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|RISH MATHEMATICAL SOCIETY

Minutes of the Ordinary Meeting held at 12.15 on 31 March, 1983
in DIAS.

There were 15 members present.
Farrell, took the chair.

The President, A.G. O0'
The minutes of the previous
ordinary meeting on 21st December, 1983, were read. A
change in one item was agreed. Item B8 was amended to
read "R, Bates mentioned that the Irish Mechanics Group
might amalgamate with the IMS",
signed.

The minutes were then

The motion "that the Society abandon the idea of a prize
for outstanding papers in the Proceedings of the Royal
Irish Academy" was passed by ten votes to one with two
abstentions,

The change in the comstitution to allow two extra committ-
ee members was confirmed by seven votes to zero with seven
abstentions.

The Secretary mentioned that the committee was considering
entering into a reciprocity agreement with the Irish
Mathematics Teachers Association, which would involve a
reduction of approximately £1.50 in the subscriptions of
reciprocal members. No objections were raised to this
plan.

P, Boland mentioned that the committee was considering
writing to the Department of Education protesting about
recent changes in the regulations for maintenance allow-
ances for post-graduate students. After some discussion,
it was agreed that the President should draft such a
letter mentioning only the anomaly that those with a B.A.
degree in Mathematical Sciences from N.U.I. did not qual-
ify for these allowances, while those with an almost id-
entical B.Sc. degree did gqualify.

With the approval of
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the committee, the letter could then be sent to the Minis-

ter for Education.

R. Enright drew attention to items in the Newsletter about
prompt payment of subscriptions and about the 33% reduct-
ion on the Proceedings of the Royal Irish Academy avail-
able to members of the IMS,

to encourage more institutions to join.

He also urged those present
He noted also
the improved terms for institutional members agreed by the

committee on 30th March.

With regard to the Irish Mechanics Group, it was announced
that this organisation was to meet on June 2nd and 3rd in

u.c.cC.

R. Téimoney (Secretary)

PROCEEDINGS OF THE ROYAL IRISH ACADEMY

Special Offer to llembens ol the
Inish Mathematical Societly
£20 + £3.00 (V.A.T.) 333% REDUCTION

Order through the Treasurer of the 1.M.S.

SRR REE RN RS

NEWS AND REPORTS

1983 Irish National Mathematics Contest

The fifth Irish National Mathematics Contest was held on
March 1, 1983, and attracted 1797 entries from 116 schools, as
against 1539 entries from 77 schools last year. The increase
in interest in the competition is due in some part to the co-
operation we received from the Department of Education which
issued a circular about the contest to all schools under its

aegis.

This year's winner is:

Patrick Joseph Gaffney,
Christian Brothers' College,
St. Patrick's Place,

Cork,

who scored 116. Patrick was placed second last year. In
common with the top scorer from each of the foreign countries
that use the American High School Mathematics Examination
(AHSME) materials for their national contests, Patrick will
receive an Hanor Pin from the Mathematical Association of America

Committee on High School Contests.

The highest team score (sum of the highest three scores

by individual contestants) was returned by:

Caoleraine Academical Institution,
Castlerock Road,

Coleraine,

which entered 35 students, of whom 17 scored 85 or more.
Blair R. Cameron, Andrew R. Clark and Christopher A. Hunter/

Michael N. Bacon made up the winning team and between them ach-
ieved 311.

In the United States and Canada, the downward trend in




o

- B -

participation which began last year continued. Only 407133
entries (versus 418008 in 1982) were received from 6190 schools
(versus 6623 in 1982), a consequence possibly of the difficulty
of the three previous examinations. However, the somewhat
less difficult nature of this year's examination has been very
well received and enrolment figures are expectea to increase
again in 1984, when the examination will be similar in diffic-

ulty to this year's.

The top scorer in the United States and Canada was:

James Yeh,
Mountain Brook High School,

Alabama.

James obtained full marks, i.e. 150, and becomes the 22nd stu-
dent in the United States and Canada to do a perfect paper in

the 34 year history of the competition.

with the addition of China, Mmexico and Singapore, Ireland
is now one of 15 foreign countries that participate in the
AHSME . China's top scorer was:
Xiao-dong Che,
Tian She High School,
Shanghai.

Xiac-dong also returned a perfect paper.

The First Irish Invitaticnal Mmathematics Contest

All those who scored 85 or more in the Irish National
Mmathematics Contest were invited to participate in the Invit-
ational Mathematics Contest (11IMC). This was held on Tuesday,
March 22, 1983. It was a 2% hour, 15-question, short-answer
examination, not multiple choice. The questions were prep-
ared by the Mathematical Association of America Committee on
High Schools Contests for the First Annual American Invitat-

ional Mathematics Examination.
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Here are a few sample questions:

1. What is the product of the real roots of the equation
2

x* +18x + 30 = 2/(x?% + 18x + 4S) 7
2 - g° n :
. Let an = + 8 . Determine the remainder on dividing
a,; by 49. -

3. What is the largest 2-digit prime factor of the integer
200
n =
100
4, fFind the minimum value of
F(x) = 9x2 siqzx + 4
xsinx

for O<x«<m.

