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Abstract. In this paper we consider a Dirichlet problem for singularly perturbed
ordinary differential equations with convection terms and a small perturbation parameter
ε. To solve the problem numerically we use an ε-uniformly convergent difference scheme
(on special piecewise-uniform meshes) and a decomposition of this scheme based on a
Schwarz technique with overlapping subdomains. The step-size of such special meshes is
extremely small in a neighbourhood of the layer and changes sharply on its boundary,
which can generally lead to a loss of conditioning of the above schemes. We study the
influence of perturbations in the data of the boundary value problem on disturbances of
numerical solutions. We derive estimates for the disturbances of numerical solutions (in
the maximum norm) depending on a subdomain in which the disturbance of the data
appears. When the right-hand side of the discrete equations is considered in a “natural”
norm, i.e., in the maximum norm with a special weight multiplier (that is ε ln N , for
ε = O(ln−1 N), in a neighbourhood of the boundary layer, where N defines the number
of mesh points), the finite difference schemes under consideration are well conditioned
ε-uniformly. In addition, for the Schwarz method a special restriction is imposed on the
width of the overlapping region. Note that for these special schemes an ε-uniform estimate
for the condition number is the same as that for schemes on uniform meshes in the case
of regular boundary value problems. We give conditions under which the solution of the
iterative scheme based on the overlapping Schwarz method is convergent ε-uniformly to
the solution of the Dirichlet problem as the number of mesh points and the number of
iterations increase.
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1. Introduction

The difficulties are well known which arise when we find a numerical solution of singularly
perturbed boundary value problems, i.e., boundary value problems for equations whose higher-
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order derivatives contain a small perturbation parameter ε (see, e.g., [1]–[6] and also the bibliog-
raphy therein). The errors of numerical solutions obtained with the use of traditional schemes
turn out to be too large (compared with the exact solutions) for small values of the parame-
ter (see, e.g., estimate (3.14a) in the case of problem (2.1), (2.2) for an ordinary differential
convection-diffusion equation, Section 3). Therefore it is necessary to contsruct special numeri-
cal methods whose accuracy does not depend on the value of the parameter ε (i.e., ε-uniformly
convergent methods). A number of such special methods use meshes which are condensed in
a boundary layer (see the description of these methods, e.g., in [1], [4]–[6]), the step-size of
such meshes in a neighbourhood of the boundary layer is much less than the parameter ε. In
[4, 6] (see also the references in [4]–[6]) piecewise uniform meshes with an abrupt change in the
mesh-size are used; the mesh-size of such meshes is extremely small in the neighbourhood of
the boundary layers. These properties can lead to high sensitivity of the numerical solution to
computation errors, in particular, to a loss in conditioning of the difference scheme for small
values of the parameter. As was shown by A.A. Samarskii [7], even for regular boundary value
problems well conditioning of a scheme fails on a nonuniform mesh when the ratio of the fine
and coarse mesh sizes tends to zero.

In the case of domain decomposition methods used for solving singularly perturbed prob-
lems, the rate of convergence of the iterative process depends both on the parameter ε and
on a big variety of parameters of the method and can be very small for the method to be of
practical use (for example, the iterative process in the case of minimal overlapping subdomains
converges, as the number n of iterations grows, at a rate O(qn) of the geometrical progression
with degree q ≤ 1 −mN−1, where N defines the number of mesh points; see estimate (3.20)
in Section 3). It can turn out that the solution of a decomposition scheme does not converge
to the solution of the base scheme subject to decomposition as the number of mesh points and
the number of iterations grow (see, for example, the results of Section 3, Subsection 3 in the
case of the decomposition scheme (2.6), (3.8) for N, n →∞).

The errors in the solutions of iterative methods due to perturbation of the data can be
accumulated and distort essentially the numerical solution (in the case of systems of linear
equations see, e.g.,[10]).

Because of these reasons, in the case of singularly perturbed boundary value problems it is
of great interest to find conditions for the ε-uniform convergence of iterative methods (for N ,
n → ∞), and also to study the influence of the disturbances of the data on the behaviour of
the numerical solution. It is of interest to investigate the questions of conditioning of iterative
methods.

In the present paper we consider the first boundary value problem for singularly perturbed
ordinary differential equations with convective terms. To approximate the problem, we use
a classical monotone difference scheme on special piecewise uniform meshes condensing in a
boundary layer [4]; this (base) difference scheme converges ε-uniformly. We study how the
perturbations in the data of the boundary value problem influence the behaviour of numerical
solutions of the base scheme and of the decomposition scheme, in particular, for arbitrarily
small values of ε.

It is shown that the condition number is ε-uniformly bounded (see Theorem 3.1, Section 3)
on uniform meshes or on meshes close to uniform ones (schemes on such meshes do not converge
ε-uniformly; see estimate (3.14a)). However, for ε-uniformly convergent schemes on piecewise
uniform meshes the condition number of difference operators (in the classical sense) is not
ε-uniformly bounded (see Theorem 3.2). This behaviour of the condition numbers makes it
difficult to apply the tools of linear algebra directly to the analysis of ε-uniformly convergent
schemes (see, for example, Remark 2 to Theorem 3.2). To analyze the disturbed discrete
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problems, it is effective to use difference operators that are consistent with the original (subject
to disturbance) operators with respect to the disturbances (see, for example, Section 4 and
what follows).

We obtain estimates for the disturbance of the numerical solution depending on in what
subdomain (in the boundary layer or outside it) the data of the boundary value problem are
subjected to perturbation (see Theorem 4.1 for the base scheme and Theorem 6.1 for the
decomposition scheme).

Thus, the ε-uniform sensitivity of the numerical solutions (to the perturbation in the data
of the differential problem) in the layer and outside it is identical and the same as for regular
problems in the case of uniform meshes. For small values of the parameter ε the sensitivity to
the perturbation of the right-hand side (in absolute disturbances) is reduced in the boundary
layer. The sensitivity to the perturbation of the coefficient multiplying the highest derivative
in the differential equation is reduced outside the layer (see, for example, estimate (4.19)).

It turns out that the difference scheme on a piecewise uniform mesh from [4] is well condi-
tioned ε-uniformly (with the ε-uniform estimate for the condition number of the kind (4.20),
which is the same estimate as for regular problems) if to consider the right-hand side of the
discrete equation in the maximum norm weighted over the subdomains, that is, with a weight
multiplier ε ln N for ε = O(ln−1 N) in a neighbourhood of the boundary layer (see Remark 5
in Section 4). Since the estimate for the disturbance of the numerical solution depending on
the perturbation in the data of the discrete problem remains valid, then the transformation to
such a weighted norm cannot be considered as preconditioning of the special difference scheme.
The estimates obtained for deviation of the disturbed solutions from the solution of the bound-
ary value problem (see Remark 7 in Section 4) allows one to choose appropriate accuracy for
calculating the coefficients of the difference scheme (and hence the accuracy of the solver) on
different parts of the grid domain, and also the number of mesh points which ensures the
required accuracy of the numerical solution.

The question of ill “classical conditioning of schemes” on strongly nonuniform meshes has
arisen in the literature; we mention [8] in which the technique of “classical preconditioning” for
special difference schemes was discussed. The disturbance of solutions of ε-uniformly convergent
difference schemes for singularly perturbed boundary value problems of the type (2.1), (2.2)
under perturbation of the data was considered in [12].

In the case of domain decomposition methods for singularly perturbed problems, the dis-
turbance of solutions of ε-uniformly convergent schemes due to the perturbation in the data
of the differential and discrete problems, and also conditioning of decomposition schemes were
not considered previously.

About the contents. Problem formulation and motivation of research are given in Sec-
tion 2. The estimates for the solutions of discrete problems in the case of uniform and close
to uniform meshes are considered in Section 3; the estimates for the solutions of ε-uniformly
convergent schemes on special fitted meshes condensing in the boundary layer are discussed in
Section 3. In Sections 4 and 5, 6 we study the disturbances of the solutions of respectively
the classical base scheme (problem (2.4)) and the decomposition scheme (problem (2.6)); the
problems are considered on special meshes. In Sections 4, 5 we study admissible perturbations
of the data of the boundary value problem under which the properties of the problems subject
to disturbance remains valid. The estimates for the condition numbers of the schemes are
considered in Sections 4, 6.
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2. Problem formulation. The aim of research

We consider problems which arise in the numerical solution of singular perturbed equations
with convective terms at the following stages: (a) the construction of ε-uniformly convergent
finite difference schemes, i.e. the base scheme and the domain decomposition method; (b) the
determination of conditions for perturbations in both the data of the boundary value problem
and the data of the difference schemes under which the disturbance of a numerical solution
tends to zero (as the number of mesh nodes grows) ε-uniformly.

1. For simplicity, we consider a singularly perturbed ordinary differential equation 1

L(2.1)u(x) ≡
{

ε a(x)
d2

dx2
+ b(x)

d

dx

}
u(x) = f(x), x ∈ D, (2.1)

u(x) = ϕ(x), x ∈ Γ.

Here

D = (0, d), (2.2)

Γ = D \ D, the coefficients a(x), b(x) and the right-hand side f(x) are sufficiently smooth
functions on D, moreover, a(x) ≥ a0, b(x) ≥ b0, x ∈ D, a0, b0 > 0; the parameter ε takes
arbitrary values from the half-open interval (0, 1].

We approximate problem (2.1), (2.2) by a classical difference scheme [7]. To this end, on D
we introduce the mesh

Dh = ω1, (2.3)

where ω1 is a mesh with any distribution of its nodes satisfying only the condition 2 h ≤ MN−1;
h is the maximal stepsize of the mesh ω1, h = maxi hi, hi = xi+1 − xi, xi, xi+1 ∈ ω1, x0 = 0,
xN = d, N + 1 is the number of nodes in the mesh ω1. On this mesh, problem (2.1) is
approximated by the difference (base) scheme

Λ z(x) ≡ {
ε a(x) δx bx + b(x) δx

}
z(x) = f(x), x ∈ Dh,

z(x) = ϕ(x), x ∈ Γh.
(2.4)

where the second order centered difference operator δx bx is defined by δx bx z(xi) =

2 (hi−1 + hi)
−1 × (δx z(xi)− δx z(xi)), δx and δx are the forward and backward difference

operators, cf. [7].

The following discrete maximum principle is valid for scheme (2.4), (2.3).

Lemma 2.1. Let the function z(x), x ∈ Dh(2.3) satisfy the relations Λ(2.4)z(x) ≤ 0, x ∈ Dh,
z(x) ≥ 0, x ∈ Γh. Then z(x) ≥ 0, x ∈ Dh.

2. In this subsection we describe a discrete Schwarz method for problem (2.4), (2.3) in the
case of two overlapping subdomains of D

D = D
(1) ∪D

(2)
, D

(1) ∩D
(2) 6= ∅, D(1) = (0, d1), (2.5a)

1 Throughout the paper, the notation L(j.k) (M(j.k), Gh(j.k)) means that these operators (constants, grids)
are introduced in equation (j.k).

