CONFERENCE ANNOUNCEMENTS |

LINBRICE WATHE ""-’.'.5‘ 982,

A twoeday hAlgebrn Conference will Te held st Mary Impaculste Collegs,

Limecizk on November 12th amd 13th, 1382, The maln spankers ars ¥rof. J.6. Thoopson

{Cambridygel, Prof, T2, laffey {U.v.0.]1, Prof. M.L. Pewall W .5, and D, DL

MzcHale (U.C.C.!. Porsong seeking furthsr detalls or willing to give short valks

of wp to 20 minutes éuwation axz invited to wontest tha ergwiser Ur. 6.4, Baright,
#avhenatics Depactment, Mary Immeoulats Colinge, Snuth Chrouler Rosd,

Foone {061} 44583,

SRSECONE 11T,

The Toird Interpationsl Conferenss on the ¥orerfeal drajwaig of Sowddonionber

)
bevices and Integrated Clrouits will be held £ L7un Sune 1863, :
andoy the avsplers =f the Mmerical dnaiysis Group and dospongorsd 2 tha Plsotana
Vevices Society of the 1ETE, the Instifnte for Humerisel twwputanlsn eng dnalyeie !P

emazionl Society.

ares rolicited fyrom anginsers srprialenn

trduited papers

Gn ary topie relavant to the nuwerical anslysls, madelll

elvctronic, cpto-electronis and guantum elechizoude semdsondusing sevices and in~

toarsted clzouits.  The de c‘ﬂ, 1ne for the receipt of ahstracts wnd prelimbnary verslong

of r0-niwate contributed papsrs is 18th Pehrvary. 1283, a1 soepesponderce ebould

Copfarence, 3% Twinity

e addreszed to: FNARECODE Coliage, Lublin 2. Phone D40~

iEnd ledd,

Il axk.

Incozng tionel Congress on Mathonatirg will e held im

Edsiaide, South ausiralla, in Auguet LAP84. The chelimen of tha Internatienal Txvogzes

Comalliice 3R Dr. H.o. dowssn, Deparipent of sathemetdcs, Auvstzalisn Mational Undvexsity,)
|
Canlerya. :

IHPINITE EXPONENTIALS B.J. Bippon

A guestion of the following type appeaced during 19481 in a Regional Math.
Contest for high school students in the U.8.3. and cavsesd some &ifficuitiss oy
the refaxees present.

*Find 81l the real nwshers a sweh thal

'.
9." )
a » 8." (1)

The ewpected anwwar, presumably. was tiat

a*”’ n

2® ,_‘(a ’ﬂ!aava,

2]
ané ®o &z = B”o ., Hers {1) has been taxen %o rann that the gaguence

a
nat,at ) + +ss s which we siall denote throughont by
®a

By mE AL, AT, LR U PR | {2}

convergas to 8. Mow it is not ipmediataely cbvious that tho seguente an willi be cen-~

ll&?’; 3.2 and this diffiguicy cccu}teﬁ to the referees ah the Math.

vergont when a = 8

Contest. In fsct it turns out that the seguenca is sonvargend. Unfortunately howsvexr

1t ‘dees not converge to 8 and the gquastion wae vary nearly serubbed]
In this articla I shall attespt to explain tha somewhat surprising facts tut~

lined above and survey a number of the known results about the convergence of such

'infinite exponentials'. Both the real and cﬂmplex rasze will be discusved end some
new results given., I am qnntly in debt te tha survay by Unoebel [4] which ared

\coiﬂcidmnmlly at sbout the same time as the Hath. Contast and which coniains

huge bibliogzaphy on this tepic. I as also gratefndl to Leon Greenberg, uﬁus& ingenious

approach to the convergence of an(fcr real a) figst kindled my intersst in this problem,

and to many collsagues and students at U.C.C. fur sdvice and encoursgament, parti-

cularly with the computer.