5. for {1,2,3,...,n} and each of its nonempty subsets, a
unique alternating sum is defined as follows: Arrange the
numbers in the subset in decreasing order and then, begin-
ning with the largest, alternatively add and subtract
successive numbers (for example, the alternating sum for
{(1,2,4,6,9) is 9-6+4-2+1 = 6 and for {5} it is simply 5).
Find the sum of all such alternating sums for n = 7.

While 67 qualified for the Irish Invitational Mathematics
Contest, only 53 were able to compete, for one reason or

anaother. Results were returned on behalf of 47 contestants.
The list was headed by

Kathleen McCormack,
c.B.S.,

Kilrush,

Co. Clare,

with a score of 8 out of a possible 15. This was a fine
performance. Professor Mientka, Executive Director, AHSME,
informed me that if Kathleen resided in the U.S5.A., she would

have been invited to their three-week International Mathemat-

ical Olympiad training sessiaon, This, I think, lends persp-




ective to her achievement.

By comparison, only those who scored 95 or above on the
AHSME were invited to take the American Invitational Mathemat-
ics Examination. A total of 1823 students qualified to comp-
ete in this examination, and 54 of these scored at least 10.
These were invited to participate in the U.S. AMO which was

held on May 3, 1983.

Here are two out of the five questions that were set for
this:
1. Prove that the roots of
x5 + ax* + bx® + cx? + dx + ¢ =10
cannot all be real if 2a? < Sb.

2. Consider an open interval of length 1/n on the real number

line where n is a positive integer. Prove that the number

of irreducible fractions p/q, with 1 sgsn, contained in

the given interval is at most $(n+1).

Finbana Holland

Below are listed the first six students in the Individual
Roll of Honour for the Irish National Mathematics Contest 1983.

Rank Score
1 1186

Student Name School

Gaffney, Patrick Joseph Christian Brothers'
College,
St. Patrick's Place,
Cork.

Coleraine Academical
Institution,
Coleraine.

Cameron, Blair R

Murphy, John A

Oatlands College,
Mount Merrion,
Blackrock,
Dublin.

3 107
4 105
5 104

0'Connell, John

Ferry, Denis

Holahan, Shane A.

C.B.S.,
The Green,
Tralee,
Co. Kerry.

Pobalscoil Choich
Chearnifhaola,
Falcarragh,

Co. Donegal.

Belvedere College,
Dublin,

The following schools attained the first three places in the

School Roll of Honour

Rank Score
1 31
2 305
3 298

Name of School

Coleraine Academical
Institution,
Coleraine,

Co. Londonderry.

0'Connell School,
Dublin 1.,

Pobalscoil Chioich
Cheannfhaola,
Falcarragh,

Co. Donegal.

Team Members

Blair R. Cameron
Andrew R, Clarke
Christopher R. Hunteg/
Michael N, Bacon

Thomas J. Shortall
Stephen. P. Dunne
Michael. J. Murray

Denis J. Ferry
Kevin. J. Gallagher
Seamus A. McBride




LETTERS TO THE EDITOR

28th February, 1983

Dear Sir,

As a teacher of some experience I wish to comment on some of
the points in the article on the Post Primary syllabus by
Michael Brennan (December 1882).

No one could have any doubt about the fact that we have Euclid

ean Geometry as against that of Papy. Papy was a most impor-
tant source for ideas, notation and definition in introducing
Transformations.‘ Transformations, so introduced, had some

important effects.

The traditional approach had depended largely on congruence
which used movement in and out of the plane ungoverned by
axioms - hardly a satisfactory situation - but Axial Symmetry
and its compositions, being isometries, provide for congruence
of sets in general and triangles in particular. To my mind,
congruence, thus readily deduced from material in the syllabus
ought form an important part of present teaching and occupy
a more explicit role in any future syllabus. The old approac
. also depended on a parallelism which led to the rather unsatis
factory reductio ad absurdum tactic on proving the angle
Theorem. In contrast, translation now deals directly and

effectively with the Theorem.

Transformations have the further essential purpose of acting
as a motivation and introduction to the idea of function uwhich
in turn fulfills the most important pedagogical purpose of
unifying Algebra and Geometry. Mathematics is a unified

activity.

Yours sincerely,

Hugh McTigue,
Meanscoil San Lughaidh, Coiflte fMach, Co. Maigh Eo.
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The following is Mr. Brennan's reply to the above:
Sir -~

The most important effect of the Transformation approach to

Geometry was to make Geometry more obscure.

Teachers are responsible to the Mathematical truth that they
know, to see that there is proper government by proper axioms.
But children do not need to knouw the details. Teachers are
not responsible to children in the way that they are respons-
ible to Higher Mathematics. Certainly they should tell the
children the truth, but not the whole truth if the result will

mostly be mystification, as at present.

As for the unifying effect of sets and transformations on
school Mathematics, what about the disintegrating effect on
children of getting E's and F's and NG's (and other grades too)
during their years at school and doing Maths courses that are
contrary to education? The vision of Unification comes only

to a minority.

I do not think it matters what Geometry comes from the present
shake-up provided that:
(i) it promotes intuition and logic in the child, and

(ii) the background is logical and elegant to the adult.

The present course fails on both counts.

