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EDITORIAL

The bulk of this issue of the Bulletin is made up by four papers of
speakers at the Mini-Workshop on Elliptic Curves, which was held at
the Mary Immaculate College in Limerick on 29th and 30th Novem-

ber 2006, together with a foreword by Bernd Kreussler. These survey-
style papers provide a nice introduction to the topic and are quite the
kind of contributions to the Bulletin the Editor would like to see

more.
The section on PhD abstracts, which started a year ago, has very

nicely picked up and contains this time 12 contributions covering a

fair variety of mathematical areas. Certainly, there must have been
more PhD degrees awarded in 2007 in Ireland but maybe the message
of the possibility to have an abstract published in the Bulletin has not
yet reached everyone. I like to emphasize here that only abstracts of

PhD theses and not even exceptionally good MSc theses are published,
and these have to be in mathematics and not in statistics.
It appears that the Society’s communication with its members could

improve were an up-to-date e-mail list available. For this reason, an
insert coming with this issue requests members to provide updated
information in a very simple way. Please do follow this suggestion
by the executive of the Society!

—MM
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2 Notices from the Society

Applying for I.M.S. Membership

1. The Irish Mathematical Society has reciprocity agreements with
the American Mathematical Society, the Irish Mathematics Teach-
ers Association, the New Zealand Mathematical Society and the
Real Sociedad Matemática Española.

2. The current subscription fees (as from 1 January 2002) are given
below:

Institutional member 130 euro
Ordinary member 20 euro
Student member 10 euro
I.M.T.A., NZMS or RSME reciprocity member 10 euro
AMS reciprocity member 10 US$

The subscription fees listed above should be paid in euro by means
of a cheque drawn on a bank in the Irish Republic, a Eurocheque,
or an international money-order.

3. The subscription fee for ordinary membership can also be paid in
a currency other than euro using a cheque drawn on a foreign bank
according to the following schedule:

If paid in United States currency then the subscription fee is
US$ 25.00.
If paid in sterling then the subscription is £15.00.
If paid in any other currency then the subscription fee is the
amount in that currency equivalent to US$ 25.00.

The amounts given in the table above have been set for the current
year to allow for bank charges and possible changes in exchange
rates.

4. Any member with a bank account in the Irish Republic may pay
his or her subscription by a bank standing order using the form
supplied by the Society.

5. Any ordinary member who has reached the age of 65 years and
has been a fully paid up member for the previous five years may
pay at the student membership rate of subscription.
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6. Subscriptions normally fall due on 1 February each year.

7. Cheques should be made payable to the Irish Mathematical So-
ciety. If a Eurocheque is used then the card number should be
written on the back of the cheque.

8. Any application for membership must be presented to the Com-
mittee of the I.M.S. before it can be accepted. This Committee
meets twice each year.

9. Please send the completed application form with one year’s sub-
scription to:

The Treasurer, I.M.S.
Department of Mathematics
St Patrick’s College
Drumcondra
Dublin 9, Ireland



4 Notices from the Society

Minutes of the Meeting
of the Irish Mathematical Society

Annual General Meeting
4th September 2007

The Irish Mathematical Society held its Annual General Meeting
from 12:00 to 13:05 on Tuesday 4th September at UCD. There were
25 members present at the meeting.

1. Minutes

After a minor adjustment the minutes of the meeting of September
2006 were approved and signed.

2. Matters arising

All matters arising were discussed under the headings below.

3. Correspondence

There were 4 items of correspondence:

(i) A call for nominations for the Abel prize.

(ii) A letter from Mr Frank Turpin, chair of the NCCA Board of
Studies for Mathematics, in reply to a letter from the Math-
ematics Education subcommittee concerning the NCCA’s re-
view of post-primary Mathematics. Mr Turpin informed the
society that work was on-going on a new syllabus for second
level Mathematics. M. O Reilly informed the meeting that the
Mathematics Education in Ireland Conference will be held on
14th and 15th of September 2007 in St Patrick’s Drumcondra.

(iii) A letter from Ms Margaret Kelly, Principal Officer in the De-
partment of Education and Science, in reply to a request from
the IMS for information on the provision of Higher Level Math-
ematics in post-primary schools. Ms Kelly informed the society
that the Department of Education and Science did not have the
information required and suggested that the society contact the
State Examinations Commission. The secretary informed the
meeting that this had already been done.

(iv) A letter from Ms Mariosa Kelly of the Department of Educa-
tion and Science together with a list of 58 schools where no
pupil was returned for the 2005/2006 year as pursuing Higher
Level Mathematics at Leaving Certificate.
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4. Membership Applications

Thomas Unger, Romina Gubburro, Remo Hügli, Helena Smigoc, Nu-
ala Curley, Sarbari Mukherjee, Declan Walsh, Ciaran O’Sullivan,
Paul Robinson, Gloria Crispino-O’Connell, Martin Marjoram, Noel
Gorman, Fergus Gaughran, Ciaran Taylor, Cora Stack, Fiona Wat-
son, Dmitri Zaitsev, Madeeha Khalid, Leo Creedon, Grace Corco-
ran, Partrick McKenna, John Boncek, Violetta Moloney, Laurence
Cuffe, Christine Horn and Richard Stafford were approved as ordi-
nary members.

An insert will be prepared for the next edition of the Bulletin. The
purpose of this insert is to allow members to update their details with
the society. It is hoped that an up-to-date email list of members can
then be created.

5. President’s Report

The President presented an interim report on issues that have arisen
this year. He thanked David Armitage for his long service to the
society, he also thanked Maurice O’Reilly, David Wraith and Ann
O’Shea whose terms of office have come to an end.

6. Treasurer’s Report

The Treasurer presented his report for 2006. It shows a shortfall of
466.39 e. The report was approved.

7. The Bulletin

The Editor reported that Volume 59 is ready and is being distributed.
He noted that short survey articles were welcome. He asked the ab-
stracts of PhD theses written at Irish institutions be submitted for
publication in the Winter issue. It has been decided to discontinue
the section on reports of conferences funded by the IMS. The com-
mittee decided to continue producing the Bulletin in print form.