To gee why a = 8‘“8 is not a soiution of {i) we considexr the graph of

Vx> o. .
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with equalicy only at the single point of fuflection of ¥ = a , which occurs
%
x -3 " e a
vhen 2" w(-icga) « If {1/e}” <€s <3, therefore, tha graph of y = &° orosses
] . "
-
¥ - .
& L= tha greph of y » x exactly once, at x w b.
¥ He® = o
a'g T Tt ey - . 3 P Y= X
g e , P
e . /
' T ! .
/’ ! .
H e
j F i 'Y -~ &x .
& 4 e LX-N &l :
b 5 . o ;' H o
4 ¢ i k4 5
If b is the unlgue numdbar lase than e satisfylag i
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Lge k. Blosos & v b owa deducs by induction that the & Y
Sk,
2 Dranded abave By B oond 29 oonver gas 0 BOmG numhes ©, §owa % ) o Gy ] ., LY i
Bohave ¢ o= bl A Litile work with & pelceletus shows chat thds | b le The convergence of the soqQuence s, to b is then immediste from the graph,
¥
apoy o On the othar hand we bhave
Tt turng wat chat the behevicur of e sequessa A for & » 5 wer stud 4 o } S
3 i
»‘ el = {log m°", ‘
Long ags &8 ATTY Ly Ealss {30 . Be, it BROBS . Yas alyvsady aware of the Tact fsince | 2o

that the seguence {5 sonvevgent 1¥ ani wrly L

Eodleenviied ddiy

which is ﬁ’t::.ix:tly Greater thea 1 44 0 <b “1/n, thatr 9 L2 0% 8 < (1/e) 7, ‘
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patuzal then ¢ study e greps of ¥ m 8", x5 0. e helore ve Tew b dannoe tha ; i ,
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funiques! zolutdar of &7 = w, which wil) alss be & solution of 2 X In thin
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lies preiotly boswesn a

rantlation, T4 ie , ;

In this case it {s clear from the graph that the sequence L Goes not couverge.

cane A% b <1,

The problem becomes much harder Lf wa allow a to ascume complex values. in
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where tha principsl value of logo.ia taken. This exzludes nuubexrs on the negutive

reel axls fyom ccasideration, though wa note that a = -1 48 ga excepticnal spacial

case, Qulte a lot is known about tha coavergence problem for conplex a but there
R .

arse still & number of interesting open questions.

She pals prsblem concerns the set ée-g
R, = %5 : {4341},

whtch 12 1llusteated below.
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4
Rc }
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4hi3 wel bests the yeal axis precisely in ths interval R,a - i(l/e}e,elfﬂ on which
gauence a is gonvexgent. Computing evidence suggests that a may in a2t ba con-
vergent throughout R{: and we shall swvey a number of partisl resuiifs towards this.

The sat R, ¥a& first identified by Caxluson in his t«h.esis {2) of 1907, where
showed that L B +wasn ~® and if a. tw,ne),2, ... ,thanae RC. In £act,

by {3}, 'gu tave w = exply log a) and on putting A wlogo. wa chtain w = @~ and
A R only remains to show that [§l § 1. To do this we let '

b omawt -1, r = 1,2, ... M
s> thay, & (3),

uﬂ‘nﬂ.“ QN El*hn)w log 8]
end hzace

By ® exp{g B~ 1. {5

Siace bn #0,a=1,2, ... , and bn <0 a3 n- o wa have

b .
2L . £ 4 o), 1w, : (6l
3
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Thus
I p !
Bl » um Y <1,
n- o % i

as required. Ve also obsarve from (4) and (&) that 1f azxg%# O then

’a ~
ALY {‘-—ﬁjima.‘: ) - yxy (EI".?.};.
a — v b /

-5 a‘ggé ’ n W™ .
Thig shows that the seguence a_ converges e w in a spixel~iike mannay. As an
. Ty
exampls we illustrate the convergence of Lha seguence 1,1",1‘!‘ 3, wer o Whlch will