2 Here and below M, Mi (or m) denote sufficiently large (small) positive constants which do not depend on
ε and on the discretization parameters.
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D(2) = (d2, d), d1 − d2 = l > 0

with interface boundaries γr = {x = dr}, r = 1, 2. On the sets D
(r)

we introduce the meshes

D
(r)

h = D
(r) ∩Dh, r = 1, 2; (2.5b)

assume that the boundaries γr belong to the mesh Dh; N (r) + 1 and Nγ + 1 are the number of

nodes in the mesh D
(r)

h and on the set [d2, d1] = D
(1) ∩D

(2)
, respectively.

Let some function z0(x) = u0(x), x ∈ Dh be given and suppose that the functions z1(x), . . .,
zn−1(x), x ∈ Dh have been already constructed, where zi(x) = ϕ(x), x ∈ Γh, i = 1, . . . , n − 1.

We construct the function zn(x). At first we find the functions zn(r)(x), x ∈ D
(r)

h , r = 1, 2, by
solving the problems

Λzn(2)(x) = f(x), x ∈ D
(2)
h , (2.6)

zn(2)(x) =

{
ϕ(x), x ∈ Γ

(2)
h ∩ Γ,

zn−1(x), x ∈ γ2
h = {Γ (2)

h \ Γ};
Λn(1)z(x) = f(x), x ∈ D

(1)
h ,

zn(1)(x) =

{
ϕ(x), x ∈ Γ

(1)
h ∩ Γ,

zn(2)(x), x ∈ γ1
h = {Γ (1)

h \ Γ}.

Then we assume

zn(x) =

{
zn(1)(x), x ∈ D

(1)

h ,

zn(2)(x), x ∈ Dh \D
(1)

; x ∈ Dh;

we call the function zn(x), x ∈ Dh, n = 1, 2, . . ., the solution of difference scheme (2.6), (2.5),
i.e., the iterative discrete Schwarz method (or the iterative difference scheme of the domain
decomposition method).

For n →∞ the solution of problem (2.6), (2.5), (2.3) converges to the stationary solution,
which is the solution of the problem

Λz(r)(x) = f(x), x ∈ D
(r)
h , (2.7)

z(r)(x) =

{
ϕ(x), x ∈ Γh,

z(3−r)(x), x ∈ γr
h; r = 1, 2.

Note that z(r)(x) = z(x), x ∈ D
(r)

h , where z(x) is the solution of problem (2.4), (2.3), z(r)(x),

x ∈ D
(r)

h , r = 1, 2 are components of the solution for problem (2.7), (2.3), i.e., the difference
(non-iterative) scheme of the overlapping domain decomposition method.

For the difference schemes (2.6), (2.5) and (2.7), (2.5), (2.3) the maximum principle is valid.

Lemma 2.2. Let the functions zn(r)(x), x ∈ D
(r)

h , r = 1, 2, n = 1, 2, . . . satisfy the relations

Λ(2.4)z
n(r)(x) ≤ 0, x ∈D

(r)
h ; z1(2)(x) ≥ 0, x ∈D

(2)

h ; zn(r)(x) ≥ 0, x ∈ Γh; zn(1)(x) ≥ zn(2)(x),
x ∈ γ1

h; zn(2)(x) ≥ zn−1(1)(x), x ∈ γ2
h, where zn−1(1)(x) = 0 for n = 1. Then zn(x) ≥ 0,

x ∈ Dh, n = 1, 2, . . ..
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Lemma 2.3. Let the functions z(r)(x), x ∈ D
(r)

h , r = 1, 2 satisfy the relations Λ(2.4)z
(r) ≤ 0,

x ∈ D
(r)
h ; z(r)(x) ≥ 0, x ∈ Γh; z(r)(x) ≥ z(3−r)(x), x ∈ γr

h, r = 1, 2. Then z(r)(x) ≥ 0, x ∈ D
(r)

h ,
r = 1, 2.

3. Let us state the aim of research. An algebraic approach (see, for example, [10, 11]) is very
attractive for the study of approximations to problem (2.1), (2.2) In the case of uniform meshes
the discrete problems (2.4), (2.3) and (2.7), (2.3) are well conditioned ε-uniformly. Moreover,
solutions of the iterative method (2.6), (2.5) provided that

l ≥ mε + N−1,

which is not a so restrictive condition (see (3.13a)) for the width of the overlapping region, con-
verge ε-uniformly (in the maximum norm) to the solution of the “stationary” discrete problem
(2.7), (2.3) (and also to the solution of the base scheme (2.4), (2.3)) for n → ∞. That is, the
rate of convergence of the functions zn(x) to z(x) does not depend on the value of the parameter
ε (see Theorem 3.1; recall that l is the width of the overlapping region, n is the number of an
iterate). However, the discrete solutions of problem (2.4), (2.3) converge (on uniform meshes)
to the solution of problem (2.1), (2.2) in the maximum norm only under the condition

N−1 ¿ ε,

which is too restrictive for singularly perturbed problems.
That is why, in order to provide ε-uniform convergence of the solutions of scheme (2.4),

(2.3), we use fitted meshes which are a priori adapted to the boundary layer. To solve problem
(2.1), (2.2) we use a special piecewise uniform mesh, which is the simplest of meshes (condensed
in a neighbourhood of the boundary layer) on which the solution of the difference scheme (2.4)
converges (in the maximum norm) to the solution of the boundary value problem ε-uniformly.
The condition numbers for the difference operator Λ(2.4) on such meshes are not bounded ε-
uniformly (see Theorem 3.2). For regular problems large condition numbers lead, in general, to
an increased sensitivity of numerical solutions to perturbations of the data (see, e.g., [10, 11]).

Therefore, it is very urgent to study how perturbations in the data of both boundary value
problems and discrete problems influence disturbances of numerical solutions (and also errors
of numerical decomposition methods).

Our aim is to derive estimates for disturbances of the numerical solutions of problem (2.1),
(2.2), in particular, for the discrete Schwarz method, depending on the disturbances of the data
of both the boundary value problem and its mesh approximations in the case of schemes that
converge ε-uniformly in the maximum norm. In this paper the study is confined to the case of
perturbations in the data of the boundary value problem.

3. Auxiliary constructions

1. To analyze discrete problems (2.4), (2.3) and (2.6), (2.3) we will use the tools of linear
algebra together with the theory of difference schemes.

We write the left-hand side of discrete equations (2.4) in the canonical form

Λ(2.4) z(x) =
i+1∑

j=i−1

(−1)i+1−j qij z(xj) ≡ Λ(3.1) z(x), x = xi ∈ Dh, (3.1)

where qij can be written in terms of the coefficients a(x), b(x), x ∈Dh; qij = qij(a(xi), b(xi)),
xi ∈ Dh, j = i− 1, i, i + 1.
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Then we write the difference scheme (2.4), (2.3) as a system of algebraic equations. Let
an (N + 1)-dimensional vector y correspond to the N + 1 components of z(x), x ∈ Dh. After
ordering of the elements z(x), x ∈ Dh, we come to the matrix system

A y = b. (3.2)

Here A is a tridiagonal (N + 1)× (N + 1)–matrix (aij) of elements aij = −(−1)i+1−j qi−1, j−1 ,
i = 2, 3, . . . , N − 1, j = i − 1, i, i + 1, a11 = aN+1, N+1 = 1, the other coefficients are zero; b
is an (N + 1)–dimensional vector. The components of the vector b corresponding to the nodes
x ∈ Dh and x ∈ Γh are the values of f(x) and ϕ(x), respectively; let the first component of the
vector b correspond to the point x0 = 0. The tridiagonal matrix A is an M -matrix with the
properties of nonstrict diagonal dominance and strict dominance with respect to the first and
last rows. Let y and b be vectors from normed spaces Y and B endowed with the maximum
vector-norm ‖ · ‖ (i.e., the L∞ norm). The notation A ≥ 0 and y ≥ 0 means that aij ≥ 0 and
yi ≥ 0 for all i, j.

The operator A(3.2) satisfies the monotonicity principle: the condition Ay1 ≥ A y2 implies
y1 ≥ y2.

2. When investigating problems (2.6), (2.5), (2.3) and (2.7), (2.5), (2.3), we will operate
with suitable “extended” functions on “extended” domains. Let the set D

e
be generated by

disconnected sets D
(1)

and D
(2)∗

, where D
(1)

= D
(1)

(2.5), D
(2)∗

is obtained by displacement of the

set D
(2)

(2.5) on the distance 1 + l(2.5) to the right

D
e
= D

(1) ∪D
(2)∗

; De = (0, d1] ∪ [d2e, de), (3.3a)

here d2e = d2 +1+ l, de = d+1+ l. In a similar way, on D
e

we construct the extended discrete
set based on the mesh Dh(2.3)

D
e

h = D
(1)

h ∪D
(2)∗
h , D

e

h = D
e

h(Dh); (3.3b)

N e + 2 is the number of nodes in the mesh D
e

h, N e = N (1) + N (2) = N + Nγ. Let v(x), x ∈ Dh

be some function. Using the function v(x), we construct the extended function ve(x), x ∈ D
e

h

by assuming

ve(x) = ve(x; v(·)) =

{
v(x), x ∈ D

(1)

h ,

v(x− 1− l), x ∈ D
(2)∗
h ; x ∈ D

e

h.
(3.4)

We now write problem (2.7), (2.3), but for the extended functions, in the canonical form

Λeze(x)≡
i+1∑

j=i−1

i6∈I1

(−1)i+1−jqe
ijz

e(xj) +
∑

j=j(i)

i∈I1

(−1)i+1−kgijz
e(xj) = (3.5a)

=

{
f e(xi), i 6∈ I1

0, i ∈ I1

}
≡ f e

1 (xi), x = xi ∈ De
h, i = 1, . . . , N e.

Here I1 = {i = N (1), N (1) + 1}; k = k(i, j), k(i, j = i) = i, k(i, j 6= i) = i + 1; j(i) = i,
N (1) + Nγ + 1 for i = N (1), j(i) = i, N (1) − Nγ for i = N (1) + 1; the coefficients qe

ij for

i 6∈ I1 can be written in terms of a(x), b(x) : qe
ij = qij(3.1) for 1 ≤ i ≤ N (1) − 1, qe

ij =
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qi−Nγ−1, j−Nγ−1 (3.1) for N (1) + 2 ≤ i ≤ N e; gij = (−1)i−kg(xi) for i ∈ I1, j = j(i), where
g(xi) = 1; f e(x) = f e

(3.4)(x; f(·)).
We consider the function g(xi), i ∈ I1 as well as the functions a(x), b(x) to be the data

of a continual problem, viz. the continual domain decomposition method on the overlapping

subdomains D
(1)

and D
(2)

with Dirichlet interface conditions. On the boundary Γ e
h the function

ze(x) takes the prescribed values

ze(x) = ϕe(x) =

{
ϕ(0), i = 0

ϕ(d), i = N e + 1

}
, x = xi ∈ Γ e

h , i = 0, N e + 1. (3.5b)

The difference equations (3.5a) (equation (2.7)) can be also written in the following form:

Λe ze(x) ≡ {ε ae(x) δxbx + be(x) δx} ze(x) = f e(x), x = xi ∈ De
h, i /∈ I1,

Λe ze(x) ≡ g(x)
(−ze(x) + ze(xj)

)
= 0, x = xi ∈ De

h, i ∈ I1, (3.5c)

i = 1, . . . , N e, j = j(3.5a)(i).