8. Election to Committee

The following were elected unopposed to the committee:
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Committee Member Proposer Seconder
S. Breen (Treasurer) A. O’Shea D. Wraith
S. O’Rourke (Secretary) R. Timoney D. Wraith
B. Guilfoyle R. Higgs A. O’Shea
N. O’Sullivan R. Higgs A. O’Shea
T. Carroll R. Higgs A. O’Shea
N. Kopteva D. Wraith G. Lessells
S. Buckley D. Wraith G. Lessells
A. Wickstead M. O’Reilly G. Lessells
S. Wills R. Timoney G. Lessells

As editor, M. Mathieu will be invited to committee meetings.
The total number of years each existing member will have been on
the committee as of 31 December 2007 will be: M. O Reilly (6),
D. Wraith (6), A. O’Shea (6), D. Armitage (5), T. Carroll (4), J.
Cruickshank (5), N. O’Sullivan (4), R. Timoney (3), R. Higgs (3),
N. Kopteva (2), B. Guilfoyle (2), S. Breen (1), S. O’Rourke (1).

The following will then have one more year of office: R. Higgs (Pres-
ident), J. Cruickshank (Vice-President), R. Timoney.

9. Fee Increase

The Treasurer proposed that subscription rates should be raised.
The rule change was passed unanimously. The new rates are: Or-
dinary member: 25 e (or 18 £); Student, Reciprocity and Retired
members: 12.50 e; AMS reciprocity members: 15 $; Life members:
300 e; Institutional members: 160 e. The fee increase will come
into effect in January 2009.

10. Report from the Committee for Service Teaching of
Mathematics

A discussion document on service teaching of Mathematics was cir-
culated. The document recommends:

1. that the IMS puts down a marker that service mathematics
is important to Irish society, in order to counter any percep-
tion that the IMS does not currently give service mathematics
sufficient attention;

2. that the IMS plays a more active and prominent role in the
area of service teaching of mathematics and, in particular, that
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service mathematics become a special interest group within the
IMS;

3. that the IMS makes the point repeatedly that fourth level ed-
ucation in many areas is predicated on students’ solid foun-
dations in the fundamentals of mathematics and that this can
only be achieved if mathematics is taught by mathematicians;

4. that the IMS agrees that the teaching of service mathematics
alone at most of the institutes of technology represents a lost
opportunity to reach a critical mass in mathematics at these
institutes and to build viable and identifiable groups of math-
ematicians with common interests and goals.

The document will be made available on the IMS website. It will
also be circulated via mathdep. Comments on the document should
be sent to A. O’Shea who agreed to consult with the Committee
for Service Teaching of Mathematics and the Mathematics Educa-
tion subcommittee and to produce a policy document on this subject
by Christmas 2007. The policy document will be circulated in ad-
vance of the 2008 AGM. The members of the Committee for Service
Teaching of Mathematics were thanked for their work.

11. SFI Mathematics Initiative

The President met with Dr Gary Crawley of SFI in July 2007. An
account of the meeting can be found at
http://www.maths.tcd.ie/pub/ims/business/SFIMaths2.pdf

12. Links

M. O Reilly has attended two SMF meetings and it is hoped that a
representative of the SMF will speak at the IMS/BMC meeting in
2009. The President has drafted a reciprocity agreement between
the IMS and the New Zealand Mathematics Society and is waiting
for a reply. There is now a link to the Irish Applied Mathematics
Teachers Association on the IMS website and a representative of the
IAMTA may speak at the DIAS meeting in December 2007.

13. Website

The calendar of events for mathematical activities in Ireland is now
up and running.
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14. Public Image Issues

B. Guilfoyle is the PRO for the society.

15. IMO

Stephen Dolan won a bronze medal at the 2007 IMO. J. Cruickshank
will write a short report on the competition for the Bulletin. G.
Lessells was thanked for organising the Irish team’s training camp in
UL each year. The Fergus Gaines cup will be presented to Stephen
Dolan in November.

16. Future Conferences and Meetings

The 2008 meeting will be held in the Cork Institute of Technology.
The 2009 meeting will be a joint meeting with the BMC in Galway
and will be held from 6–9 April. The 2010 meeting may take place
in DIT. The 2007 DIAS Winter Symposium will take place in De-
cember, however dates are not yet known. The next general meeting
will be held in CIT in 2008. It was noted that the 2009 AGM will
be held at DIAS.

11. Any Other Business

(i) The treasurer received an email from consultants to Fáilte Ire-
land encouraging the IMS to host the 2016 Congress of the
European Mathematical Society.

(ii) M. O Reilly plans to conduct a survey of the membership. He
asked for volunteers and will report to the December committee
meeting.

(iii) P. Kirwan reminded the meeting that Maths Week 2007 will
take place in the week beginning 15 October.

(iv) R. Watson informed the meeting of his intention to set up the
Irish Mathematical Trust. The main purpose of the trust would
be to coordinate mathematics competitions at second level. A
committee member will be chosen to liase with R. Watson on
this matter.

Ann O’Shea,
NUI Maynooth

These minutes still need to be approved by the next AGM.



PROGRAMME

20th SEPTEMBER MEETING

University College Dublin

3–4 September 2007

Monday 3rd

10:00–10:30 Registration and coffee

10:30 Opening address — Gary Crawley (SFI)

11:00–11:50 David H Armitage (QUB)
Unfinished business: some open questions
in classical analysis

12:00–12:25 Shane O’Rourke (Cork IT)
The equation xpyq = zr in tree-free groups

12:30–12:55 Ciaran Mac an Bhaird (NUIM)
“Gauss” method for the determination of the
minimal polynomial of the Gaussian period

13:00–14:00 Lunch

14:00–14:55 Peter Lynch (UCD)
Calculating the weather: the mathematics of
atmospheric modelling

15:00–15:20 Coffee

15:00–15:25 Huizhong Wu (DCU)
Large fluctuations in stochastic dynamical
systems

15:30–16:00 Coffee



10 20TH SEPTEMBER MEETING

16:00–16:50 Keith Weber (Rutgers, USA)
How do students learn to understand formal
mathematical concepts?