Yours,

Michaed Brennan,
Bowen Schood,
Athlone.

16/6/83,
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ROBERT CHAR ARY

MATHEMATICAL STATISTICIAN, 1896-1983

dohn. &£, Spencen

Roy Geary, Ireland's greatest statistician, died in Dublin
on 8 February 1983, after a long life devoted to mathematical
statistics. He was born on 11 April, 1896 and was educated
at University College, Dublin, 13813-18, obtaining a B.Sc. and
an M.5c. both with first class honours in 1916 and 1917, resp-
ectively. In 1918 he was awarded a Travelling Studentship
in Mathematics and attended the Sorbonne in Paris, 1919-21.

He was appointed to a lectureship in Mathematics at University
College, Southampton in 1922 but returned to Dublin in 1923

as a statistician in the Statistics Branch of the Department

of Industry and Commerce and remained there until 1949, apart
from a brief period as Senior Research Fellow in the Department
of Applied Economics in Cambridge, 1946-7. He was director
of the Central Statistics Office in Dublin from 1949 to 1957,
when he mpved to New York for three years to head the National
Accounts Branch of the United Nations Statistical Office. He
returned to Dublin in 13960 to the Economic Research Institute
(later known as the Economic and Social Research Institute)
where he was to spend the rest of his life, as Director until
1966, as consultant thereafter, Among the many honours awar-
ded him were three honorary doctorates from NUI, QUB and TCD
and honorary fellowships of the Royal Statistical Society and
American Statistical Association. He was President of the
International Statistical Institute and a Council member of

the International Association for Research in Income and

This appreciation relies heavily on other appreciations by the author pub-
lished in The Economic and Social Review, April 1976 and April 1983, and
a forthcoming obituary in Econometrica. The first two of these contain
lists of Geary's works from which present citations can be identified anc
all three contain references to other work to aid in the assessment of
Geary's achievements. R more rounded assessment of his personality and
career can be gained by perusal of all the appreciations and obituaries.
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Wealth. He was elected Fellow of the Ecaonometric Society in

1951 and served as Council member from 1362-64.

Roy's first paper was published in 13825, a year within
what Egon Pearson described as" a period of tranmsition" and
as "one of the two great formative periods in the history of
mathematical statistics", 1815-1930. The discoveries of Karl
Pearson, tdgeworth, Galton and Weldon and the early work of
Gosset were to be expanded and unified by the work of Fisher
who by 1925 had published the first edition of his enormously
influential Statistical Methods for Research Workers. His
work on likelihood, regression and correlation, his establish-
ing of the distribution of Gosset's t-distribution and of the
variance ratio had all just been published. The controversies
with E.S. FPearson, Neyman and Wald on fiducial probability,
interval estimation and hypothesis testing were still to come
and the celebrated collaboration of Neyman and Pearson of 1826
to 1934 had not yet started. A new era in probability theory
was also beginning. Liapunov had provided the first satis-
factory proof of the central limit theorem under certain cond-
itions in 1801 using the tool of characteristic functions
but his work remained fairly unknown for some time and the
fundamental refinements of Lindeberg 1in 1922, Bernstein in
1927 and Feller in 1935 were, in 1925, new or still to come.
Indeed it was only by 13925 that Levy published what Cramer has
described as "the first systematic treatise of random variables,
their probability distributions and their characteristic funct-
ions" and the work of Khintchine and Kolmogorov was still

in its infancy.

Accordingly Roy was beginning his work at a time which
must have seemed full of excitement. Throughout the most
productive part of his career, 1330-1956, he was greatly inf-
luenced by Fisher although he played no part in the controv-
ersies referred to above. Many years later (1976), he conf-
essed in a letter to the author that many of his papers origin-

ated in the development of saomething in Fisher and that it was

his great good fortune that his research lifetime coincided




- 14 -

with so much of Fisher's. "Everything is in Fisher. One
only had to dig it out a bit",

His first paper is richly promising as befits the early
work of a researcher who is subsequently to gain a high inter-
national reputation. The paper shows fine technical ability,

a natural flair for stochastic problems and a painstaking care
for detail, qualities which were to manifest themselves through-
out his later work. This early paper also provides an excell-
ent example of the power of good theory when applied to real
problems; here the problem concerned Irish agricultural stat-
istics which had been thrown into some confusion during polit-
ical troubles of the time. The theoretical result is as foll-
ous. Let m+uj, i=1...N be the values of N elements in year

one and m'+ul, i=1..N be the values in year two, where m and
m' are the means in the two years. It is desired to measure
ratio of true means m/m' by taking a random sample of n elem-
ents. The ratio as estimated by

n
g(m'+ui)
n
E(m+ui)

is shown to be approximately normally distributed for large
n and N with a mean of m'/m. Geary also computes the variance

and applies the result successfully to agricultural data.