We write the difference scheme (3.5), (3.3) in the algebraic form as a system of algebraic
equations. Let an (N e + 2)–dimensional vector ye correspond to the N e + 2 components of
ze(x), x ∈ D

e

h. The scheme (3.5), (3.3) results in the matrix system

Ae ye = be. (3.6)

Here Ae is a tridiagonal (N e+2)×(N e+2)–matrix with the elements ae
ij = −(−1)i+1−jqe

i−1, j−1,
i− 1 6∈ I1; ae

ii = −qe
ii, i− 1 ∈ I1, and with two additional elements

ae
ij = ge

ij, i− 1 ∈ I1, j 6= i, j = j(i),

where j(i) = N (1) + Nγ + 2 for i = N (1) + 1, j(i) = N (1) − Nγ + 1 for i = N (1) + 2; be is
an (N e + 2)–dimensional vector (the components of the vector be are the values f e(xi−1) for
xi−1 ∈ De

h for i 6= 1, N (1) + 1, N (1) + 2, N e + 2 and the values ϕe(xi−1) for i = 1, N e + 2).

3. The operator Ae
(3.6) satisfies the monotonicity principle.

Using the majorant function technique (see, i.g. [4, 5, 7, 9]) applied to the discrete problem
(3.5), (3.3), we establish ε-uniform boundedness for the norm of the inverse matrix (Ae)−1 :
‖ (Ae)−1 ‖ ≤ M . Here ‖ (Ae)−1 ‖ is the matrix norm induced by the maximum vector-norm
‖ · ‖ .

On the meshes

Dh = ω1, (3.7)

where ω1 = ω1(2.3), whose nodes satisfy the condition mini hi ≥ mN−1, in particular, on the
uniform mesh

Dh = ω1 (3.8)

we have: ‖ A ‖, ‖ (Ae)−1 ‖ ≤ MN2. Thus, for the condition number of the matrices A(3.2)

and Ae
(3.6) in the case of meshes Dh(3.7) we obtain the estimates

æ(A) = æ(A; Dh(3.7)) ≤ MN2, (3.9)

æ(Ae) = æ(Ae; D
e

h(Dh(3.7))) ≤ MN2. (3.10)
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As n →∞ (for fixed N , ε) the solution of the iterative process (2.6) converges to the solution of
the stationary problem (2.7) (or, shortly, the iterative process (2.6) converges) in the maximum
norm at a rate of the geometric progression, that is,

|z(x)− zn(x)| ≤ M qn, x ∈ Dh. (3.11)

In the case of mesh (3.8) we obtain the estimate

q ≤ (1 + mε−1N−1)− l N−1

, (3.12)

where m is any number from the interval (0,m0], m0 = minD [a−1(x)b(x)], l = l(2.5); the value
of q depends essentially on ε, N , l. A similar estimate for q is valid on the mesh (3.7).

Definition. Let β be some quantity such that β = β(α, γ), where α → 0, γ → ∞, and
assume that β satisfies the estimate |β| ≤ µ(α, γ). We say that this estimate is unimprovable
with respect to the values of α, γ if the estimate |β| ≤ µ1(α, γ) is, in general, incorrect for
µ1(α, γ) = o(µ(α, γ)).

The estimate (3.12) for q is unimprovable with respect to the values of N , ε, lN .
The discrete solution zn(x) of the decomposition scheme (2.6), (3.8), generally speaking,

does not converge for N, n →∞ (for example, for n = N in the case l = N−1, ε = 1).
The condition

l ≥ mε + N−1 (3.13a)

is necessary and sufficient for the following estimate to be satisfied on the meshes (3.7), (3.8):

q ≤ 1−m. (3.13b)

For the solutions of problems (2.4), (3.8) and (2.6), (3.8) we have the (unimprovable) estimates

|u(x)− z(x)| ≤ M N−1(ε + N−1)−1, x ∈ Dh; (3.14a)

|u(x)− zn(x)| ≤ M [N−1(ε + N−1)−1 + qn], x ∈ Dh. (3.14b)

The condition

N−1 = o(ε) (3.15)

is necessary and sufficient for the convergence of the solutions of problems (2.4), (3.8) (for
N →∞) and (2.6), (3.8) (for N, n →∞) to the solution of problem (2.1), (2.2).

The following theorem is valid.

Theorem 3.1. The condition numbers of the matrices A(3.2), Ae
(3.6) are bounded ε-uniformly

on the meshes (3.7); æ(A), æ(Ae) satisfy the estimates (3.9), (3.10). In the case of meshes
(3.7), (3.8) the condition (3.13a) is necessary and sufficient for the (ε,N)–uniform convergence
(as n →∞) of the solutions of the iterative method (2.6) to the solution of problem (2.7); for
the iterative solutions the estimates (3.11), (3.12) (on the mesh (3.8)) and (3.13) hold. The
solutions of the iterative method (2.6) (on the meshes (3.7), (3.8)) do not converge (for N ,
n →∞) to the solution of problem (2.1), (2.2) for fixed values of the parameter ε; the condition
(3.15) is necessary and, under the additional condition a, b, f ∈ C2(D), also sufficient for the
convergence of the numerical solutions to the solution of problem (2.1), (2.2); the solutions of
problems (2.4) and (2.6) on the mesh (3.8) satisfy the estimate (3.14).
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Remark 1. The condition numbers of the matrices A, Ae in the case of meshes (3.7),

(3.8) satisfy the following unimprovable with respect to ε,N estimate

æ(A), æ(Ae) ≤ M N (1 + εN).

From this estimate and condition (3.15) it follows that the condition numbers of the matrices

A, Ae in the case of a scheme convergent on the meshes (3.7) or (3.8) grow without bound as

ε → 0; precisely, the following (unimprovable with respect to ε, N) lower bounds hold for the

condition numbers of the matrices A, Ae :

æ(A), æ(Ae) À ε−1.

4. In this subsection we construct special fitted meshes which are condensing in the boundary
layer region. The difference scheme (2.4) on such schemes does converge ε-uniformly.

On the set D we introduce the mesh

D
∗
h = D

S

h = ωS
1 , (3.16a)

where ωS
1 = ωS

1 (σ) is a piecewise uniform mesh, uniform on the segments [0, σ] and [σ, d],
h(1) and h(2) are its step-sizes on [0, σ] and [σ, d], respectively, defined by h(1) = 2σ N−1 and
h(2) = 2(d− σ) N−1,

σ = σ(ε,N) = min
[
2−1d, m−1 ε ln N

]
, (3.16b)

m is an arbitrary number from the interval (0,m0), m0 = min
D

[a−1(x) b(x)].

For the quantities ‖ A ‖, ‖ Ae ‖, æ(A), æ(Ae) on the mesh Dh(3.16) we have the estimate

‖ A(Dh(3.16)) ‖, ‖ Ae(Dh(3.16)) ‖, æ(A; Dh(3.16)), æ(Ae; Dh(3.16)) ≤ (3.17)

≤ M ε−1 N2(ε + ln−1 N)
2

which is unimprovable with respect to ε, N .

Theorem 3.2. In the case of the difference scheme (2.4), (3.16) the matrices A(Dh(3.16)),
Ae(Dh(3.16)) and the condition numbers æ(A; Dh(3.16)), æ(Ae; Dh(3.16)) satisfy the unimprovable
estimate (3.17).

Remark 2. In the case of ε-uniformly convergent schemes on piecewise uniform meshes
the coefficients of the operator Λ(3.1) (the elements of the matrices A(3.2), A

e
(3.6)) and also the

numbers æ(A), æ(Ae) grow without bound for ε → 0. Therefore, the direct use of æ(A), æ(Ae)
in the analysis of the ε-uniform stability of numerical solutions does not allow us to obtain
ε-uniform estimates for the solution disturbances with respect to disturbances of the data of
problem (2.4), (3.16) (problems (3.2), (3.16) and (3.6), (3.16)).

5. When analyzing the iterative method (2.6), (3.16), for simplicity we assume the following
condition to be satisfied:

either σ ≤ d2, or σ ≥ d1, σ = σ(3.16), (3.18)
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which ensures the uniformity of the mesh (3.16) on the overlapping region D
(1) ∩D

(2)
.

In this case, for the solutions of iterative process (2.6), (3.16) we obtain the estimate

|z(x)− zn(x)| ≤ M qn, x ∈ Dh, (3.19a)

moreover, for the value q we have

q ≤
{

(1 + m1ε
−1N−1)−lN , σ ≤ d2,

exp(−m2ε
−1l), σ ≥ d1,

(3.19b)

where m1 = 2−1m2, m2 = m(3.16), l = l(2.5); the estimate is unimprovable with respect to N, ε, l.
Note that q = q(N, ε, l), depending on the parameters, can be arbitrarily close to 1. However,

q is bounded (ε, l)–uniformly; we have the (ε, l)–uniform estimate

q ≤ 1−mN−1, (3.20)

which is unimprovable with respect to the value of N ; generally speaking, the solutions of
scheme (2.6), (3.16) do not converge to the solution of scheme (3.6), (3.16) for N, n →∞.

The condition

l ≥
{

m (ε + N−1), σ ≤ d2,

m ε, σ ≥ d1,
(3.21a)

which is equivalent to the condition

l ≥ mε, (3.21b)

is necessary and sufficient for the following estimate to be satisfied on the mesh (3.16):

q ≤ 1−m. (3.21c)

The solutions of problem (2.4), (3.16) and of the iterative problem (2.6), (3.16) satisfy the
(unimprovable) estimates

|u(x)− z(x)| ≤ M N−1 ln N, x ∈ Dh; (3.22a)

|u(x)− zn(x)| ≤ M [N−1 ln N + qn], x ∈ Dh. (3.22b)

The solutions of problems (2.4), (3.16) (for N →∞) and (2.6), (3.16), (3.21a) (for N,n →
∞) converge to the solution of problem (2.1), (2.2) ε-uniformly. However, if condition (3.21a)
fails, the solution of problem (2.6), (3.16), in general, does not converge to the solution of
problem (2.1), (2.2) for N, n →∞, i.e., under the violation of condition (3.21a) the convergence
is not unconditional (with respect to N,n).

Theorem 3.3. The condition (3.21a) is necessary and, if a, b, f ∈ C2(D), also sufficient in
order that the solutions of the decomposition scheme (2.6), (3.16) for N, n →∞ converge to the
solution of the boundary value problem (2.1), (2.2) ε-uniformly. For the solutions of problems
(2.4), (3.16) and (2.6), (3.16), and also for the value of q the estimates (3.19), (3.22) and
(3.21) are valid.