17:00–18:15 IMS Committee Meeting

Tuesday 4th

9:30–9:55 Anca Mustata (UCC)
On spaces of rational curves and their cohomology

10:00–10:25 Stephen Buckley (NUIM)
Nonpositive curvature on metric spaces

11:10–11:30 Coffee

11:00–11:50 Geraldo Botelho
(Valencia, Spain & Uberlândia, Brazil)
Ideals of homogeneous polynomials from a
historical viewpoint

12:00–12:50 IMS Annual General Meeting

13:00–14.00 Lunch

14:00–14:50 Robert Osburn (UCD)
Ramanujan, partitions, and overpartitions

15:00–15:30 Coffee

15:30–15:55 Claire Gormley (UCD)
Exploring voting blocs in the Irish
electorate: a statistical modelling approach

16:00–16:25 Martin Mathieu (QUB)
A multivariable Cayley–Hamilton theorem
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The IMS September Meeting 2007 at UCD

Abstracts of Invited Lectures

Unfinished business:
Some open questions in classical analysis

David Armitage (Queen’s University Belfast)

Some easily stated open problems will be discussed.

(i) It is known (Zalcman, 1982) that the Radon transform is not
injective: there exist non-trivial continuous functions f : R2 → R
with zero (proper) integral on every (doubly infinite, straight) line.
All known examples of such functions have extremely rapid overall
growth. Can such a function have slow growth, or even be bounded?
Is it true that a continuous function on R3 with zero integral on
every line must be identically zero?

(ii) Every polygonal domainD in R2 has the Pompeiu property (PP):
if f : R2 → R is continuous and

∫
σ(D)

f(x)dx = 0 for every rigid mo-

tion σ, then f ≡ 0. The corresponding assertion for functions on the
sphere S2 is false: there are infinitely many (non-congruent) regu-
lar spherical polygons that lack PP, and they can be characterised.
But it still seems unclear whether, for example, all non-trivial regu-
lar spherical triangles have PP, and whether (up to congruence) the
known example of a spherical square lacking PP is unique.

(iii) One formulation of the maximum principle asserts that if h is a
non-constant harmonic function on a ball centred at the origin O in
Rn and h(O) = 0, then h takes positive values and negative values on
every neighbourhood of O. In the case n = 2, this can be quantified:
it is easy to show that, with h as above, the subset of {x : ||x|| < r}
and the subset where h < 0 have roughly the same area. (The ratio
of the areas tends to 1 as r → 0+.) What can be said in the case
n ≥ 3?
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Ideals of homogeneous polynomials
from a historical viewpoint

Geraldo Botelho (Valencia, Spain & Uberlândia, Brazil)

The main aim of this talk is to give an overview, from a histori-
cal viewpoint, of the study of ideals of homogeneous polynomials
between Banach spaces. We start by describing, on the one hand,
the beginnings of infinite-dimensional analytic function theory at the
turn of the 20th century; and, on the other hand, the emergence of
functional analysis in the 1920s and 30s. Our idea is to present the
theory of polynomial ideals as a natural and unifying evolution, ini-
tiated in the 1980s, of developments which these two theories had
undergone over the period 1950–70.

Nonpositive curvature on metric spaces

Stephen Buckley (NUI Maynooth)

We define various concepts related to negative or nonpositive curva-
ture on metric spaces. We discuss how these concepts are related to
each other, and how they lead to boundaries at infinity.

Exploring voting blocs in the Irish electorate:
a statistical modeling approach.

Claire Gormley (UCD)

The electorate in any election is a heterogeneous population in that
voters have different political and idealistic persuasions. A voting
bloc is defined to be a group of voters who have similar voting ten-
dencies. It can be assumed that the electorate consists of a finite
number of voting blocs or ‘expert networks’. Such a framework is
known as a mixtures of experts model. Each voter has a proba-
bility of belonging to each of the voting blocs—the covariates of a
voter determine these voting bloc membership probabilities through
a multinomial logistic regression model. Interest lies in examining
the Irish electorate as in Irish elections voters rank some or all of the
candidates in order of preference. Rank data models are employed
to model the votes cast by members of the electorate. This allows
inferences to be drawn on the number of voting blocs present and
on their characterising voting patterns. Thus rank data models are
incorporated with a mixtures of experts model to provide a unique
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exploratory tool for rank data. Model fitting involves the exploita-
tion of properties of convex functions. The application of the model
to the 1997 presidential electorate reveals that age and current gov-
ernment opinion were influential factors on voter preferences.

Calculating the weather:
The mathematics of atmospheric modelling

Peter Lynch (UCD)

Over recent decades, weather forecasting has evolved from a mainly
qualitative activity to a rigorous quantitative science. The accuracy
of weather predictions has increased steadily, and continues to im-
prove. The changing climate will have major implications for human-
ity. It is essential that we determine probable future changes with
as much precision as possible. The computer models for modelling
climate change rest on the same mathematical and physical foun-
dation as the models used for weather prediction. As the range of
prediction increases, the errors grow larger. For predictions beyond a
few days, probabilistic prediction is more apposite than deterministic
forecasting. This is achieved through the ensemble approach. In this
presentation we will review the mathematical foundations of mod-
ern numerical weather prediction and climate modelling. We will
describe the techniques used for assimilation of observational data
and for integration of the partial differential equations governing the
evolution of the atmospheric flow.

‘Gauss’ method for the determination of the
minimal polynomial of the Gaussian period

Ciaran Mac an Bhaird (NUI Maynooth)

It is commonly believed that Gauss’ method for the determination
of Cyclotomic Numbers, and thus the determination of the minimal
polynomial of Gaussian Periods, is unwieldy for the general case. See
for example, the remarks of André Weil in Numbers of Solutions of
Equations in Finite Fields, Bull. A.M.S., v. 55, 1949, pp. 497–508.
The prevailing wisdom now seems to be that the determination of
the minimal polynomial of the Gaussian Periods, using Jacobi Sums
etc., should be done first and then the Cyclotomic numbers be de-
termined as a consequence. In fact, this was suggested by Weil in
the paper above. It appears that Gauss’ original method has now
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been abandoned. We have shown that Gauss’ method leads to a se-
ries of functional equations. We then obtain necessary and sufficient
conditions for these functional equations to have integer solutions.
This leads to a finite Diophantine system—the number of equations
is independent of the prime. We have shown that this purely Dio-
phantine system has precisely φ(l) solutions which correspond to
the Cyclotomic numbers of order l. This is, in fact, the first purely
Diophantine characterisation of the cyclotomic numbers and the co-
efficients of the minimal polynomial of the Gaussian periods and the
problem is solved for all orders. The bulk of the work involves prov-
ing that the Galois group of a related polynomial acts cyclically on
its roots and therefore the polynomial is irreducible. It is then not
too difficult to show that the polynomial is in fact the minimal poly-
nomial of the Gaussian Periods. In view of Weil’s belief, as alluded
to above, it is of interest that Jacobi sums appear nowhere in our ar-
gument and furthermore, that the determination of the Cyclotomic
numbers can be taken as a starting point for the determination of the
Gaussian periods. This of course was Gauss’ motivation for his work
on Cyclotomic numbers of orders 3 and 4. There are other descrip-
tions of the general Cyclotomic numbers which involved Diophantine
systems, but these descriptions all employ a rejection criterion and so
cannot be considered to be purely Diophantine. A purely Diophan-
tine description has the advantage that if one obtains alternative
formulae for the cyclotomic numbers, the result can be proved by
simply verifying that these formulae satisfy the system of equations.