This interest in finding the density of a ratio continued
and five years later the classic (1930b) paper appeared. Let
x1 and xz be two jointly distributed normal variables with means
U3 and y, and variances o§ and o§ respectively, with correlation
T. The difficult technical problem of finding the exact samp-
ling distribution of z = x,/x, was solved on the hypothesis that
W2 was large relative to 0, so that the range of x, was eff-
ectively positive. 0On this assumption Geary proved that the
ratio (upz-u,)/v/ (0222 -2r0,0,z+0%) was distributed N{O,1). The
result in its origimal form is still quoted today. An expr-

ession for the density of z where x, and x, are independent
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pbut not necessarily normal variates was discovered in 1837 by
Cramer for the case where x2 is non-negative with finite mean.
writing ®,(t) and ¢,(t) for the characteristic functions of
xy and x2, the density of z, f(z), if it exists was found to

be

o
1 '
flz) = sk=[01(t)5(-tz)at,
-0
provided the integral converges. Geary (1844b) generalised

this result to the case of nan-independent x; and x, with joint
characteristic function ¢(t:,tz2) and the same condition on x,.

The generalised result is

Flz) = 53pf60(t,,t,)/6t,0t,
@©

where the partial derivative is evaluated at t,=-t:z.

Between these two papers on ratio densities his 1333 paper
appeared in which it was established, under normality, that
E(m./m,25)P = Enf/EniTP
where

mp = ; (xi-¥)r/n.

The analysis, from a probabilistic point of view, of
ratios constituted one of the three main inter-related themes
with which Ray was cancerned during his working life. The
other two comprise the estimation of relationships between var-
iables whose measured values are subject to error and normal-
ity tests and robustness studies of inference formally based
on normality. This choice of problems illustrates his deep
desire to direct his keen mathematical skill and imaginative
flair towards problems of great practical importance and most

of his contributions to these three fields are of lasting sign-

ificance. A possible exception to this can be found in his
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work in the early 1940's on the estimation of relationships.
This work, heavily based on the theory of cumulants, has theor-

etical importance but has not proved of lasting practical value

as the estimators suggested tend to have high variance, in part-

icular if the underlying variables have distributions which
His 1949a paper, however, remains fundam-
It out-
lines an instrumental variable (IV) approach to estimation and

are nearly normal.

ental and is one af his most cited contributions.

allows the citing of Geary, with Reiersol, as a pioneer of the
IV method. The paper begins by considering the problem of
estimating B = -8,/B2 in the model B;X; + B:X2 = 0 where the
X's are observed with error, the observables X3 being equal
to Xj+ujy. Let z be the IV measured without error and suppose
X1, X2, z have zero means, are joint normal and temporally un-

correlated. Geary writes the IV estimator of B8 as

b = (Ix,z)/(Ix;z) (Znum/den, say)
and shows, using Geary (1844b) that its density can be written

((n-2)/2)t (14y2) " 2"
{(n-3)/2} tv/n

¢(b)db

where

1
-]
y = Ez?(b2%Ex} - 2bEx;xp + Ex3) _
(bEx,z - Exaz)?

so that y/(n-1)is distributed as t with n-1 degrees of freedom.
By considering confidence intervals, it is shown that the pre-
cision of the method (asymptotically) is improved if 2z is cho-
sen as highly correlated with X; and X; as possible and the
idea of finding an optimal combination of instruments is tre-
ated.

The theory is then extended to the time series case where
the true values of the observables are taken as non-stochastic

with the errors normally distributed, independent of each other

The estimator b in this case is

and of the other variables.
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the ratio of two independent normal variables so that Geary
(1930b) applies by which {bE(den)-E(num)} /V{b2var(den)+var(num)}
is a N(0,1) variate. Of course, the expression involves unk-
nown error variances while the previocus expressioen only invol-
ves expectations of functions of observables which can easily
be consistently estimated. Although the first model would
seem to be inapplicable to the time series "sequences of n"
cage it is found that the operative first theory can be used
with confidence in such a case.For moderately ;ized samples

with error variances not too large.

Roy's interest in testing for normality and appreciation
By 1930

large sample approximations to the densities of the statistics

of the need for robustness studies developed early.

vb, and b,, the sample analogues of the V8, and B2, the class-
ical measures of skewness and kurtosis, had been derived.

By 1935, several of the lower order moments for normal vb; and
by, useful in auproximating their distributions, had been der-
ived by various writers notably Craig, Wishart and Fisher.

Roy was to contribute to several aspects of this broad range
of topics. In Biometrika 1835 he criticised tests of kurtosis
based on b, due to the slowness with which b2 approached norm-
ality and suggested tests based on the ratio of the mean dev-
In Biometrika 1936 he

found moments of his ratio under normality and provided a table

iation to the standard deviation.
ofcritical values. Other papers dealing with small sample
properties of vb, and b, culminated in his outstanding 1847
Biometrika paper {1947c¢c) in which he derived approximations

to the first four normal moments and asymptotic distribution
of a generalization of b, and showed that while b2 was asympt-
otically the efficient test for kurtosis in the class consid-
ered against a wide field of alternatives, there appeared to
be little superiority over his own ratio for moderate sample
sizes. Similar analysis was carried out on skewness measures.
Recent reconsideration of his test, both theoretical and Monte
Carlo, has been interestingly favourable. Geary's work on

robustness is mostly containmed in his 1936 JRSS paper and the
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1947 paper just described. In the latter he considers the
effect of nonnormality on Fisher's z (=3%log F) and one and tuwo
sample t-tests. Regarding the one sample t-test, for example,
he approximated the first six moments in terms of the cumulants
of the parent population and approximated the dgnsity of the
non-hormal t with a Charlier differential series with the nor-
mal t as generating function using his results for the first
few cumulants of non-normal t, assuming a Pearson system pop-
ulation, and collecting terms according to their orders of mag-
nitude. The resultant formula is used to approximate the
true left hand tail probabilities. The main trouble is found
to be asymmetry, with positive skewness leading to left tail
rejection of the null hypothesis too often. This contrasts

with the variance ratio test, where kurtosis is the key problem.