12 G.I. Shishkin

4. Grid approximations of the boundary value problem
(2.1), 2.2) in the case of the disturbance of its data

1. For the analysis of problem (2.4), (3.16) it is convenient to consider the set Dh as a compo-
sition of several subsets. Let

Dh =
⋃

Dk
h, k = 1, 2, 3, (4.1a)

where D1
h = (0, σ) ∩ Dh, D2

h = { x = σ } ∩ Dh, D3
h = (σ, d) ∩ Dh, σ ∈ Dh. For piecewise

constant functions v(x), x ∈ Dh, which are constant on the sets Dk
h(4.1), we use the “vector”

notation
v(x) = {v1, v2, v3}, x ∈ Dh, vk = v(x), x ∈ Dk

h, k = 1, 2, 3. (4.1b)

The coefficients q ij (3.1) of the difference scheme depend on the functions a(x), b(x), x ∈ D.
Let the coefficients qij, i = 1, . . . , N−1, j = i−1, i, i+1 and the functions f(x), x ∈Dh, ϕ(x),
x ∈Γh in equations (2.4), (3.1) take some disturbed values q∗ij, f ∗(x), ϕ∗(x) respectively. Then
the difference scheme (2.4), (3.16) and problem (3.2) transform respectively into the perturbed
difference scheme

Λ∗ z∗(x) ≡
i+1∑

j=i−1

(−1)i+1−j q∗ij z∗(xj) = f ∗(x), x = xi ∈ Dh, (4.2)

z∗(x) = ϕ∗(x), x ∈ Γh

and into the perturbed problem

A∗ y∗ = b∗. (4.3)

For further constructions it will be convenient to group together the terms of the difference
scheme (4.2), (3.16) and to write the operator Λ∗ in the following form, using the unknown
function and its differences δxbx, δx :

Λ∗(4.2) z∗(x) =
{

ε ã(x) δxbx + b̃(x) δx + c̃(x)
}

z∗(x) ≡ (4.4)

≡
(
Λ̃p

(4.4) + c̃(x)
)

z∗(x) ≡ Λ̃(4.4) z∗(x), x ∈ Dh.

We confine our consideration to the case when the perturbed coefficients q∗ij are generated
by the perturbed functions a∗(x), b∗(x), which correspond to the functions a(x), b(x), x ∈ Dh,
and so there are no other disturbances of qij, except these ones.

In the case of the disturbances of scheme (2.4), (3.16) which are caused by disturbances of
the data of problem (2.1), (2.2), the quantities q∗ij, i.e., the perturbed values of the quantities
qij = qij(a(xi), b(xi)), are defined by a∗(xi), b∗(xi) (approximations to a(xi), b(xi)) taking the
values a∗j(x

i), b∗j(x
i), j = i− 1, i, i + 1:

q∗ij = qij(a
∗
j(x

i), b∗j(x
i)); (4.5a)

it is not assumed that a∗j(x
i) = a∗k(x

i), b∗j(x
i) = b∗k(x

i) for j 6= k; in general,

a∗j(x
i) 6= a∗k(x

i), b∗j(x
i) 6= b∗k(x

i), xi ∈ Dh, (4.5b)

j 6= k, j, k = i− 1, i, i + 1.
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For the disturbances we use the notations

zδ(x) = z∗(x)− z(x), qδ
ij = q∗ij − qij, (4.6)

aδ(x) = a∗(x)− a(x), . . . , yδ = y∗ − y.

It is required to find the conditions for the disturbances of the data of boundary value problem
(2.1), (2.2) under which the solution of the difference scheme (4.2), (3.16) (problem (4.3)) exists,
is ε-uniformly bounded and converges (for N → ∞) to the solution of the difference scheme
(2.4), (3.16) (problem (3.2)) ε-uniformly. From the ε-uniform convergence of z∗(x), x ∈ Dh

to z(x) :
|z∗(x)− z(x)| ≤ λ(N), x ∈ Dh

it follows that the solutions of the perturbed difference scheme (4.2), (3.16) converge ε-uniformly
to the solution of the boundary value problem (2.1), (2.2). So, in the case of estimate (3.22a)
we have

|u(x)− z∗(x)| ≤ M N−1 ln N + λ(N), x ∈ Dh.

2. We now give some estimates for the disturbances of the data of scheme (4.2), (3.16),
which are generated by the disturbances of the data of boundary value problem (2.1), (2.2).

2.1. For the coefficients of the operators Λ̃(4.4) and Λ∗(4.2) we obtain the estimates

|ã(x)− a(x)| ≤ M1

∣∣ aδ(x)
∣∣ ,∣∣∣̃b(x)− b(x)

∣∣∣ ≤ M2

[
η1(x)

∣∣aδ(x)
∣∣ +

∣∣bδ(x)
∣∣ ]

,

|c̃(x)| ≤ M3

[
η2(x)

∣∣aδ(x)
∣∣ + η3(x)

∣∣bδ(x)
∣∣ ]

, x ∈ Dh;∣∣qδ
ij

∣∣ ≤ M4

[
η2(x

i)
∣∣aδ(xi)

∣∣ + η3(x
i)

∣∣bδ(xi)
∣∣ ]

, xi ∈ Dh;

(4.7)

η1(x) =
{

N (ε + ln−1 N), εN, εN
}

,

η2(x) =
{

ε−1 N2 (ε + ln−1 N)2, N2 (ε + ln−1 N), ε N2
}

,

η3(x) =
{

ε−1 N(ε + ln−1 N), N, N
}

;

here and in what follows ηk(x) = ηk(x; ε,N) are piecewise constant functions in the vector
notation (4.1b); the disturbances aδ(x), bδ(x), qδ

ij are defined by (4.6). The estimates (4.7) are
unimprovable with respect to aδ(x), bδ(x), ε, N .

2.2. In that case when the disturbances satisfy the conditions
∣∣aδ(x)

∣∣ ≤ m1η(x),
∣∣bδ(x)

∣∣ ≤ m2, x ∈ Dh,

η(x) =
{

N−1(ε + ln−1 N)−1, (1 + εN)−1, (1 + εN)−1
}

,
(4.8)

for the coefficients of the operator Λ̃(4.4) we have the estimate

|ã(x)− a(x)| ,
∣∣∣̃b(x)− b(x)

∣∣∣ ≤ m, x ∈ Dh, (4.9)

where m = m(4.9)(m1(4.8),m2(4.8)) → 0 for mi(4.8) → 0. Under conditions (4.8), for the function
c̃(x) we have

|c̃(x)| ≤ mη(x), x ∈ Dh,

η(x) =
{

ε−1 N (ε + ln−1 N), N + N2 ln−1 N (1 + εN)−1, N
}

,
(4.10)
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where m = m(m(4.8)); the estimate (4.10) is unimprovable with respect to ε, N .

2.3. In the case of sufficiently large values of m1(4.8), m2(4.8) the coefficients ã(x), b̃(x) differ
greatly from a(x), b(x) and can be negative.

Definition. We say that the operator Λ̃p
(4.4), i.e., the main term of the operator Λ̃(4.4), and

the operator Λ(2.4) (its main term) are consistent with respect to the disturbances aδ(x), bδ(x)
satisfying the conditions (4.8) (or, shortly, with respect to the disturbances aδ(x), bδ(x)) if
their coefficients satisfy the estimate (4.9).

Lemma 4.1. Under the conditions (4.8) the operators Λ̃p
(4.4) and Λ(2.4) are consistent with

respect to the disturbances aδ(x), bδ(x); for the coefficients ã(x), b̃(x) (the coefficient c̃(x))
under the conditions (4.8) the estimate (4.9) (the estimate (4.10)) is valid.

Note that the function zδ(x), x ∈ Dh, by virtue of formulas (2.4) and (4.2), is the solution
of the difference scheme

Λ̃(4.4) zδ(x) = f δ(x)−
(
Λ̃(4.4) − Λ(2.4)

)
z(x), x ∈ Dh, (4.11)

zδ(x) = ϕδ(x), x ∈ Γh;

here z(x), x ∈ Dh is the solution of problem (2.4), (3.16).
3. Before we proceed to the further study of problem (4.2), (3.16) (problem (4.11), (3.16)),

we consider the simpler difference scheme

Λ̃(4.13) ωδ(x) = F δ(x), x ∈ Dh, ωδ(x) = ϕδ(x), x ∈ Γh. (4.12)

Here the main part of the operator Λ̃(4.13) in the discrete equations is the operator Λ̃p
(4.4), i.e.,

Λ̃(4.13) z̃(x) =
{

ε ã(x) δxbx + b̃(x) δx + c̃(x)
}

z̃(x) =

=
(
Λ̃p

(4.4) + c̃(x)
)

z̃(x), x ∈ Dh, (4.13)

where Dh = Dh(3.16), c̃(4.13)(x), x ∈ Dh as opposed to c̃(4.4)(x) does not depend on the data

of problem (4.2), (3.16); in general, c̃(4.13)(x) 6= c̃(4.4)(x) and Λ̃(4.13) 6= Λ̃(4.4) = Λ∗(4.2), x ∈ Dh;

f̃(x) = f ∗(x), x ∈ Dh, ϕ̃(x) = ϕ∗(x), x ∈ Γh.
Let the condition (4.8) hold for problem (4.12), (3.16), which ensures the proper structure

of the operator Λ̃(4.4)), and also let the following condition be valid:

|c̃(x)| ≤ mη(4.14)(x), x ∈ Dh, (4.14a)
∣∣F δ(x)

∣∣ ≤ M η(4.14)(x), x ∈ Dh,
∣∣ϕδ(x)

∣∣ ≤ M, x ∈ Γh, (4.14b)

η(4.14)(x) =
{
ε−1(ε + ln−1 N), N, 1

}
,

where m is sufficiently small. Then the solution of the difference scheme (4.12), (3.16) is
(ε, N)–uniformly bounded. The conditions (4.8), (4.14) are unimprovable with respect to ε, N

in order to comply with the following properties: (a) the operators Λ(2.4) and Λ̃p
(4.4) are consistent

with respect to the disturbances aδ(x), bδ(x); (b) the solution of the difference scheme (4.12),
(3.16) exists for any ε and N ; (c) the solution of this scheme is (ε, N)–uniformly bounded.
For example, for sufficiently large mi(4.8) and m(4.14) the solution of the difference scheme, in
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general, does not exist or is not (ε, N)–uniformly bounded, while in the case M(4.14) = (o(1))−1

for N →∞ the solution of the difference scheme is not (ε, N)–uniformly bounded.
Under conditions (4.8), (4.14a) the solution of scheme (4.12), (3.16) satisfy the estimate

|ωδ(x)| ≤ M

[
max
Dh

[
η −1

(4.14)(x) |F δ(x)|
]

+ max
Γh

|ϕδ(x)|
]

, x ∈ Dh. (4.15)

This estimate is unimprovable with respect to the values of ε,N ; here η(4.14)(x) =
η(4.14)(x; ε,N), moreover, η(4.14)(x) ≥ 1, x ∈ Dh.

Lemma 4.2. Let the disturbances aδ(x), bδ(x), x ∈ Dh of the difference scheme (4.2), (3.16)
and the function c̃(4.13)(x), x ∈ Dh satisfy the conditions (4.8), (4.14). Then the following

statement is valid: the operators Λ(2.4) and Λ̃p
(4.4) are consistent with respect to the disturbances

aδ(x), bδ(x), x ∈ Dh, the solution of the difference scheme (4.12), (3.16) exists for any ε and
N and is ε-uniformly bounded; for this statement to be true the conditions (4.8), (4.14) are
unimprovable with respect to ε, N . For the solutions of the difference scheme (4.12), (3.16),
under the conditions (4.8), (4.14a) the estimate (4.15) holds.