A multivariable Cayley–Hamilton theorem

Martin Mathieu (Queen’s University Belfast)

The Weyl calculus for a pair A = (A1, A2) of selfadjoint n×n matri-
ces, due to H. Weyl, associates a matrix WA(f) to each smooth func-
tion f defined on R2 in a linear but typically not multiplicative way.
Letting cA(λ) = det((A1 − λ1)

2 + (A2 − λ2)
2) for λ = (λ1, λ2) ∈ R2

denote the joint characteristic polynomial of the pair A it is known,
for n ≤ 3, that A1A2 = A2A1 if and only if WA(cA) = 0. It is an
open problem whether this is still true for n > 3. We shall discuss
two new approaches to this problem: the role of the canonical order
structure for selfadjoint matrices; and topological invariants arising
from continuity properties of the non-linear map (f,A) 7→ WA(f).
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This is joint work with W. Ricker, Eichstätt, Germany to be pub-
lished in Math. Proc. Royal Ir. Acad.

On spaces of rational curves and their cohomology

Anca Mustaţǎ (UCC)

Kontsevich and Manin have introduced the moduli spaces of sta-
ble maps to parametrize curves in complex projective manifolds.
Cohomological computations on these moduli spaces have provided
solutions to important enumerative problems regarding curves. In
this talk I will describe a new construction of the Kontsevich–Manin
spaces for rational curves, starting from the simpler example of the
Grassmannian of lines in the projective space. This new construc-
tion allows us to understand the structure of their cohomology rings
in a natural, geometric way.

This talk is based on joint work with Andrei Mustaţǎ.

Ramanujan, partitions, and overpartitions

Robert Osburn (UCD)

During his lifetime, Ramanujan made many beautiful discoveries
ranging from elegant identities and formulas to work which influ-
ences modern number theory. In this talk, we discuss his work on
the arithmetic of the ordinary partition function, Dyson’s rank, and
a generalization of partitions called overpartitions.

This is joint work with Jeremy Lovejoy (Paris).

The equation xpyq = zr in tree-free groups

Shane O Rourke

It is a classical result due to Lyndon and Schützenberger that in a
free group , solutions of the equation xpyq = zr commute for integers
p, q, r ≥ 2. Groups that admit a free action (without inversions) on
a Λ-tree for some ordered abelian group Λ so-called tree-free groups
are a natural generalisation of free groups, and they satisfy many
of the same properties as free groups. On the other hand this class
properly contains fully residually free groups (called limit groups by
Sela). In this talk we will discuss the extent to which the result of
Lyndon and Schützenberger extends to tree-free groups.

This is joint work with N. Brady, L. Ciobanu and A. Martino.
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How do students learn to understand
formal mathematical concepts?

Keith Weber

(no abstract provided)

Large fluctuations in stochastic dynamical systems

Huizhong Wu (DCU)

Stochastic differential equations (SDEs) are commonly used in mod-
eling the trajectories of processes whose motion is determined by
random movements. In particular, we are interested in the applica-
tion of SDEs to inefficient financial markets (IFM) in which investors
take historical information into account when making their invest-
ment decisions. We study the almost sure asymptotic rate of growth
of the partial maxima and minima of solutions of both linear and
non-linear SDEs, as these represent the largest possible fluctuations
in the price or returns of the asset.

Since in IFM, prices or returns exhibit short run positive auto-
correlations (which mimic market bubbles), SDEs involving delay
factors are investigated and compared with SDEs under the classi-
cal Efficient Market Hypothesis. We also develop Markov models
driven by semi-martingales other than standard Brownian motion.
While these semi-martingales preserve the size of large fluctuations of
Brownian markets, they differ from Brownian motion by possessing
dependent increments, and so can create the presence of non-trivial
autocorrelations in security returns.

The work is joint with my supervisor Dr. John Appleby.



ANNOUNCEMENTS OF

MEETINGS AND CONFERENCES

This section contains announcements of meetings and conferences as
supplied by organisers. The Editor does not take any responsibility
for the accuracy of the information provided.

Duality and Involutions in Representation Theory

NUI Maynooth

August 19–22, 2008

The conference“Duality and Involutions in Representation Theory”
will be held at the National University of Ireland, Maynooth from
August 19–22, 2008. The conference will focus on the representation
theory of finite groups.

The conference topic should be interpreted loosely. We welcome
participation from mathematicians working, e.g., on ‘classical’ Brauer
block theory, the theory of algebras, character theory, structure of
finite groups, representations of Lie groups, Hecke algebras, com-
binatorial representation theory, cohomology and invariant theory,
integral representation theory and the theory of lattices and orders.

The organisers are Dr. John Murray, NUI Maynooth; Professor
Rod Gow, University College Dublin; and Dr. Rachel Quinlan, NUI
Galway.

Full information on registration and a list of participants are avail-
able at

http://www2.maths.nuim.ie/conference/
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Instructional Workshop on

Subfactors and Planar Algebras

Queen’s University Belfast

August 26–28, 2008

The work of Vaughan Jones in the late 1980’s once again revolu-
tionised the theory of von Neumann algebras. The study of sub-
factors emerging from it took various directions; in particular their
structure theory became extremely important, also for other branches
of Mathematics and Mathematical Physics. The so-called ‘planar al-
gebras’ introduced by Jones and Bisch, which also play a role in Free
Probability Theory, appear to be particularly useful constructs.