Further, as follows from general formulae in Geary (1947c),

the approximation to order n ! of var z (z=3log F) is

(Bam 1yl 1
ny na

for two independent samples drawn from the same population,
an expression which generalizes Fisher's normal approximation
for B,=3, and suggests that positive kurtosis would lead to
too frequent rejection of variance equality on uncritical use
of normality assumptions. Much of this is now standard know-
ledge.

In the course of these investigations he presented a met-
hod for calculating the exact small sample frequency of normal
vb, to any required degree of accuracy (1947a) and calculated,
with Worlledge, the seventh moment of normal b, (1947). The
method of the former paper was an elaboration of that which
he used in 1935b and 1936b in finding the distribution of his
ratic and consisted of establishing a relation in integral
form between the frequency ordinate for n (the sample size)
with that for n-1, with a certain actual freguency being shoun

to be close to its Gram-Charlier representation.
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While these three themes account for his most systematic
woTk, other important and attractive results appear throughout
his work. For example, he showed in the 1936 paper on rob-
ustness that independence of mean and variance imply normality,
In a 1842 JR?S paper, he

showed, under regularity conditions, that maximum likelihood

not just the well-known reverse.

estimators minimise the generalized variance for large samples.
His 1954 paper in The Incorporated Statistician introduced a
contiguity ratio of spatial autocorrelation, a generalization
of the von Neumann ratio, together with sampling theary which
has been used by geographers, sociologists and others and has
been included in a book of readings in Statistical Geography.
In a 1944 Biometrika paper he compared Pitman's 'closeness'
with efficiency showing a certain equivalence result in the
bivariate normal case and providing an early analysis of "the
racing car problem", the estimation of b in the uniform [0,b]
distribution. He was also a pioneer in national income acc-
ounting, a topic in which he consistently retained interest

and influence.

In his later work through the 1960's and 1970's he conc-
entrated more on economic and social issues showing great con-
cern for problems of population movement, poverty, inequality
and inflation. He was never an avid reader aof other people's
work (except Fisher) preferring to work things out for himself.
He had a deep love, almost reverence for the arts and mathem-
atics which he thought of as the sublime art. In no sense
did he conceive of the application of mathematics as its just-
ification. In fact, he was often sceptical and at times
deeply antagonistic towards the use of mathematics im social
problems, especially if little mathematical manipulation was
involved, which he conceived to be the essence of mathematics.
The essence of statistics, he thought, lay in the efficient
manipulation of measures so as to derive inference from them.

In partial respaonse to a question fram the author and earlier,

apparently from Fisher as to the essential distinction between

mathematics and statistics, he emphasised that mathematics had
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no place in statistics unless clearly relevant to a statistical
problem. He frequently emphasised that a problem generally
involved much more than its relevant statistics and resented
any charge of materialism on statisticians as much as he res-
ented the use of mathematics for its own sake in the ostensible
address of a statistical problem. )

He was undoubtedly himself a powerful and energetic math-
ematician and a magnificently creative statistician, with an
unusual emphasis on applicability throughout his work at all
times. He had an amazing all-round talent and was a man whose

contributions to statistics will not be forgotten.

Depantment of Economics,

New Univensity of Ulsten.
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PUTTING COORDINATES ON LATTICES

John Hannah

In this article I shall show how the problem of putting
coordinates on certain types of lattices leads to the class of
von Neumann reqular rings, and discuss briefly the resulting
connexion betuween ring and lattice properties. The article is
based on a talk I gave at the Group Theory Conference in Galway
on May 13th, 1983, and I would like to thank the organizers
both for their invitation to speak and for tolerating the pres-

ence of a ring theorist.

Recall that a lattice is a partially ordered set in which
any pair of elements a,b have a greatest lower bound a A b and
a least upper bound a v b, We shall be considering complemen=-
ted modular lattices in what follows. A lattice L is said to
be complemented if it has a least element (denoted by 0) and a
greatest element (denoted by 1) and if every element a € L has
a complement a' € L; that is, a ra' =0 and ava' = 1. Such
complements are not usually unique. We say that L is modular

if whenever a,b,c, € L with a < c then (avb) ac = avibac).

Example 1: Let V be any vector space (possibly infinite dim-
ensional) and let L be the set of all subspaces of V ordered
by inclusion, so that aasb = a Nb and avb = a + b, Then L is

a complemented modular lattice.