Remark 3. From estimate (4.15) it follows that the identical (in module) functions F δ(x)
from the different subdomains Dk

h, k=1, 2, 3 contribute differently to the function ωδ(x). One
can observe the essential (with respect to the values of ε, N) anisotropy (over the subdomains
Dk

h) concerning the influence of the right-hand side of the difference scheme (4.12), (3.16) on
its solution. The function ωδ(x) is ε-uniformly bounded for the functions F δ(x) being not
ε-uniformly bounded on D1

h (see condition (4.14b)).

4. In this subsection we consider the conditioning of the difference scheme (4.2), (3.16)
obtained from scheme (2.4), (3.16) under disturbance of the data of the boundary value problem
(2.1), (2.2). We first study the conditioning of the difference scheme (4.12), (3.16).

4.1. To estimate the solution of scheme (4.12), (3.16), it is convenient to measure the function

f(x) = f(x; F δ(·), ϕδ(·)) ≡ {F δ(x), ϕδ(x)}, x ∈ Dh, (4.16a)

where f(x) = F δ(x), x ∈ Dh, f(x) = ϕδ(x), x ∈ Γh, i.e., the right-hand side of the discrete
equations, in the special weight norm ‖ · ‖S:

‖ f(x) ‖S

D
h = max

{
max
Dh

[
η −1

(4.14)(x)
∣∣F δ(x)

∣∣
]
, max

Γh

|ϕδ(x)|
}

. (4.16b)

Then the estimate (4.15) takes the form

|ωδ(x)| ≤ M ‖ f(x; F δ(·), ϕδ(·)) ‖S, x ∈ Dh.

Thus, the difference scheme (4.12), (3.16) (scheme (4.2), (3.16)) can be regarded as a trans-
formation which translates the discrete space with the norm ‖ · ‖ (maximum grid norm) into
a discrete space endowed with the special norm ‖ · ‖S

(4.16), and so the quantity æS can be
considered as the condition number for this transformation.

4.2. The estimate (4.15) (unimprovable with respect to ε, N) and the following estimate

max
|ω(·)|≤1,Dk

h

∣∣∣Λ̃(4.13) ω(x)
∣∣∣ ≤ M η(x), k = 1, 2, 3, x ∈ Dk

h,

η(x) =
{
ε−1 N2 (ε2 + ln−2 N), N2 (ε + ln−1 N), N (1 + εN)

}
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imply the required estimates for the quantities æS(Λ̃(4.13)) and æSk(Λ̃(4.13)), where

æSk(Λ̃(4.13)) = max
|ω(·)|≤1, Dk

h

[∣∣∣Λ̃(4.13) ω(x)
∣∣∣ η −1

(4.14)(x)
]
, k = 1, 2, 3

are the fractional condition numbers for problem (4.12), (3.16). We thus have the following
estimates:

æS
(
Λ̃(4.13)

)
≤ Mη1; æSk

(
Λ̃(4.13)

)
≤ Mη2(x), k = 1, 2, 3, x ∈ Dk

h, (4.17)

η1 = η1(ε, N) = N2(ε + ln−1 N) ≤ N2,

η2(x) =
{

N2(ε + ln−1 N), N(ε + ln−1 N), N (1 + ε N)
}

.

These estimates for æS, æSk are unimprovable with respect to ε,N .

Lemma 4.3. Let the disturbances aδ(x), bδ(x), x ∈ Dh of the difference scheme (4.2), (3.16)
and the function c̃(4.13)(x), x ∈ Dh satisfy the conditions (4.8), (4.14a). Then the difference
scheme (4.12), (3.16) is well conditioned ε-uniformly in the case of the special norm ‖ · ‖S

(4.16);

for the condition numbers æS
(
Λ̃(4.13)

)
and æSk

(
Λ̃(4.13)

)
the estimates (4.17) hold.

Remark 4. In the case of scheme (4.12), (3.16) a small relative disturbance of the right-
hand side and the boundary conditions in the special norm (i.e., the small quantity ‖ f δ

0 (x) ‖S

(‖ f0(x) ‖S
)−1

, where f0(x) = {F0(x), ϕ0(x)}, F0(x) = F δ
(4.12)(x), ϕ0(x) = ϕδ

(4.12)(x)) causes

(stipulates) a small relative disturbance of the solution of the difference scheme in the maximum

discrete norm (i.e., the smallness of the quantity ‖ ωδ
0(x) ‖ (‖ ω0(x) ‖)−1

, ω0(x) = ωδ
(4.12)(x)).

Thus, the difference scheme (4.12), (3.16), in the case of the special norm, is well conditioned
ε-uniformly; the conditioning of the difference scheme differs essentially over the subsets Dk

h,
k = 1, 2, 3.

Remark 5. Having in mind estimate (4.15), i.e., the dependence of the solution of the
difference scheme (4.12), (3.16) on the right-hand side F δ(x), x ∈ Dh, it seems appropriate
to write the difference scheme (4.12), (3.16) such that the solution of the difference scheme
depends on the right-hand side “ identically” on each of the subsets Dk

h, k = 1, 2, 3. Multiplying
the difference equations in (4.12), which correspond to xi ∈ D1

h and xi ∈ D2
h, by the values

ε(ε + ln−1 N)
−1

and N−1 respectively, we obtain

ΛS ωδ(x) ≡ {
ε aS(x) δxbx + bS(x) δx + cS(x)

}
ωδ(x) = F S(x), x ∈ Dh,

ωδ(x) = ϕδ(x), x ∈ Γh.
(4.18)

Here vS(x) = g(x) ṽ(x), ṽ(x) is one of the functions ã(x), b̃(x), c̃(x), F δ(x), x ∈ Dh, g(x) =
η −1

(4.14)(x; ε, N); note that η −1
(4.14)(x; ε, N) ≈ ε ln N for x ∈ D1

h, ε = O(ln−1 N). The solution

of the difference scheme (4.18), (3.16) satisfies the estimate

|ωδ(x)| ≤ M max

{
max
Dh

∣∣F S(x)
∣∣ , max

Γh

∣∣ϕδ(x)
∣∣
}

, x ∈ Dh;

for the condition number of the discrete operator ΛS
(4.18) we have the estimate

æ
(
ΛS

(4.18)

) ≤ M η1
(4.17)(ε, N).
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5. Using the majorant function technique we estimate the solution of the difference scheme
(4.11), (3.16) (the disturbance of the solution in the case of the perturbed scheme (4.2), (3.16)).

Under conditions (4.8), (4.14a) the following estimate holds for the solutions of scheme
(4.11), (3.16):

∣∣zδ(x)
∣∣ ≤ M

{
max
Dh

{
η −1

(4.14)(x)
[
η2(4.7)(x)

∣∣aδ(x)
∣∣ + (4.19)

+η3(4.7)(x)
∣∣bδ(x)

∣∣ ] }
max
Dh

|z(x)|+ max
Dh

[
η −1

(4.14)(x)
∣∣f δ(x)

∣∣
]

+

+ max
Γh

∣∣ϕδ(x)
∣∣

}
, x ∈ Dh.

For the condition numbers of the difference scheme (4.11), (3.16) (scheme (4.2), (3.16)), in
the case of the special norm we have the estimates

æS
(
Λ∗(4.2)

)
= æS

(
Λ̃(4.4)

)
≤ M η1

(4.17)(ε, N),
(4.20)

æSk
(
Λ∗(4.2)

)
= æSk

(
Λ̃(4.4)

)
≤ M η2

(4.17)(x), x ∈ Dk
h, k = 1, 2, 3.

Estimates (4.19), (4.20) are unimprovable with respect to ε, N . Note that the ε-uniform

estimate for æS
(
Λ∗(4.2); Dh(3.16)

)
is similar to estimate (3.9), which is the estimate for æ (A) =

æ
(
Λ(2.4); Dh(3.7)

)
.

Under conditions (4.8), (4.14a), and also the condition

∣∣f δ(x)
∣∣ ≤ M η(4.14)(x), x ∈ Dh,

∣∣ϕδ(x)
∣∣ ≤ M, x ∈ Γh, (4.21)

the solution of the difference scheme (4.11), (3.16) is (ε, N)–uniformly bounded.

Theorem 4.1. Let the disturbances of the data of the boundary value problem (2.1), (2.2),
which generate in turn the disturbance of the difference scheme (2.4), (3.16), satisfy the con-
ditions (4.8), (4.14a). Then the following statements are valid: (a) the operators Λ(2.4) and

Λ̃p
(4.4) are consistent with respect to the disturbances aδ(x), bδ(x), x ∈ Dh, moreover, the solution

of the difference scheme (4.2), (3.16) exists for any ε ∈ (0, 1] and N ; for the statement (a) to
be true the conditions (4.8), (4.14a) are unimprovable with respect to ε, N ; (b) the condition
numbers of the difference scheme (4.2), (3.16) and the solutions of the difference scheme (4.11),
(3.16) satisfy the estimates (4.19), (4.20); these estimates are unimprovable with respect to ε,
N ; the condition (4.21) is necessary and sufficient for the solution of the difference scheme
(4.2), (3.16) to be (ε, N)–uniformly bounded.

Remark 6. Let the hypothesis of Theorems 3.3, 4.1 be fulfilled. Then we have the estimate

|u(x)− z∗(x)| ≤ M

{
N−1 ln N + max

Dh

{
η −1

(4.14)(x)
[
η2(4.7)(x)

∣∣aδ(x)
∣∣ +

+ η3(4.7)(x)
∣∣bδ(x)

∣∣
] } [

max
Dh

|f(x)|+ max
Γh

|ϕ(x)|
]

+ (4.22)

+ max
Dh

[
η −1

(4.14)(x)
∣∣f δ(x)

∣∣
]

+ max
Γh

∣∣ϕδ(x)
∣∣
}

, x ∈ Dh.
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Remark 7. The estimate (4.22) allows us to choose appropriate accuracy for calculating
a(x), b(x), f(x), x ∈ Dh on the subdomains Dk

h and the number of mesh points which ensures
the required accuracy of the solution (computed on an absolutely exact computer) for the
difference scheme (4.2), (3.16).

5. Grid approximations of the domain decomposition method in the
case of the disturbance of the data of the boundary value problem

1. At first we introduce some notations. For the analysis of the decomposition scheme (3.5),
(3.16) it is convenient to consider the set De

h as a composition of several subsets. Let

D̂ e
h = De

h \ γe
h, γe

h = {xi : i ∈ I1}, (5.1a)

and let
De

h = ∪Dk
h, k = 1, . . . , 5. (5.1b)

Here D1
h(5.1) and D3

h(5.1) are meshes with constant stepsizes equal respectively to h(1) and h(2),

h(i) = h
(i)
(3.16), D2

h is the set of transition points where the mesh on D̂e
h switches from coarse to

fine; D4
h = {xi : i = N (1)}, D5

h = {xi : i = N (1) + 1}, γe
h = D4

h ∪D5
h. For piecewise constant

functions v(x), x ∈ De
h, which are constant on the sets Dk

h(5.1), we use the “vector” notation

v(x) = {v1, . . . , v5} = {v̂, vγ}, x ∈ De
h; vγ = {v4, v5}, x ∈ γe

h; (5.1c)

v̂(x) = {v1, v2, v3}, x ∈ D̂e
h, vk = v(x), x ∈ Dk

h, k = 1, . . . , 5.