The purpose of this three-day Instructional Workshop is to provide
a forum for information on the latest developments in this highly
specialised and vibrant area of Mathematics. The core activity will
be six one-hour lectures delivered by Prof Dietmar Bisch, Vanderbilt
(on the first afternoon and the mornings of the following two days).
The afternoons of the second and third day shall be used for informal
discussions or shorter talks by either advanced PhD students or other
researchers in the field of von Neumann algebras.

This workshop is organised by Dr Martin Mathieu and supported
by the School of Mathematics and Physics, the Irish Mathematical
Society and the London Mathematical Society. Graduate students
studying in the RoI or the UK can be supported; for details please
contact m.m@qub.ac.uk

Further information will be posted on the conference website
http://www.qub.ac.uk/puremaths/Conferences/Conferences.html

Irish Mathematical Society 21st September Meeting 2008

Cork Institute of Technology

September 1–2, 2008

The next IMS September meeting will be held at Cork Institute of
Technology on Monday and Tuesday, the 1st and 2nd of September.
It is organised by Shane O’Rourke.

For more information please see
http://www.maths.tcd.ie/pub/ims/meetings/index.php



Irish Math. Soc. Bulletin 60 (2007), 19–37 19

Abstracts of PhD Theses at Irish Universities 2007

On the Asymptotic Behaviour of Deterministic and
Stochastic Volterra Integro–Differential Equations

Siobhán Devin
s.devin@ucc.ie

This is an abstract of the PhD thesis On the asymptotic behaviour
of deterministic and stochastic Volterra integro–differential equations
written by Siobhán Devin under the supervision of Dr John Appleby
and Dr David Reynolds at the School of Mathematical Sciences,
Dublin City University and submitted in March 2007.

This thesis examines a question of stability in stochastic and de-
terministic systems with memory, and involves studying the asymp-
totic properties of Volterra integro–differential equations. The type
of stability that has been established for this class of equations is im-
portant in a variety of real–world problems which involve feedback
from the past, and are subject to external random forces. These
include modelling endemic diseases, and more particularly the mod-
elling of inefficient financial markets.

The theme of the thesis is to subject a dynamical system with
memory to increasingly strong and unpredictable external noise.
Firstly, a fundamental deterministic Volterra equation is considered:

R′(t) = AR(t) +

∫ t

0

K(t− s)R(s) ds, t > 0; R(0) = I,

where the solution R is known as the resolvent, A is a constant
n × n-dimensional matrix, K is n × n-dimensional function-valued
matrix and I is the n×n-dimensional identity matrix. Necessary and
sufficient conditions for the solution to approach a nontrivial limit
are known. A strengthened version of these conditions is shown to be
necessary and sufficient for exponential convergence to a nontrivial
limit.
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Next, a Volterra equation with a fading stochastic perturbation
is studied:

dX(t) =

[
AX(t) +

∫ t

0

K(t− s)X(s) ds

]
dt+Σ(t) dB(t), t > 0;

X(0) = X0.

Here Σ is a n × d-dimensional function-valued matrix known as
the noise term and the random behaviour is introduced using a d-
dimensional Brownian motion B. The influence of the noise fades
by allowing Σ(t) → 0 as t → ∞.

Two types of stochastic convergence are considered: mean square
and almost sure convergence. Conditions are found which ensure
that the solution converges to a non-equilibrium random limit. More-
over, the rate at which this limit is approached is established. In the
mean square case, necessary and sufficient conditions on the resol-
vent, kernel and noise are determined to ensure this rate of conver-
gence. In the almost sure case, the same conditions are found to be
sufficient; furthermore, it is shown that the conditions on the resol-
vent and the kernel are necessary. A corresponding result was also
found to hold for a more general class of weakly singular kernels. As
in the deterministic case, necessary and sufficient conditions for the
solution to converge exponentially fast to its limit are found.

Finally, a stochastic Volterra equation with constant noise inten-
sity is considered. This gives rise to the process analogous to Brow-
nian motion, which has applications to mathematical finance. It can
be shown that the distribution of the increments of the process con-
verge to a stationary statistical distribution. The conditions under
which such convergence can take place are completely characterised.
In fact, a solution of a corresponding Volterra equation with infinite
memory is shown to have exactly stationary increments which match
the limiting distribution of the increments of the general solution.

Convergence Properties of Bimodules over
Maximal Abelian Self-adjoint Algebras

Joseph Habgood
joe.habgood@qub.ac.uk

This is an abstract of the PhD thesis Convergence properties of bi-
modules over maximal abelian self-adjoint algebras written by Joseph
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Habgood under the supervision of Ivan Todorov at Queen’s Univer-
sity Belfast and submitted in September 2007.

Let H1 and H2 be separable Hilbert spaces. Given maximal
abelian self-adjoint algebras (masas) D1 ⊆ B(H1) and D2 ⊆ B(H2)
and a D2,D1-bimodule (masa-bimodule) U the projection bilattice of
U is the set

bilU = {(P1, P2) ∈ ProjD1 × ProjD2 : P2UP1 = 0}.
If the masas are given coordinate representations D1 = L∞(X,m)
(resp. D2 = L∞(Y, n)) for some standard Borel spaces (X,m) and
(Y, n) then the support of U is defined, up to marginal equivalence,
by taking a countable strongly dense subset S ⊆ bilU and putting

suppU =
( ⋃

(Mχα ,Mχβ
)∈S

α× β
)c

.

Indeed, any subset of X×Y whose complement is marginally equiv-
alent to a countable union of Borel rectangles is the support of some
masa-bimodule; such sets are said to be ω-closed.

If κ ⊆ X×Y is an ω-closed set then there is a largest weak* closed
masa-bimodule whose support is κ, denoted by Mmax(κ); and, less
obviously, a smallest weak* closed masa-bimodule whose support is
κ, which is denoted by Mmin(κ).

The main results of this thesis are (semi-)continuity theorems for
the map sending a masa-bimodule to its support and the maps which
take an ω-closed set κ ⊆ X × Y to Mmax(κ) and Mmin(κ). For a
precise meaning of the word continuity the reader is referred to [2].
It suffices here to note that continuity theorems of this kind have
been obtained by several authors in the past, notably: Haagerup
and Winslow’s [1] result on the continuity of the map sending a
von Neumann algebra to its commutant; and, in the setting of non-
self-adjoint operator algebras, the various results of Shulman and
Todorov [3] on the continuity of the map sending a weak* closed
unital operator algebra to its invariant subspace lattice. Indeed, it is
easy to extend a continuity theorem of [3], for operator algebras that
contain a masa, to show that the map sending a weak* closed masa-
bimodule to its projection bilattice is continuous. Difficulties seem
to arise however in translating this into a useful continuity result for
the support.