2. : Von Neumann, studying rings of operators on Hilb-
ert spaces, came across rings whose sets of projections (that
is, self-adjoint idempotent operators p, so that p = p¥ = p?)
formed lattices if p < g uwas taken to mean that p = gp (so that
g is a left and right identity for pl. Although there was no

simple algebraic formula for paaq and pvag in this case, von

Neumann was able to show that this lattice was camplemented
and modular.
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Consider for a moment the special case of Example 1 where

V = R? and L is the lattice of subspaces of V. We can view
L as the real projective plane P with the one-dimensional

subspaces being the points of P and the two-dimensional sube

spaces the lines of P. In this picture of L the operation

A is still intersection but avb corresponds now to the line

joining the points a and b.

The original space R?® is now the

usual homogeneous co-ordinates for P and von Neumann wondered
if such a "co-ordinatization" was available for his lattice of
projections too. It would of course be desirable for such
co-ordinates to be related to the original ring structure of
his examples, and to see what we should expect we shall look

more closely at Example 1.

Notice that the lattice of subspaces of Fé is "the same"
as the lattice of right ideals of the ring M3(R)
ices with real entries. Indeed a subspace U of R?
ponds to the right ideal U of M3(R)
Thus,

consisting of all vectors of the form

corres-
consisting of all matrices
whose columns belong to U,

for example, the subspace U

X N X y z
is sent to the set U

0 of all matrices of g o 0

0 the form 0 8] o/

(Ve could equally use left ideals of M (R) : since left mult~
iplication in M ;(R) corresponds to row operations we could

make the rows of the matrices come from U in that case.)

To see what sort of right ideals should correspond to the
lattice elements in general we need to consider the infinite
dimensional case of Example 1. In this case we can represent
the elements of V as infinite columns almost all of whose entr-
ies are zero. For our ring this time uwe take the ring of all
linear transformations on V, represented as infinite square
matrices (having dim V rows and columns) each column of which
has only finitely many nonzero entries. This representation

allows us to use the same lattice isomorphism as above: a sub-

of 3x3 matr-é

|
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space U 1s sent to the set U of all matrices whose columns

come from U. For example:

O O oo o
o 0O o e o
['on T e R e B @ Y ©
O 0O oo o
.
.

R — -

(Notice that using left ideals here would lead to a different

ring since these infinite matrices lack the left-right symmetry
which the transpose operation imposes on M3(R) . The choice
between left and right here is made when we decide whether to

write V as row or column vectors.)

The set I is again a right ideal but not all right ideals
In fact {
To find a generator for {J simply

arise this way (as they do in the case of M3(R)).
is a principal right ideal.
choose a generating set for the subspace U, making sure that
and use the matrix whose col-
The fact that right multip-

lication corresponds to column operations allows us to generate

the set contains dim V elements,
umns make up the generating set,
all of ﬁ from this one matrix, This example leads us to the
definition we have been seeking:

Definition:
a ring R such that L is lattice-~isomorphic to the set L(R) of
principal right ideals of R,

Putting co-ordinates on a lattice L means finding

We cannot expect any old ring to be suitable for this pur-
pose: in most rings L(R) is not even a lattice, let alone com-
Plemented and modular.
erty here is being complemented.
pal right ideal of R.
there is some b €R such that aR a bR =

Von Neumann showed that the key prop-

Indeed let aR be any princ-
If aR has a complement in L(R) then
R.

0 and aR v bR =
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Regardless of what a and v mean in L(R) (all we have at this - 25 -
stage is the partial order of inclusion) this gives aR0 bR = @ aj, aj are perspective (that is, have a common complement C j
and aR + bR = R, Thus we can urite so that a3 v Cjj = @3j ¥ Cij = 2iv 3j and a; A Cjj = ag “Ci? =‘D)'
! This frame plays a similar role to the frame in R consisting
ax + by = 1, of the x, y and z axes. Indeed if we look at the lattice L
Hence axa + bya = a : of all subspaces of R® we can get a frame by letting ai, a2,
so that bya = a - axa € bR N aR =0 f a3 be the x, y and z axes (respectively); a C?mNOﬂ complemin;
! ! c13 of ap and as would be, for example, the line x =2z, y = U.
; and so a = axa. Using the projective plane picture of L we can retrieve the

usual addition of points on the line a1 v az by using just the

Thus, in @ co-ordinatizing ring for a complemented mod- jattice operations shouwn in the diagram: the solid lines repr-

ular lattice, for any element a there is some x such that esent the frame, the broken lines give the construction for the

a = axa, Rings with this property are said to be (von Neuman| sum of any tuo "Finite" points B andy on the line a1 v az.
regular, and von Neumann showed that if R is regular then L(R) T

is a complemented modular lattice with AaB = ANB and : I //// -
AvB = A + B. \81 (=zero)\jC,3 -

Example 3: If V is any vector space then the ring of all
| linear transformations of V is a regular ring.

4, It is not hard, using Maschke's Theorem and
Example 3, to see that if F is any field and G is any locally
finite group having no elements of order equal to the charact-
eristics of F then the group algebra F[b] is a regular ring.
Auslander and others have shown that these are the only regull
group algebras.