The coefficients qe
ij (3.5), g ij (3.5) of the difference scheme (3.5), (3.3) depend on the functions

a(x), b(x), x ∈ D, and also g(x)(3.5). Let the coefficients qe
ij, gij and the functions f e(x), x ∈ De

h,
ϕe(x), x ∈ Γ e

h in equations (3.5a) take disturbed values qe∗
ij , g∗ij, f e∗(x), ϕe∗(x) respectively. Then

the difference scheme (3.5), (3.3) and problem (3.6) transform respectively into the perturbed
difference scheme

Λe∗ ze∗(x) ≡
i+1∑

j=i−1

i6∈I1

(−1)i+1−j qe∗
ij ze∗(xj) +

∑
j=j(i)

i∈I1

(−1)i+1−k g∗ijz
e∗(xj) = f e∗

1 (xi),

x = xi ∈ De
h, (5.2)

ze∗(x) = ϕe∗(x), x ∈ Γe
h,

where k = k(3.5)(i, j), j(i) = j(3.5)(i), and into the perturbed problem

Ae∗ ye∗ = be∗. (5.3)

We group the terms in the difference scheme (5.2), (3.16) and write the operator Λe∗
(5.2) in

terms of the derivatives δxbx and δx as follows

Λe∗
(5.2)z

e∗(x) =
{

εãe(x)δxbx + b̃e(x)δx + c̃e(x)
}

ze∗(x) ≡ (5.4)

≡
(
Λ̃ep

(5.4) + c̃e(x)
)

ze∗(x) ≡ Λ̃e
(5.4)z

e∗(x), x = xi ∈ De
h, i 6∈ I1;

Λe∗
(5.2)z

e∗(x) = g̃(x)(−ze∗(x) + ze∗(xj)) + β̃(x)ze∗(x) ≡
≡

(
Λ̃ep

(5.4) + β̃(x)
)

ze∗(x) ≡ Λ̃e
(5.4)z

e∗(x), x = xi ∈ De
h, i ∈ I1, j = j(3.5)(i),
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where g̃(x) = g∗ii, β̃(x) = g∗ij − g∗ii.
We consider the case when the disturbed coefficients qe∗

ij , g∗ij are generated by the disturbed
functions a∗(x), b∗(x) and by the quantities g∗(xi), which correspond to the functions a(x),
b(x), x ∈ Dh and g(xi), i ∈ I1, moreover, there are no other disturbances of qe

ij, gij, except
these ones.

For the disturbances of the values g(xi) we use the notation: gδ(xi) = g∗(xi)− g(xi).
2. We deduce some estimates for the disturbances of the data of scheme (5.2), (3.3), (3.16),

which are generated by the disturbances of the data of the boundary value problem (2.1), (2.2).

2.1.For the coefficients of the operators Λ̃e
(5.4), Λe∗

(5.2) we obtain the estimates

|ãe(x)− ae(x)| ≤ M1

∣∣ aeδ(x)
∣∣ , (5.5)

∣∣∣̃be(x)− be(x)
∣∣∣ ≤ M2

[
η̂1(x)

∣∣aeδ(x)
∣∣ +

∣∣beδ(x)
∣∣ ]

,

|c̃e(x)| ≤ M3

[
η̂2(x)

∣∣aeδ(x)
∣∣ + η̂3(x)

∣∣beδ(x)
∣∣ ]

, x ∈ D̂e
h;

∣∣qeδ
ij

∣∣ ≤ M4

[
η̂2(x

i)
∣∣aeδ(xi)

∣∣ + η̂3(x
i)

∣∣beδ(xi)
∣∣ ]

, xi ∈ D̂e
h;

η̂1(x) =
{

N (ε + ln−1 N), εN, ε N
}

,

η̂2(x) =
{

ε−1 N2 (ε + ln−1 N)2, N2 (ε + ln−1 N), ε N2
}

,

η̂3(x) =
{

ε−1 N(ε + ln−1 N), N, N
}

;

|g̃(x)− g(x)|, |β̃(x)|, |gδ
ij| ≤ M |gδ(x)|, x = xi ∈ γe

h;

here and below η̂k(x) = η̂k(x; ε,N) are piecewise constant functions in the vector notation
(5.1c); ae(x) = ae

(3.4)(x; a(·)), . . . , beδ(x) = bδe
(3.4)(x; bδ(·)). Estimates (5.5) are unimprovable with

respect to aeδ(x), beδ(x), gδ(x), ε, N .
2.2. Let the disturbances satisfy the condition

∣∣aeδ(x)
∣∣ ≤ m1η̂(x),

∣∣beδ(x)
∣∣ ≤ m2, x ∈ D̂e

h; |gδ(x)| ≤ m3, x ∈ γe
h; (5.6)

η̂(x) =
{

N−1(ε + ln−1 N)−1, (1 + εN)−1, (1 + εN)−1
}

.

In this case we have the estimate

|ãe(x)− ae(x)| ,
∣∣∣̃be(x)− be(x)

∣∣∣ ≤ m, x ∈ D̂e
h; (5.7)

|g̃(x)− g(x)| ≤ m, x ∈ γe
h,

where m = m(5.7)(m1,m2,m3) → 0 for mi(5.6) → 0. Under the condition (5.6) for the functions

c̃e(x), β̃(x) we obtain the estimates

|c̃e(x)| ≤ m η̂(x), x ∈ D̂e
h,

∣∣∣β̃(x)
∣∣∣ ≤ m, x ∈ γe

h, (5.8)

η̂(x) = {ε−1 N (ε + ln−1 N), N + N2 ln−1 N(1 + εN)−1, N},
where m = m(m(5.6)); the estimate (5.8) is unimprovable with respect to ε, N .

2.3. In the case of sufficiently large values of m1(5.6), m2(5.6), m3(5.6) the coefficients ãe(x),

b̃e(x), g̃(x) differ greatly from ae(x), be(x), g(x) and can be negative (in this case, generally
speaking, the solution of problem (5.2), (3.16) does not exist).
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Definition. We say that the operator Λ̃ep
(5.4), i.e., the main part of the operator Λ̃e

(5.4), and

the operator Λe
(3.5c) (its main part) are consistent with respect to the disturbances aeδ(x), beδ(x),

gδ(x) satisfying the condition (5.6) (or, shortly, with respect to the disturbances aeδ(x), beδ(x),
gδ(x)) if their coefficients satisfy the estimate (5.7).

Lemma 5.1. Under the condition (5.6) the operators Λ̃ep
(5.4) and Λe

(3.5) are consistent with respect

to the disturbances aeδ(x), beδ(x), gδ(x); for the coefficients ãe(x), b̃e(x), g̃(x) (coefficients

c̃e(x), β̃(x)) under the condition (5.6) the estimate (5.7) (estimate (5.8)) is fulfilled.

3. We examine the existence of the solution of the perturbed difference scheme. Together
with problem (5.2), (3.16) we consider a scheme which has the common with this problem

operator Λ̃ep
(5.4) as the main term in the discrete equations

Λ̃e
(5.9)z̃

e(x) ≡
{

εãe(x)δxbx + b̃e(x)δx + c̃e(x)
}

z̃e(x) = (5.9)

=
(
Λ̃ep

(5.4) + c̃e(x)
)

z̃e(x) = f̃ e
1 (x), x ∈ D̂e

h,

Λ̃e
(5.9)z̃

e(x) ≡ g̃(x)
(−z̃e(x) + z̃e(xj)

)
+ β̃(x)z̃e(x) =

=
(
Λ̃ep

(5.4) + β̃(x)
)

z̃e(x) = f̃ e
1 (x), x ∈ γe

h,

z̃e(x) = ϕ̃e(x), x ∈ Γ e
h ,

where D
e

h = D
e

h(Dh(3.16)); c̃e
(5.9)(x), x ∈ D̂e

h, β̃(x)(5.9), x ∈ γe
h as opposed to c̃e

(5.4)(x) and β̃(5.4)(x)

are independent of the data of problem (5.2), (3.16); in general, c̃e
(5.9)(x) 6= c̃e

(5.4)(x), β̃(5.9)(x) 6=
β̃(5.4)(x) and Λ̃e

(5.9) 6= Λ̃e
(5.4) = Λe∗

(5.2), x ∈ De
h; f̃ e

1 (x) = f e∗
1 (x), x ∈ De

h, ϕ̃e(x) = ϕe∗(x), x ∈ Γ e
h .

3.1. Note that under condition (5.6), in that case when the functions c̃e
(5.9)(x), x ∈ D̂e

h and

β̃(x), x ∈ γe
h satisfy condition (5.8), the solution of problem (5.9), (3.16) does not exist in

general.
The consideration of model examples shows that in the case of condition (5.6), if the fol-

lowing condition holds:

c̃e(x) ≥ M η̂(x), x ∈ D̂e
h, (5.10)

η̂(x) =
{
ε−1, N, N(1 + εN)−1

}
;

|β̃(x)| ≥ Mηγ(x), x ∈ γe
h,

ηγ(x) = ηγ(x; ε, l) = α(ε, l) {1, 1}, α(ε, l) = l(ε + l)−1,

where M(5.10) is sufficiently large, the solution of problem (5.9), (3.16) also, in general, does not
exist. Note that α(ε, l) ≥ hγ (ε + hγ)−1 ≥ mN−1, where hγ is the stepsize of the mesh (3.16)

on D
(1) ∩D

(2)
. In the case of condition (3.21b) we have α(ε, l) ≥ m.

3.2. The solution of problem (5.2), (3.16) exists for any ε ∈ (0, 1] and any N , if condition
(5.6) and also the following condition are valid:

| c̃e(x)| ≤ m η̂(5.10)(x), x ∈ D̂e
h,∣∣∣β̃(x)

∣∣∣ ≤ mα(5.10)(ε, l), x ∈ γe
h,

(5.11)



On Conditioning of a Schwarz Method for Singularly Perturbed Convection-Diffusion Equations 21

where m is sufficiently small. Such bounds for the functions c̃e(x), β̃(x) under the condition
(5.6) (and condition (5.6) itself) hold if the values aeδ(x), beδ(x), gδ(x) satisfy the condition

∣∣aeδ(x)
∣∣ ≤ m η̂1(x),

∣∣beδ(x)
∣∣ ≤ m η̂2(x), x ∈ D̂e

h, m = m(m(5.11)); (5.12)

η̂1(x) =
{
N−2(ε + ln−1 N)−2, N−1(ε + ln−1 N)−1, (1 + εN)−2

}
,

η̂2(x) =
{
N−1(ε + ln−1 N)−1, 1, (1 + εN)−1

}
;

|gδ(x)| ≤ mα(5.10)(ε, l), x ∈ γe
h.

Lemma 5.2. The conditions either (5.6), (5.11), or (5.12) are sufficient for the existence of
the solutions of the difference scheme (5.2), (3.16). In the case of conditions (5.6), (5.10) the
solution of the difference scheme (5.9), (3.16), in general, does not exist.

Remark 8. In order that the operators Λe
(3.5) and Λ̃ep

(5.4) are consistent and the solution

of the difference scheme (5.2), (3.16) exists, the condition (5.12) is unimprovable with respect
to ε, N , l; even for a sufficiently large value of m(5.12) the solution of difference scheme (5.2),
(3.16) does not exist.