de proved leter.
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Wa chall Gaduce poslitive reoults frca the followiug

i, G

fcuna. LetS] e any Jomeldn hounded by a siuple clossd purve " and izt fedil

£

g

& centinvous funetion, ansiytic ia S}, vhich does not u;’.ﬁ. conformalliy onto Ziself,
I£f £ has no fixad point on i then £ has a uaigue fixed peisi % in 3l and fox ey o
A&

in 51 the  ERQuence

LI t!(z“)‘f AwleZ, el (73
—
coavergas Lo z,.
S ' '
* I ar grateful to Feter Walxer for piinting out how this lemms fane b2 used

1 ub
to prove the convergance of i,i7,3 B

<ve » It 8iso serves to unify and éimplify
'many of the agproacheu which have been made to the genersl problem., For other
results of this type we rafer to Burckel {11,

To prove the lemma firet note that £ wust have at least one fixed peint ze
ir..ﬂhy Brouwsr's thesrem (in any particular application the axistence of an
interior £ixed point can often ba demonstrated mfe directly). We assume, as we

may by the Rlemann mapping theores, thatﬂ. is the unit dlse anéd that zo = 0. Ey




Schwarz’a lemma
jeem <zl , (< 1z} <1) 18)
the inequzlity belng Ttrict bmcsure £ 48 not a rvotatfcn ofSL. Thus 'lsznl iz dg-

ereseing and g0

anisiv, Juoe 3uhsequence of L iw conavarxguni, to 2 say, and by the continuity of £
wa Lavy
{£2){ = ¥ = f=m}.
hecereding o 82, thexefors, we must have z = § and 80 zn > 4, 88 rRgulired.
As a first application we show that
Yg‘,_,,u {a : flog af _'t_a')‘}

]
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e & sov of wovvergancs for 8. This 1s dwe to Thyen +7:.
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tercing ' *
iy
Fa 4 H - 3
Mot wn Jlog wi < 1}'«

we find Thst
togfa™i » iz log al g1, @ &fl, s €RY

eipen 2] € « when 2 €53, The incqusiities here are strict. excapt when z » o,
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ai 30 & aspselpreperly into itzelf., The only ponsible fixed point of 2 on 24

1 -3 1
i5 2 w2 and this can only oseur when §1«3;~' z2f = e ", Thiz would mmen that a = e“/a

and we already know that a_ is converg

» pl €67 thiz value of &, For any other 8 in
:

. a
R‘: the lemma glves the deslired convergencs of 1, a, 2 ; +v.
Another wmajor contribution tovards the solutisn of this problem was pade

by Gheil in hiy thesls of L183%, part of wiich was poklisned in {6}, %= shall prove

bave one xesult of his, that a, i g:"nve::qen: whan a dlas In
< geT 3
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Tor wiy a eg'a Rt A & leg 2, sonsider tha disc
4 s 1 .
-ﬂ«;*f%‘; fe-efl < {2517, ‘
wF
e Jhy uen 2o~ 1f 22 and 5o ()
‘ . .4 . . 2
. ja%07 [ = fexpiz log a} ~ ¥}
« ot fespittze®ul ~ 1l -
< e itall e - 111 0
' | RS

&
s z ., . . : . .
It follaws that & meps f; into itself and avidently has & = &” as & fixed pint.

[<d
This mepping 1s not & rotatiom (for instance, its Jexivazive at ¢® is egual #3&)
and 1t is easy to theck that Z, = 1 lies ia ,ﬂ.gexee-pt when & u ~logd {coxvesponding
to a = &, whare the sonvergencs of a is alxesdy knowa}. According to the proof of
the Jozza the sequence l,a,aa, v s CONVORGES 1O eg ¢ &8 required.
*
I1z]

U)T'm ineguality lo®-1i X ~ 1, vhich we use hexe, follows lumediately from the
Taylor veries for u’" ' ‘
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sazeful study of (9] raveals {5] thet 1£f s = 1f] < 1 then there
and t#nds to zero as 8 tands to 1
depends continuously on a/) such that a® meps the disc

A mors
i3 & numbar 3{s} > © {which

8y 5 with centre o% aad radies g {3i, into Stgelf. Thus if a_ € A% for any n we
5 T
Rl eﬁ’ as n 2 =® ¥y continuity we daduce that the sat of intexicy

.

sust hawve a,

aoiate of FE for which the seqguaence a, is cenvergant forws an Open Sel.

