2t+2 —
(57) F7(Lor )(Z7 w) - O’ G'Swr )(Z’ w) =0.
This proves the uniqueness of the formal transformation (1.12).
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