In Section 6 we determine conditions which ensure the(ε, N)–uniform boundedness of the
solutions of scheme (5.2), (3.16). Note that the function zeδ(x), x ∈ Dh, by virtue of (3.5) and
(5.2), is the solution of the difference scheme

Λ̃e
(5.4) zeδ(x) = f eδ

1 (x)−
(
Λ̃e

(5.4) − Λe
(3.5)

)
ze(x), x ∈ De

h,

zeδ(x) = ϕeδ(x), x ∈ Γ e
h ,

(5.13)

where ze(x) = ze
(3.5)(x), x ∈ D

e

h is the solution of problem (3.5), (3.16).

4. Before we proceed to the further study of problem (5.2), (3.16) (problem (5.13), (3.16)),
we consider the simpler difference scheme

Λ̃e
(5.9) ωδ(x) = F δ(x), x ∈ De

h, ωδ(x) = ϕδ(x), x ∈ Γ e
h . (5.14)

4.1. Let the functions c̃(5.9)(x), x ∈ D̂e
h and β̃(x), x ∈ γe

h satisfy condition (5.11), and let the

condition (5.6) hold for the coefficients ãe(x), b̃e(x), g(x). Then the solution of problem (5.14),
(3.16) exists. Let also at least one of the following conditions be valid:

∣∣F δ(x)
∣∣ = ρ(ε,N) η(x), x ∈ De

h, η(x) = {η̂(x), ηγ(x)}, (5.15)

η̂(x) =
{
ε−1(ε + ln−1 N), N, 1

}
, ηγ(x) = ηγ

(5.10)(x) = α(5.10)(ε, l){1, 1},
where the quantity ρ(ε, N) > 0 is not (ε, N)–uniformly bounded. Then the solution of the
difference scheme (5.14), (3.16) (in particular, for c̃e(x) ≡ 0) is not (ε, N)–uniformly bounded.

4.2. Let the condition (5.6) hold for problem (5.14), (3.16), which ensures the proper struc-

ture of the operator Λ̃e
(5.4)), and also let the following condition be satisfied:

|c̃e(x)| ≤ m η̂(5.15)(x), x ∈ D̂e
h, |β̃(x)| ≤ mηγ

(5.10)(x), x ∈ γe
h; (5.16a)

|F δ(x)| ≤ M η̂(5.15)(x), x ∈ D̂e
h, (5.16b)

|F δ(x)| ≤ M ηγ
(5.10)(x), x ∈ γe

h, |ϕδ(x)| ≤ M, x ∈ Γ e
h , (5.16c)
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where m is sufficiently small, m = m(m(5.11)). Then the solution of the difference scheme (5.14),
(3.16) is bounded (ε,N)–uniformly. Conditions (5.6), (5.16) are unimprovable with respect to

ε, l, N in order that the following properties are fulfilled: (a) the operators Λe
(3.5) and Λ̃ep

(5.4)

are consistent with respect to the disturbances aeδ(x), beδ(x), gδ(x); (b) the solution of the
difference scheme (5.14), (3.16) exists for any ε ∈ (0, 1] and N ; (c) the solution of this scheme
is bounded (ε, N)–uniformly. For example, for sufficiently large mi(5.6), m(5.16) the solution of
the difference scheme, in general, does not exist or is not (ε, N)–uniformly bounded, while in
the case M(5.16) = (o(1))−1 for N → ∞ and/or ε → 0 the solution of the difference scheme is
not bounded (ε, N)–uniformly.

4.3. When conditions (5.6), (5.16a) are valid, the solution of the difference scheme (5.14),
(3.16) satisfies the estimate

|ωδ(x)| ≤ M

[
max
bDe

h

[
η̂ −1

(5.15)(x) |F δ(x)|
]

+ (5.17)

+ max
γe

h

[
(ηγ

(5.10)(x))−1|F δ(x)|
]

+ max
Γ e

h

|ϕδ(x)|
]
, x ∈ D

e

h.

This estimate is unimprovable with respect to ε, l, N ; η̂(5.15)(x) = η̂(5.15)(x; ε,N), ηγ
(5.10)(x) =

ηγ
(5.10)(x; ε, l). Note that the quantities η̂(5.15)(x) and ηγ

(5.10)(x) satisfy the lower bounds

η̂(5.15)(x) ≥ 1, x ∈ D̂e
h, ηγ

(5.10)(x) ≥ mN−1, x ∈ γe
h.

Theorem 5.1. Let the disturbances aeδ(x), beδ(x), x ∈ D̂e
h, gδ(x), x ∈ γe

h of the difference

scheme (3.5), (3.16) and the functions c̃e
(5.9)(x), x ∈ D̂e

h, β̃(5.9)(x), x ∈ γe
h satisfy the conditions

(5.6), (5.16). Then the following statement is valid: the operators Λe
(3.5) and Λ̃ep

(5.4) are consistent

with respect to the disturbances aeδ(x), beδ(x), x ∈ D̂e
h, gδ(x), x ∈ γe

h; the solution of the
difference scheme (5.14), (3.16) exists for any ε and N and is (ε,N)–uniformly bounded; for
this statement to be true the conditions (5.6), (5.16) are unimprovable with respect to ε, l, N .
For the solutions of the difference scheme (5.14), (3.16), under the conditions (5.6), (5.16a) the
unimprovable estimate (5.17) holds.

Remark 9. From estimate (5.17) it follows that the identical (in module) functions F δ(x)
from the different subdomains Dk

h, k=1, . . . , 5 contribute differently to the function ωδ(x). One
can observe the essential (with respect to the values of ε, N) anisotropy (over the subdomains
Dk

h) concerning the influence of the right-hand side of the difference scheme (5.14), (3.16) on
its solution. The function ωδ(x) can remain ε-uniformly bounded in the case of the functions
F δ(x) being not ε-uniformly bounded on D1

h (see condition (5.16b)). But, for the functions
F δ(x) bounded on γe

h, the function ωδ(x) generally increases without bound when N grows, if
condition (3.21b) fails.

6. On conditioning of the difference scheme (5.2), (3.16)

We consider the conditioning of the difference scheme (5.2), (3.16) obtained from scheme (3.5),
(3.16) under disturbance of the data of the boundary value problem (2.1), (2.2).

1. As a preliminary, we investigate the conditioning of the difference scheme (5.14), (3.16).
1.1. To estimate the solution of scheme (5.14), (3.16), it is convenient to measure the

function

f(x) = f(x; F δ(·), ϕδ(·)) ≡ {
F δ(x), ϕδ(x)

}
, x ∈ D

e

h, (6.1a)
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where f(x) = F δ(x), x ∈ De
h, f(x) = ϕδ(x), x ∈ Γ e

h , i.e., the right-hand side of the discrete
equations, in the special weight norm ‖ · ‖Se

:

‖ f(x) ‖Se

D
e
h
= (6.1b)

= max

{
max
bDe

h

[
η̂ −1

(5.15)(x)
∣∣F δ(x)

∣∣
]
, max

γe
h

[
(ηγ

(5.10)(x))−1 |F δ(x)|
]
, max

Γ e
h

|ϕδ(x)|
}

.

Then the estimate (5.17) takes such a form

∣∣ωδ(x)
∣∣ ≤ M ‖ f(x; F δ(·), ϕδ(·)) ‖Se

, x ∈ D
e

h.

Thus, the difference scheme (5.14), (3.16) (scheme (5.2), (3.16)) can be regarded as a transfor-
mation which translates the discrete space with the maximum norm ‖ · ‖ to a discrete space
endowed with the special norm ‖ · ‖Se

, and so the quantity æSe
is considered as the condition

number for this transformation.
1.2. The estimate (5.17) and the following estimate

max
|ωe(·)|≤1,Dk

h

∣∣∣Λ̃e
(5.9) ωe(x)

∣∣∣ ≤ M η(x), x ∈ Dk
h, k = 1, . . . , 5; (6.1c)

η(x) = {η̂(x), ηγ(x)}(6.1) , ηγ(x) = {1, 1},
η̂(x) =

{
ε−1 N2 (ε2 + ln−2 N), N2 (ε + ln−1 N), N (1 + εN)

}

imply the required estimates for the condition numbers æSe
(Λ̃e

(5.9)) and æSek(Λ̃e
(5.9)), where

æSek(Λ̃e
(5.9)) = max

|ωe(·)|≤1, Dk
h

[∣∣∣Λ̃e
(5.9) ωe(x)

∣∣∣ η −1
(6.1)(x)

]
, k = 1, . . . , 5, (6.1d)

are the fractional condition numbers of the operator Λ̃e
(5.9) of problem (5.14), (3.16). We thus

have the following estimates:

æSe
(
Λ̃e

(5.9)

)
≤ Mη1; æSek

(
Λ̃e

(5.9)

)
≤ Mη2(x), x ∈ Dk

h, k = 1, . . . , 5, (6.2)

η1 = η1(ε, N) = max
[
N2(ε + ln−1 N), α−1

(5.10)(ε, l)
]

= N2(ε + ln−1 N) ≤ N2,

η2(x) = {η̂2(x), ηγ(x)}, ηγ(x) = α−1
(5.10)(ε, l) {1, 1},

η̂2(x) =
{

N2(ε + ln−1 N), N(ε + ln−1 N), N (1 + ε N)
}

.

The estimates for æSe
, æSek are unimprovable with respect to ε, N, l.

In the case of scheme (5.14), (3.16) a small relative disturbance of the right-hand side and the
boundary conditions in the special norm (i.e., the small quantity ‖ f δ

0 (x) ‖Se
(‖ f0(x) ‖Se

)−1,
where f0(x) = {F0(x), ϕ0(x)}, F0(x) = F δ

(5.14)(x), ϕ0(x) = ϕδ
(5.14)(x)) in the case of condition

(5.16a) causes (stipulates) a small relative disturbance of the solution of the difference scheme
in the maximum discrete norm (i.e., the smallness of the quantity ‖ ωδ

0(x) ‖ (‖ ω0(x) ‖)−1,
ω0(x) = ωδ

(5.14)(x)). Thus, the difference scheme (5.14), (3.16), in the case of the special norm,
is well conditioned ε-uniformly; the conditioning of the difference scheme differs essentially over
the subsets Dk

h, k = 1, . . . , 5.
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Lemma 6.1. Let the disturbances aeδ(x), beδ(x), x ∈ D̂e
h, gδ(x), x ∈ γe

h of the difference

scheme (3.5), (3.16) and the functions c̃e
(5.9)(x), x ∈ D̂e

h, β̃(5.9)(x), x ∈ γe
h satisfy the conditions

(5.6), (5.16a). Then the difference scheme (5.14), (3.16) is well conditioned ε-uniformly in the

case of the special norm ‖ · ‖Se

(6.1); for the condition numbers æSe
(
Λ̃e

(5.9)

)
and æSek

(
Λ̃e

(5.9)

)
the

estimates (6.2) hold.