This problem is addressed by introducing a natural topology on
the collection of ω-closed sets in terms of a family of set-functions on
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X × Y . The collection of ω-closed sets, endowed with this topology,
is homeomorphic to the collection of weakly closed convex hulls of
projection bilattices endowed with a convergence derived from the
weak operator topology. This fact is used to show that, with this
topology on the codomain and a convergence on the domain derived
from the weak* and strong* topologies on B(H1,H2), the map send-
ing a bimodule to its support is continuous.

On the other hand, the maps Mmax and Mmin are both shown to
be discontinuous, with discontinuities occurring at the ‘non-synthetic’
ω-closed sets (these are the ω-closed sets κ at which Mmax(κ) and
Mmin(κ) differ). Semi-continuity results are obtained for these maps:
Mmax is upper-semi-continuous and, in a weaker sense, Mmin is
lower-semi-continuous. In the special case when the bimodules are
ranges of weak* continuous masa-bimodule projections all relevant
ω-closed sets are synthetic, hence the discontinuities mentioned above
do not occur. Using different techniques, specific to this situation, a
related continuity theorem is obtained.
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Degree Patterns of Projective Representations of
Finite Groups

Donal Healy
donal.healy@ucd.ie

This is an abstract of the PhD thesis Degree patterns of projective
representations of finite groups written by Donal Healy under the
supervision of Dr Russell Higgs at the School of Mathematical Sci-
ences, University College Dublin and submitted in November 2006.

The study of projective representations was initiated by Schur [6]
in 1904, and the subject received renewed impetus in 1937, when
Clifford [1] showed that projective representations and projective
characters arise naturally in the study of ordinary representations
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and characters of a finite group G, and in particular in the restriction
of such characters to normal subgroups of G.

It is very well known that if all the ordinary characters of a group
G have equal degree, then G is abelian. We consider the projective
case, that is, if a group G has a fixed 2-cocycle α such that the set
of irreducible α-projective characters of G all have the same degree,
then is G solvable? This has been an open conjecture for at least
the last twenty years. The main result of this thesis verifies this
conjecture in one special case.

In 1964 Iwahori and Matsumoto [4] conjectured that a group G
with a fixed 2-cocycle α such that G has exactly one irreducible α-
projective character is solvable. This was verified by Howlett and
Isaacs [3] in 1982 after much work was done by Liebler and Yellen
[5] in a paper published in 1979.

In [2], Higgs proved that a group G with a fixed 2-cocycle α such
that G has exactly two irreducible α-projective characters is solvable.
The case where G has exactly three irreducible α-projective charac-
ters is an open conjecture. This thesis considers the more restricted
case that G has exactly three irreducible α-projective characters all
of the same degree and we prove that G is solvable under this hy-
pothesis.

In the thesis we provide the structure of the Schur multiplier for
each group of order less than 128. We also give one covering group for
most groups of order less than 128 and list all the different covering
groups for nearly all groups of order less than 45. We also present a
Magma program for computing projective character tables of groups
of order less than 32.

Next we work with projective character degree patterns of non-
abelian groups of order pn for p an odd prime. We deal initially with
the case n = 4, and establish the structure of the Schur multiplier
of the four groups of order p4 not available in the existing literature.
We also find all the groups of order p4 which realise all their possi-
ble projective character degree patterns for non-trivial cohomology
classes. We then prove that no group of order pn for n > 4 realises all
its projective character degree patterns for non-trivial cohomology
classes.

Finally we introduce a concept that will play a pivotal role in the
rest of the thesis, that is, a group G with a fixed 2-cocycle α such
that G has exactly three irreducible α-projective characters of equal
degree. We say that such a group is of 3α-central type. We prove
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that the property that a group G is of 3α-central type is ‘inherited’
by the Sylow 3-subgroup of G as well as certain factor groups of G
under certain conditions. Finally we prove using the Classification
of the Finite Simple Groups that a group G of 3α-central type is
solvable.
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Difference Sets with Classical Parameters in Abelian
Groups

Kevin Jennings
kevin.jennings@spd.dcu.ie

This is an abstract of the PhD thesis Difference Sets with Classi-
cal Parameters in Abelian Groups written by Kevin Jennings under
the supervision of Rod Gow at the UCD School of Mathematical
Sciences, University College Dublin and submitted in April 2007.

Let G be a group of order v. Let D = {d1, d2, . . . , dk} be a
k-subset of G. Then D is a (v, k, λ)-difference set for G if each non-
identity g ∈ G can be expressed in exactly λ ways as a product
g = did

−1
j where di and dj are elements of D.

If G is abelian and additive notation is used, the condition can
be read that each non-zero g ∈ G has exactly λ expressions as a
difference g = a − b where a, b ∈ D. Hence the origin of the term
‘difference set’. For example, the set {1, 2, 4, 10} is a difference set in
Z13 as can be easily verified by computing the differences modulo 13.
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Difference sets were introduced by James Singer in 1938. His
family of difference sets have parameters

(v, k, λ) =

(
qd − 1

q − 1
,
qd−1 − 1

q − 1
,
qd−2 − 1

q − 1

)

where d ≥ 2 and q is a prime power. Any difference sets with these
parameters are said to have classical parameters and there are several
known families. These difference sets correspond to sequences with
ideal autocorrelation properties and are currently (2007) of interest
to applied mathematicians. There are several enticing but extremely
difficult conjectures on these difference sets. Firstly, it is conjectured
that q must be a prime power. Secondly, if such a difference set is
in an abelian group, it is conjectured that the group must be cyclic.
Such questions are not addressed in this thesis.

In this thesis we investigate difference sets with classical parame-
ters in abelian groups. In particular, we study how a difference set in
a group interacts with subgroups and consequently how the param-
eters of a difference set can restrict the structure of the underlying
group. The thesis should be accessible to any mathematics graduate
as the arguments used are relatively elementary. The group theoretic
arguments are delicate but since we are working in abelian groups,
the problems are more combinatoric by nature. There is a geometric
interpretation underlying the work but we have not drawn insight
from this and it is rarely called upon here, although our results are
sometimes stated with the geometry in mind.