By new the reader will appraciate that the appreach beling used 1z 2o find

@ "gomailn of fsvavience’ for ihs nepping a® which is iezge enough ta includs the pain!i

a itself. Yo give sone idea of the types of 2owaing of {nvarlance which zight be anr

conatered we L1luatraie ihe seuande A, in twe particulay zages whove Lts coovargent

hae oot Lean astablished,

R gy axidel
a4y,
.
] A .
R v
’ N @ : &,
st T -’“a,: . N
£l ¥ o »
N .. o d aeo?
PP o sy {
* A, - S
"L L)
9\"' .-‘,‘g\. .‘ ;}‘ L a'?
“h ) &
R

s equivalont wey to look at this problen 13 o make the suvstitution wasd

asylier in {4, namely,
‘ -4
b = a®
a n

- 3, no®1le2, oas)

PR .
e g Ll 1):: - 1, nnd

where a = 8 . We than have b, = M"* - 3 = explG{e

© - axx:[';bﬁi - 1, 0w 1,2, cas )

atl
also put bg b .—2 ~ 1 end aven b_, * ~l. The peoblaa then is
Bi<i.

~ log 2 by obgerving that the unit dsc is lavariant uwndex the mapping

znd Lt is natuzal W

s sheonr that bn -+ 0 whenever Shall'a axguwment showed that this was taue

when 15}

oF% - 1, foz such £ .
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To provids soms food for thought we illustrate the spiral~-iike bhehaviour

0.3 %, ' ' :
©f the ssgquencae bn when & = i (which corzasponds 0 a & .99 ¢ L.163) .

b

L S TTIE

““1 "u“‘»ﬁ [Pt

Lt seens cluar that. thle sequence converges to 0, alvait slowly. .E‘oz Instance,
calculations on & computer indicate that when n = 200,000 the wodulus ef b is

: ) ]
about 0.1, In this casa however thers would be no hope of finding a sultabie doamain
of fnvariance 0 for £iz} = “iz =~ 1 since 1£7{0)} = 1, which would force f tu mag
conforpelly ontc itzelf.

2

Hedther cf the poaltive zeasits proved ‘r.ag:liex‘ sovery the ceee & w1, oorre
esgonding to §:% ~0.6+0.7i, which i® notuxally of particular intazest. Apparently
& proof of the wonvergence vhen a = L was given in Sheli®s thesis, buk this foss not
sppear in his subrequent paper. However the foliowing wtunningly sinple proof was
pubiished by .Macinizyra {8l in 1966. zet

L= gxtly : 0 <x,y <1f.

z :
Then £{x} = 1" waps Ji properly lito itsali;since

1% uiz:‘-'t/?, - e»yzg/,;eauwf;f;
e
P
: , o
M KA I )




By inspaction £ has nc. fixed points on @il and oo wa can spply the leawa with

w'é_.! , waich les inJgl.
18

&, Converges whenever & iz of the form e

The same srgument shows that the asyuence

¢ 0% & S,

LR ex;{{lghe
By conjugacy, therefoxe, we

have convargence throughsoug

I3

R, = 12'%: lelswalt.
To gat an lmprasslon of the results go far we illustrats the rets

R, ?B,R,‘ R, and R)( togather and vemind the reader that itha set of mopvargence is

open 4n the Interler of Rc.