Remark 10. Having in mind estimate (5.17), i.e., the dependence of the solution of the
difference scheme (5.14), (3.16) on the right-hand side F δ(x), x ∈ Dh, it seems appropriate
to write the difference scheme (5.14), (3.16) such that the solution of the difference scheme
depends on the right-hand side “ identically” on the subsets Dk

h, k = 1, . . . , 5. Multiplying the
difference equations in (5.14), which correspond to xi ∈ D1

h, xi ∈ D2
h and xi ∈ γe

h, by the values

ε(ε + ln−1 N)
−1

, N−1 and α−1
(5.10)(ε, l) respectively, we obtain

ΛS1

ωδ(x) ≡
{

ε aS1

(x) δxbx + bS1

(x) δx + cS1

(x)
}

ωδ(x) = F S1

(x), x ∈ D̂e
h, (6.3)

ΛS1

ωδ(x) ≡ gS1

(x)
(−ωδ(x) + ωδ(xj)

)
+ βS1

(x) ωδ(x) = F S1

(x), x = xi ∈ γe
h, j = j(3.5)(i),

ωδ(x) = ϕδ(x), x ∈ Γ e
h .

Here vS1
(x) = g(x) ṽ(x), ṽ(x) is one of the functions ãe(x), b̃e(x), c̃e(x), F δ(x), x ∈ De

h, or g̃(x),

β̃(x), x ∈ γe
h; g(x) = η−1

(5.15)(x; ε, N). The solution of the difference scheme (6.3), (3.16) under

conditions (5.6), (5.16a) satisfies the estimate

|ωδ(x)| ≤ M max

{
max
De

h

∣∣∣F S1

(x)
∣∣∣ , max

Γ e
h

∣∣ϕδ(x)
∣∣
}

, x ∈ D
e

h,

for the condition number of the discrete operator ΛS1

(6.3) (obtained by “ preconditioning” of the

operator Λe
(5.9)) we have the estimate

æ
(
ΛS1

(6.3)

)
≤ M η1

(6.2)(ε, N).

2. Let us estimate the solution of the difference scheme (5.13), (3.16).

Conditions (5.16a) and (5.6), which ensure the consistency of the operators Λe
(3.5) and Λ̃ep

(5.4)

with respect to the disturbances aeδ(x), beδ(x), x ∈ D̂e
h, gδ(x), x ∈ γe

h and the existence
of the solution of the difference scheme (5.13), (3.16) (scheme (5.2), (3.16)), are valid if the
disturbances aeδ(x), beδ(x), gδ(x) satisfy the relations

|aeδ(x)| ≤ mη̂1(x), |beδ(x)| ≤ m η̂2(x), x ∈ D̂e
h, (6.4)

η̂1(x) =
{
N−2 (ε + ln−1 N)−1, N−1 (ε + ln−1 N)−1, (1 + εN2)−1

}
,

η̂2(x) =
{
N−1, 1, N−1

}
,

|gδ(x)| ≤ mηγ
(5.10)(x), x ∈ γe

h,

where m is sufficiently small. But if the value m is sufficiently large at least on one of the sets
Dk

h, k = 1, . . . , 5, then at least one of the conditions (5.6) or (5.16a) fails; the condition (6.4) is
unimprovable with respect to ε, N .
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Using the maximum principle, under conditions (5.6), (5.16a) (condition (6.4)) we establish
the following estimate for the solutions of the difference scheme (5.13), (3.16):

∣∣zeδ(x)
∣∣ ≤ M

{{
max
bDe

h

{
η̂ −1

(5.15)(x)
[
η̂2(5.5)(x)

∣∣aeδ(x)
∣∣ + η̂3(5.5)(x)

∣∣beδ(x)
∣∣]

}
+

+ max
γe

h

[
(ηγ

(5.10)(x))−1 gδ(x)
]}

max
D

e
h

|ze(x)|+ max
bDe

h

[
η̂−1

(5.15)(x)
∣∣f eδ(x)

∣∣
]

+

+ max
γe

h

[
(ηγ

(5.10)(x))−1 |f eδ(x)|
]

+ max
Γ e

h

∣∣ϕeδ(x)
∣∣
}

, x ∈ D
e

h. (6.5)

The condition numbers of the operator Λe∗
(5.2) of the difference scheme (5.13), (3.16) (scheme

(5.2), (3.16)) in the case of the special norm satisfy the estimates

æSe (
Λe∗

(5.2)

)
= æSe

(
Λ̃e

(5.4)

)
≤ M η1

(6.2)(ε, N), (6.6)

æSek
(
Λe∗

(5.2)

)
= æSek

(
Λ̃e

(5.4)

)
≤ M η2

(6.2)(x; ε,N, l), x ∈ Dk
h, k = 1, . . . , 5.

Estimates (6.5), (6.6) are unimprovable with respect to ε, N , l. Note that the ε-uniform

estimate for æSe
(
Λe∗

(5.2); Dh(3.16)

)
under conditions (5.6), (5.16a) is similar to estimate (3.9),

which is the estimate for æ (A) = æ
(
Λ(2.4); Dh(3.7)

)
.

In the case of condition (6.4) and also the condition
∣∣f eδ(x)

∣∣ ≤ M η(5.15)(x), x ∈ De
h,

∣∣ϕeδ(x)
∣∣ ≤ M, x ∈ Γ e

h (6.7)

the solution of the difference scheme (5.13), (3.16) is (ε, N)–uniformly bounded.

3. The consistency of the operators Λe
(3.5) and Λ̃ep

(5.4) with respect to the disturbances aeδ(x),

beδ(x), gδ(x) does not imply the monotonicity of the perturbed difference scheme (5.13), (3.16).

For the consistent operators Λe
(3.5) and Λ̃ep

(5.4) the condition

qe
ii(a

e∗
i (xi), be∗

i (xi)) ≥ qe
ii(a

e(xi), be(xi)), (6.8)

qe
ij(a

e∗
j (xi), be∗

j (xi)) ≤ qe
ij(a

e(xi), be(xi)), xi ∈ D̂e
h, j 6= i,

g∗ii ≥ g(xi), g∗ij ≤ g(xj), xi ∈ γe
h, j 6= i

is sufficient for the (ε, N)–uniform monotonicity of scheme (5.2), (3.16) (scheme (5.13), (3.16)).
If at least one of the inequalities (for some values of ε and N) fails, this leads generally to a
loss of (ε, N)–uniform monotonicity of the difference scheme.

The condition

qe∗
ii (ae∗

i (xi), be∗
i (xi)) > 0, qe∗

ij (ae∗
j (xi), be∗

j (xi)) ≥ 0, (6.9)

qe∗
ii (ae∗

i (xi), be∗
i (xi))− qe∗

i,i−1 (ae∗
i−1(x

i), be∗
i−1(x

i))−
− qe∗

i,i+1 (ae∗
i+1(x

i), be∗
i+1(x

i)) ≥ 0, xi ∈ D̂e
h, j 6= i;

g∗ii ≥ g∗ij > 0, xi ∈ γe
h, j 6= i

is sufficient for the (ε, N)–uniform monotonicity of scheme (5.13), (3.16) even if the operators

Λe
(3.5), Λ̃ep

(5.4) are not assumed to be consistent. The condition (6.9) is unimprovable.
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Theorem 6.1. Let the disturbances of the data of the boundary value problem (2.1), (2.2) sat-
isfy the conditions (5.6), (5.16a) (condition (6.4)). Then the following statements are valid:

(a) the operators Λe
(3.5) and Λ̃ep

(5.4) are consistent with respect to the disturbances aeδ(x), beδ(x),

x ∈ D̂e
h, gδ(x), x ∈ γe

h, moreover, the solution of the difference scheme (5.2), (3.16) exists for
any ε ∈ (0, 1] and N ; for the statement (a) to be true the conditions (5.6), (5.16a) (condition
(6.4)) are unimprovable with respect to ε, N ; (b) the condition numbers of the difference
scheme (5.2), (3.16) and the solutions of the difference scheme (5.13), (3.16) satisfy the esti-
mates (6.5), (6.6) which are unimprovable with respect to ε, N , l; the condition (6.7) is neces-
sary and sufficient for the solution of the difference scheme (5.2), (3.16) to be (ε, N)–uniformly
bounded; (c) under the condition (6.8) (except the conditions (5.6), (5.16a) or the condition
(6.4)) the scheme (5.2), (3.16) is (ε, N)–uniformly monotone.

Remark 11. The scheme (5.2), (3.16) is (ε, N)–uniformly monotone if condition (6.9) is
satisfied (the fulfillment of conditions (5.6), (5.16a) or condition (6.4) is not assumed).

Remark 12. Let the hypothesis of Theorems 3.3, 6.1 be fulfilled. Then we have the estimate

|ue(x)− ze∗(x)| ≤ M

{
N−1 ln N +

{
max
bDe

h

{
η̂ −1

(5.15)(x)
[
η̂2(5.5)(x)

∣∣aeδ(x)
∣∣ + (6.10)

+η̂3(5.5)(x)
∣∣beδ(x)

∣∣
]}

+ max
γe

h

[
(ηγ

(5.10)(x))−1 gδ(x)
]}

max
D

e
h

|ze(x)|+

+ max
bDe

h

[
η̂−1

(5.15)(x)
∣∣f eδ(x)

∣∣
]

+ max
γe

h

[
(ηγ

(5.10)(x))−1 |f eδ(x)|
]

+ max
Γ e

h

∣∣ϕeδ(x)
∣∣
}

, x ∈ D
e

h.

Remark 13. Let the following condition be valid:

|u(x)| ≤ M, x ∈ Dh. (6.11)

If we disturb the data of the boundary value problem (2.1), (2.2), the conditions

∣∣aeδ(x)
∣∣ = o(η̂1(6.4)(x)),

∣∣beδ(x)
∣∣ = o(η̂2(6.4)(x)), x ∈ D̂e

h; (6.12)

|gδ(x)| = o(ηγ
(5.10)(x)), x ∈ γe

h,

∣∣f eδ(x)
∣∣ = o(η(5.15)(x)), x ∈ De

h, (6.13)
∣∣ϕeδ(x)

∣∣ = o(1), x ∈ Γ e
h for N →∞, ε ∈ (0, 1],

where the value o(·) is uniformly in ε small for N → ∞, are sufficient for the ε–uniform
convergence of the solutions of the difference scheme (5.2), (3.16) to the solution of the boundary
value problem (2.1), (2.2). The sufficient conditions in the case of the disturbances aeδ(x),

x ∈ D̂e
h and gδ(x), x ∈ γe

h become less restrictive for small values of the parameter ε; for
example, for ε ≤ M N−1 in the case of condition (3.21b), these conditions for aeδ(x) and gδ(x)
take the form

|aeδ(x)| = o(η̂(x)), x ∈ D̂e
h, |gδ(x)| = o(1), x ∈ γe

h, (6.14)

N →∞, ε ∈ (
0, M N−1

]
, η̂(x) =

{
N−2 ln N, N−1 ln N, N−1

}
.

The estimates (6.10)–(6.13) allows us to choose appropriate accuracy for calculating a(x),
b(x), f(x), x ∈ Dh on the subdomains Dk

h, k = 1, . . . , 5 and the number of mesh points which
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ensures the required accuracy of the numerical solution (computed on an absolutely exact
computer).

Remark 14. The technique given in the paper allows us to investigate the conditioning of
the Schwarz method in the case of a boundary value problem for the equation

Lu(x) ≡
{

ε a(x)
d2

dx2
+ b(x)

d

dx
− c(x)

}
u(x) = f(x), x ∈ D.
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