5. The ring of integers Z is not regular, a2 (=point at infinity)

The original problem, finding what we now know should be

a regular ring which coc-ordinatizes a given complemented mod-

ular lattice, has been solved only in a few special cases. l
Von Neumann produced a solution which looked after his lattic

of projections by imitating the usual construction of co-ordiff

ates in a projective plane, For this method the lattice mus} “

have a "hamogeneous n-frame" with n > 4. Such a frame cons- 1. Join B to as to meet the line joining ci13 and a, at x.
ists of n independent lattice elements a,, az, ... ap (so thal 2. Join Y to c13 to meet the line joining a: and as at vy.
aj~r(a,va,v .. 23j_1vajs;  e..vap) = 0 for each i) with 3. The line joining x and y meets ajva, at B +Y.

the properties that a,v av ... vap = 1 and each distinct pad

Addina points on a3 v az
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A similar diagram can be used to define the product By. In
terms of the original lattice and its frame we are making a
ring from the set of complements of a2 in a1 v a2: two such

complements B and y are added and multiplied according to the

rules
B+y = ([(B vas)A(ClsVaz)]v[(Yan)A(azvaa)])A(alvaz)
By = [5Vsz)'\(alvaa)]V[('YVCn)A(azvaa)])A(alvaz).

Von Neumann used these same operations in his more general)
setting, the extra dimension (n > 4) being needed to verify
It can then
the lattice

ring just

that these operations had the desired properties.
be shown that the original lattice is the same as
L(R) uwuhere R is the ring of mxn matrices over the
constructed, Furthermore this ring is unique up to isomorph-
ism (only a 3-frame, as illustrated in the diagram, is needed
for this assertion; the uniqueness breaks down in lower dimen-

sions since, for example,

the lattice {0,1} may be co-ordinat-i
ized by any division ring). In von Neumann's original settin
- where the lattice was the set of projections of a ring of
operators - it turns out that there is often an embedding of
the original ring in the co-ordinatizing ring, and so the aim
of getting a ring compatible with the original structure is

achieved in these cases.

In the general setting it is now natural to seek lattice
characterizations of the various classes of regular rings and
we conclude by considering an example of such a characteriz-
ation, In a recent paper Munn introduced the class of
bisimple rings: if the ring R has an identity element, we say
it is bisimple if for any pair of nonzero elements a, b there
Rb. These arﬁ

just the rings whose multiplicative semigroups are bisimple.

is a third element c such that aR = cR and Rc =

Any division ring is bisimple but all other bisimple rings are

quite large;

for example if S is the ring of all linear trans-
and if T i

the ideal of finite-rank transformations then the factor ring

formations on a countable-dimensianal vector space,
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Munn showed that all bisimple rings are
RcR = RbR) and

and so we can ask which complemented modular lattices

s/I is bisimple.
simple (in the above notation we have RaR =
regular,
correspond to these rings.

A hint is given by another of Munn's resulfs: any pair of
nonzero principal right ideals of a bisimple ring R must be
{isomorphic as R-modules (replacing a by the c given by the
definition we may assume the right ideals are aR, bR where
Ra = Rb;
gives an isomorphism from aR to bR).

then a = xb and b = ya and left multiplication by y
Hence in the lattice
L(R) any two nontrivial intervals [0,A] and [0,B] are isomor-
phic as lattices. Unfortunately such lattice isomorphisms
throw away too much of the ring structure for this property to
characterize bisimple rings. However a stronger isomorphism

is provided by the notion of perspectivity that we have already

met: if lattice elements A, B are perspective they have a
common complement C, say, so that
AvC = BvcC = AvaSB
with AAC = BaC = 0.
Hence Av B
A = T = B

where the isomorphisms will be module isomorphisms if we are
(R).
for our purposes (since if A < B we want A ¥ B but clearly
cannot have A and B perspective) but a simple splitting trick
allows us to get round this problem:

working inside Perspectivity by itself is too strong

Result: Let R be a regular ring with identity and let L(R)
be its lattice of principal right ideals.
if and only if L(R) satisfies

(*) ... for any nonzera a, b € L(R) there are splittings

Then R is bisimple

a = a,v a, where a; A a, = 0

and

b, v b,

|
o

where b, A b,
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such that a,, b: and a,, b, are perspective pairs of elements
of Z(R).

The key idea of the proof here is that if A, B are prin-
cipal right ideals of a bisimple ring R such that A 0 B = 0
then A and B are perspective (as before we may assume A = aR
and B = bR where Ra = Rb; then ¢ = (a+b)R is a common complem-
ent of A and B).

A stronger result is also true: any complemented modular
lattice satisfying the condition (*) is easily seen to possess
a homogeneous 4-frame (or else be the lattice {0,1})and so, by
von Neumann's result, can be co-ordinatized by a (necessarily

bisimple) regular ring.
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TEN COUNTEREXAMPLES IN GROUP THEORY

John Ryan

Introduction

Many major theorems in the theory of finite groups have
been proved by the minimum counterexample technigue, which
works as follows. We assume that the theorem is false and let
G be a counterexample of smallest possible order. The assump-
tion that G exists is then used to force a contradictiaon and
the theorem in question is thereby established. In practice,
the contradiction frequently arises fram the existence of a
counterexample of order less than that of the presumed minimum
counterexample {(m.c.e.). This technique of course is merely
a disqguised form of induction or the method of infinite descent

used in number theory.