Our first two chapters introduce the topic and describe the clas-
sical constructions of difference sets, with the necessary techniques
from field theory and linear algebra.

Chapter 3 involves Hall’s multipliers and we reach here our first
result, proving the existence of a subgroup inside a certain difference
set. In Chapter 4 we generalise this observation, employing the more
technical tools of the Mann Test. We also prove that the Sylow 2-
subgroup often must be cyclic for an abelian group to support a
classical difference set.

In Chapter 5 we focus on the family of difference sets with pa-
rameters of the 3-dimensional finite projective geometries. These are
one dimension up from projective planes and we can discern precise
details of their structure from the mere parameters of these objects.
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In Chapter 6 we present our main result that a planar difference
set is embedded in a natural but not obvious way inside a difference
set with the parameters of a 5-dimensional projective geometry.

Models Of Rimming Flows

Seán M. Lacey
sean.lacey@ul.ie

This is an abstract of the PhD thesisModels Of Rimming Flows writ-
ten by Seán M. Lacey under the supervision of Prof. Eugene Benilov
and Prof. Stephen O’Brien at the Department of Mathematics and
Statistics, University of Limerick and submitted in October 2007.

The dynamics of a thin film of viscous fluid on the inside of a
cylinder with horizontal axis, rotating about this axis, are examined
in this thesis. The stability of this film has been previously explored
using the leading order lubrication approximation, under which it
was found to be neutrally stable.

In this thesis, the effect of higher-order corrections (such as iner-
tia, described by the material derivatives in the Navier–Stokes equa-
tions, surface tension, and the hydrostatic pressure gradient) on the
stability of the film is examined. Assuming that these correction
terms are weak, an asymptotic equation is derived which takes into
account these effects as perturbations. This equation is used to ex-
amine the stability of the steady-state distribution of the film around
the cylinder (rimming flow) with respect to linear disturbances with
harmonic dependence on the axial variable and on time (normal
modes).

It has been shown by [3], in two-dimensional motion, that the
hydrostatic pressure gradient does not affect the stability of normal
modes at all, and the effect of surface tension is weak — whereas
inertia always causes instability. This thesis will investigate the effect
of these three higher-order corrections terms in three-dimensional
motion.

The leading order three-dimensional case has been investigated by
[1], where it was shown that there are infinitely many normal modes,
which are neutrally stable and where the eigenfunctions form a com-
plete set. [1] also showed that the film is nonetheless unstable with
respect to non-harmonic disturbances, which develop singularities in
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a finite time. [2] coined the phrase ‘explosive’ instability to describe
these singularities.

In [2], the explosion occurred in the azimuthal direction, while
in [1], it occurred in the axial direction. In this thesis, both the
azimuthal and axial components of the hydrostatic pressure gradient
are taken into account. One aim of the thesis is to determine if the
film thickness of the liquid can explode in both directions, and if
so, can the characteristics of this type of explosion be deduced. It
will also be shown that two types of explosions can occur — i.e.,
explosions with zero net mass and explosions with non-zero net mass.
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Gauss’ Method for the Determination of Cyclotomic
Numbers

Ciarán Mac an Bhaird
ciaran.macanbhaird@nuim.ie

This is an abstract of the PhD thesis Gauss’ Method for the Deter-
mination of Cyclotomic Numbers written by Ciarán Mac an Bhaird
under the supervision of Dr. Pat McCarthy at the Department of
Mathematics, NUI Maynooth and submitted in October 2007.

In this work we have shown that Gauss’ method for the determi-
nation of Cyclotomic numbers leads to a series of functional equa-
tions. We then obtain necessary and sufficient conditions for these
functional equations to have integer solutions. This leads to a finite
Diophantine system— the number of equations is independent of the
prime p. We have shown that this purely Diophantine system has
precisely φ(l) solutions which correspond to the Cyclotomic numbers
of order l, where p ≡ 1 mod l.

This is the first purely Diophantine characterisation of the cyclo-
tomic numbers and the coefficients of the minimal polynomial of the
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Gaussian periods, and in fact, the problem is solved for all orders. A
purely Diophantine description has the advantage that if one obtains
alternative formulae for the Cyclotomic numbers, the result can be
proved by simply verifying that these formulae satisfy the system of
equations. There are other descriptions of the general Cyclotomic
numbers which involve Diophantine systems, but these descriptions
all employ a rejection criterion and so cannot be considered to be
purely Diophantine.

Most of the work involves proving that the Galois group of a re-
lated polynomial acts cyclically on its roots and therefore the poly-
nomial is irreducible. It is then not too difficult to show that the
polynomial is in fact the minimal polynomial of the Gaussian Peri-
ods.

It was commonly believed that Gauss’ method for the determi-
nation of Cyclotomic Numbers, and thus the determination of the
minimal polynomial of Gaussian Periods, was unwieldy for the gen-
eral case. See for example, the remarks of André Weil [1]. The pre-
vailing wisdom seemed to be that the determination of the minimal
polynomial of the Gaussian Periods, using Jacobi Sums etc., should
be done first and then the Cyclotomic numbers be determined as a
consequence. In fact, this was suggested by Weil [1]. It appeared
that Gauss’ original method was abandoned.

We have shown that Gauss’ method works. In view of Weil’s
comments, it is interesting that Jacobi sums appear nowhere in our
argument and furthermore, that the determination of the Cyclotomic
numbers can be taken as a starting point for the determination of
the Gaussian periods. This of course was Gauss’ motivation for his
work on Cyclotomic numbers of orders 3 and 4.

We demonstrate the beauty of this method by determining the
Cyclotomic numbers

c(e0 + ei + ej)

µ

of order 5. We have also characterised the algebraic variety for all
values, there are, in fact φ(l) integer points on a torus of dim l−1

2 .
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The Paradigm Shift from Euclid to a Composite System of
Geometry in Intermediate Certificate Mathematics in

Ireland, 1966–1973

Susan M. C. Mac Donald
smcmacdonald@eircom.net

This is an abstract of the PhD thesis The Paradigm Shift from Eu-
clid to a Composite System of Geometry in Intermediate Certificate
Mathematics in Ireland, 1966–1973, written by Susan M. C. Mac
Donald under the supervision of Dr Richard O. Watson at the De-
partment of Mathematics, National University of Ireland, Maynooth
and Prof. Emeritus John Coolahan at the Department of Educa-
tion, National University of Ireland, Maynooth, and submitted in
February 2007.