1t is interesting that there 48 i» zelaticnship of containment BROBGET Rgg’?'v;'ng

end Rﬁ .

finish with an intriguing fact thet does not sea: %o have baen

wentioued in the literature. The sequence a, iz In fact convergant for wany numpbexs

g z N
rydiay outside Rc. An chvious srauple is 2 = -] but there are alsc, for instance, o~

bounCied sequences of nusbecs 3 in the flrst snd fourth qQuadrante esch having the pro-
party that a®

» a. For sucth mmbers we clearly have 8, me,ma M. .

To demonstxate their existence wa show that, for each positive inteqer X,
there ie a nunber z lving in

8= {xtdy : x> 0Q, 0 ¢ ¥ < 4/2},
#uch that ‘

o

gle® - 1) “ 2ukd,

{#d has no fixed points on the boundary.

wlution z 1 §

* leads to the existance of othaer nusbers such that

18

In that case a = e° lfecs in the firct quadrant ani

a® « oxp [2 log 8] = oxp (2] = axp [z + Zakt] = a.

lioreover the solutions z of (10} will ba wibounded with k. Zne way to show that

these solutlons exist is to rewrite {1} as

zZ = log {1+~
The functicn on the riqht~hanq 3ide of this ‘equaucn' sps the first guadrant into 5
‘ Apart from preving that (10) has a unigue
for each X, thy lexma allows us to compute approxiuate waluss for

thass solutions and for the corvesponding nunbers &. The first few of these are

{llustzated below and it ig tlear that they all lie ocutside RC' & {act which can

ilgo ko proved snalytically.

- » &‘3
|
e a2

* Let

& hEY & &
Further work alony these iines (dutails of walsh wijl appear elsewhexe)

8y ™84, a, - Byr e s W give

one exsuples, which the veader 45 invited to check-preferably with the h:ﬁ:‘*af

lortxan IV! Due allowance should be made for round-off erroxs.

1*:32 X az-a3 ® oy ee

|

2.8629 + 3,22334
3.7273 + 5,31804
4.4332 + 7,19384

2.4293 + 0.554854
2.6921 + 0.587851
2.8513 + 0.600674

1.9813 + 0.160311
2.0599 + 0.167023
2.1024 + 0O, 158431

1.7828% + 0.0B21664i
1.B1650 + 0.0718514
1.83403 + 0.,0661241

Finally I should be grateful if someons would disprove {or, better swill,
jove! the following (rather wild) conjectuxe which has deen botharing me for some

Une now. Could it ba that the set of numbers a such that the uquonco a, converges
is sctually dense in tha oomplox plane?
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Msjorization and Schur Functions

Philip J. Boland
University College Dwbiin

The concepts of majorization and Schuy functions lay the basis for a
vich and elegant theory in which many classical and applicable inequalities
may by viewed, In this expository paper the basic definizicns and
properties of majorization and Schur funciions are presented, togecher
with a verioly of applications emphasizing in pani'cuiar some in rellability
theory. For a thorough and recent account of majerization and Schuy
functions, the in;ca;*ested readsr should consult the excollent Ize matities:

Thaory of Msjorization and its Applications by Marshsll and Dikin {1579},

1. #Hajorization

Civem a vacior x = {xl...(.x,} A E", let Rpns Dewed Ry o dzanie a
& S 104 g
decreasing rearrsngensnt of x X *
5 bt 14 : 10 oo 1%y

Dafinition 1.3 7 Xy ERY, then zxcy §f
A Y T A T X 2 Pty 3 -
i i
La.oq 8 3 o3 J 1,0 oDl
‘{AEI}@ fy[“ for § =1, n
5 fi
ans 272 D oyooy.
Iy 1 1}

¥ z<y, we gey thet x is majorized by y. aote that if iy,

then the sompenests of lz_ sre more “spread cut® than thoso of ¥. For
11 1 1
example i-rl-{p ceeatm) o oerosmy O < (L0, 0, e

-

(3.R,000,%) =< (RyseveiX) whore & = Zxy/m.