However, even when a conjecture about finite groups turns
out to be false, it is often of interest to discover an m.c.e.,
or "least criminal™ as it is often called. Note that an m.c.e.

‘need not be unique. Searching for an m.c.e, is a very good

method of becoming familiar with the groups of small order and
perhaps the size of an m.c.e. is an indication of how plausible
the conjecture was in the first place!

In this article we discuss ten "not implausible” conject-
ures about finite groups and produce an m.c.e. in each case.
We outline the arguments used in establishing that a given group
is an m.c.e.

The material in this paper is based on the author's M.A.

thesis "Minimum Counterexamplesin Group Theory", University
College, Cork, 1982, prepared under the supervision of Dr. D.
MacHale. I wish to thank Dr. MacHale for suggesting this
‘problem and the Mathematics Department of U.C.C. for their
Co-operation and facilities.
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Preliminaries

In what follows G and H will always denote finite groups
and p and q will denote prime numbers. We make use of the

following facts from elementary group theory.

1. If H <G and |Hl = 2 then H < Z(G).

2, (a) 1f |6] = pg and g # 1 (mod p), then G has a normal
Sylow p-subgroup.
(b) if |G| = p?qg then G has a normal Sylow subgroup,
([1], page 97)

3. For any finite grour 5, Inn G G/2(G).

4, If N 4 G, then G/N is abelian iff N 2 G'. ([1],page 59)

5. If H, K < G so that Hchar K ¢ G, then H ¢ G. ([2], page 73)

6. Let H < G, K9 G, and ¢{(G) denote the Frattin{ subgroup of
G, then (a) K < ¢#(G) iff there does not exist H < §
so that HK = G.

(b) K £ ¢(H) == K < ¢(G). (1], page 289)

7. If H < G then (a) G/HG can be embedded in S]G'HI
(b) NG(H)/CG(H) can be embedded in Aut(H).
([1], page 74, 84)

8. If G is a transitive permutation group on a set f, then the
stabilizers Gy(a€R) are all conjugate to one another and if
9] = n, then [6:Gql = n. (4], page 15)

8. There exist exactly two non-abelian simple groups of order
less than 360 namely As of order 60 and PSL(2:7) of order
168.

10. If G is a non abelian group then G is insoluble iff some
subgroup H of G {(possibly H = G) contains a non abelian

simple factor group (possibly the trivial factor group

H/1).

11. The following is a list of all the groups of order less
than 18,
Chy 1 £ n < 15; Cp xCp, p =2 or 3:i Dpn, 3 <n< 7

Cz x Cu4s Ca2 x Cy x Cas U3 Cz2 x Ces ARys; Qs

Conjectures
Conjecture 1: G!' =6 = 12(G) = 1.

The motivation for this conjecture is of course the fact
that if G is abelian then G' is trivial and also G' is in some
way 3 measure of the commutativity of G. Now we know that if
G is soluble then G' is properly contained in G and so a
counter-example can only be found within the class of insoluble
groups. G~ As satisfies the conjecture, Hence all groups
of order less than 120 are ruled out as counter-examples (9,
10). We show G~ SL(2:5) of order 120 is an m.c.e. The map
det  6L(2:5) + {1,2,3,4} is an onto homomorphism whose kernel
is sL(2:5). Hence |G| = 4B0/4 = 120. G/2(G) is simple
non abelian ([1], page 68) = Z(G) is maximal normal in G
(Isomorphism Theorem) =+ Z(G) is the only proper normal subgroup
in G. [For suppose there exists H # Z(G) such that H 4 G.

Then HZ(GC) 4 G and HZ(G) contains Z(G) properly. Hence

HZ(G) = G. Now

O M (R G F M

‘and K & C,.

Hence by (6) Z2(G) € ¢(G) and H = G}. G non
abelian = G' ¢ 1. G/Z(G) non abelian =G' ¢ Z(G) (4).

Since G' ¢ G we must have G' = G.

Conjecture 2: Conformal groups are isomorphic, i.e. if G and H
have exactly the same number of elements of each
order then G & H.

) This conjecture is true for abelian groups but unfortunat-
‘ily non abelian groups do not fit this pattern. In fact within
@ groups of order 16 we can find 3 non isemorphic groups all
of Qpich are conformal. We also see that an abelian and a
non abelian group may be conformal. For a counter-example it

is clear that we need tuwo nan isomorphic, non cyclic groups of

"the same order ang this condition rules out all the groups of
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order less than 16 except the groups of order 8 and 12, (11),
and these groups are eliminated by counting elements of each
order, G2 Cs x Csy and Hx Q@ x C2 supply us with an m.c.e. as
both groups each contain three elements of order 2 and twelve

elements of order. 4. H is non abelian. The

G is abelian.
group K = <x,y ¢ x* =1 =y*, xy = yx“!'> is also conformal
with G and H.

among the groups of order 16 there exist two other groups which

We also note that this m.c.e. is not unique as

are conformal, namely:

<a,b,c : a® =1 v = ¢?, abc = bca = cab>

and

<a,b,c : a* =1 =1t =¢?, ab = ba, ac = ca b, bc=cb>

Conjecture 3: Given a nilpotent group G, there'ex