For over a twenty-one year period, from the mid 1960s, logically
flawed geometry was prescribed to over one million second-level stu-
dents in Ireland.

A change took place in second-level geometry in Ireland in the mid
twentieth century that was influenced by international and national
factors including the reaction to an OECD-promulgated declaration
that ‘Euclid must go!’ [1] and the Department of Education’s distinc-
tive approach to geometry development. It resulted in the replace-
ment of a syllabus based on the 2300-year-old synthetic geometry of
Euclid by one based on a foundationally imperfect, composite system
of geometry consisting partly of the traditional geometry of Euclid
and partly of the transformation geometry of the Belgian mathe-
matician Georges Papy [2]–[4].

This change was a paradigm shift that came about in two main
stages with the introduction of a new Intermediate Certificate Math-
ematics syllabus in 1966 and again in 1973. In each stage, parts of
the geometry of Papy were combined with some parts of traditional
synthetic geometry; the difficulty was that the parts did not cohere,
and the result, in particular in the 1973 syllabus, was an approach
to geometry without a solid, logical foundation, having flawed defi-
nitions, axioms and proofs.

The methods employed that brought about this paradigm shift
were determined by a system of syllabus development that was un-
suited to the task of preparing second-level mathematics syllabuses.
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In particular, the lack of formal university representation on Inter-
mediate Certificate syllabus committees together with the control
of syllabus committees exercised by the Irish Government Depart-
ment of Education resulted in the adoption of the defective geometry
syllabuses.

Ramifications of these syllabuses remain evident in second-level
geometry in Ireland: successive syllabuses have been influenced and
expertise in traditional deductive geometry will soon disappear.
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A Priori Bounds on Derivatives of Solutions to
Singularly Perturbed Convection-Diffusion Problems

Aidan Naughton
a.naughton@ucc.ie

This is an abstract of the PhD thesis A priori bounds on deriva-
tives of solutions to singularly perturbed convection-diffusion prob-
lems written by Aidan Naughton under the supervision of Prof.
Martin Stynes at the School of Mathematical Sciences, University
College Cork and submitted in September 2006.

Mathematical models involving convection and diffusion occur fre-
quently throughout science, engineering and economics. Examples
range from fluid flows to oil extraction and the Black–Scholes fi-
nancial model (see [3, Chapter 1] for an extensive list of examples).
Often the diffusion term is quite weak relative to the convection
term. Consider the example of pollutant flowing into a river given
in [4, Introduction]. The random motion of the molecules of water
and pollutant will cause the pollutant to diffuse through the river.
Obviously the effects of this process will be dwarfed by the convec-
tive current in a fast flowing river. To reflect its relative weakness



Abstracts of PhD Theses 31

a small parameter ε multiplies the diffusion term. This is a singu-
larly perturbed convection-diffusion problem. (A historical survey of
singularly perturbed problems is given in [5]).

This thesis is concerned with finding sharp a priori bounds on
derivatives of solutions to singularly perturbed convection-diffusion
problems. Such bounds are of great importance to numerical ana-
lysts for the construction of numerical methods and for error analysis.

The thesis commences with the analysis of some one-dimensional
problems. Both convection-diffusion and reaction-diffusion problems
are dealt with. The methods used are short, relatively simple and
result in sharp bounds.

The focus then moves to convection-diffusion problems posed in
two-dimensional domains. A two-dimensional domain is more re-
alistic in a physical sense and therefore of greater interest, but it
does introduce several complications not present in one-dimensional
problems. One such issue in rectangular domains is the effect of
compatibility of the data of the problem at the corners of the do-
main. A convection-diffusion problem posed on the unit square, with
Dirichlet boundary conditions, is considered under the assumption
of compatibility at the corners. Then two further problems are anal-
ysed (one with Neumann outflow boundary data, one with Neumann
characteristic boundary data) without any assumption of data com-
patibility at the corners. Thus corner singularities are possible and
the interaction of these singularities with the singularly perturbed
nature of the differential operator is a challenge to analyse. The
techniques used here are a continuation of those used in [1] and [2].
Sharp pointwise bounds are derived in all cases.
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Cylindrically Symmetric Models of Gravitational Collapse

Louise V. Nolan
louise.nolan3@mail.dcu.ie

This is an abstract of the PhD thesis Cylindrically Symmetric Models
of Gravitational Collapse written by Louise V. Nolan under the su-
pervision of Dr. Brien Nolan at the School of Mathematical Sciences,
Dublin City University and submitted in September 2007.

In this thesis we examine two main problems. Firstly, we attempt
to match the most general cylindrically symmetric vacuum space-
time with a Robertson–Walker interior. The matching conditions
show that the interior must be dust filled, the boundary must be
comoving and the vacuum region must be polarized. We use a re-
sult of Thorne’s to simplify the line element. We can then prove
that the matching is impossible. This demonstrates the impossibil-
ity of generalising the Oppenheimer–Snyder model of gravitational
collapse to the cylindrically symmetric case. The second problem is
an analysis of cylindrically symmetric spacetimes with self-similarity
modelling gravitational collapse. The field equations and regularity
conditions are examined firstly for a vacuum spacetime and then for
a dust filled spacetime. The vacuum case leads to an explicit solu-
tion but no solutions that are of relevance to gravitational collapse.
In the dust case, the solution of the field equations reduces to the
solution of a non-linear third-order ordinary differential equation. A
dynamical systems approach is then adopted, and an autonomous
three-dimensional system is obtained. A unique solution is found to
emanate from the regular axis {r = 0, t < 0}, where t and r are
time and radial coordinates which emerge naturally from the analy-
sis. This solution persists up to {t = 0, r > 0}, which we define as
Σ0. The solution coming from Σ0 has one parameter (a bifurcation
has occurred) and propagates up to the future null cone, F , through
the scaling origin po, where po = {(r, t) = (0, 0)}. We describe the
physical invariants of the system and discuss the nature of such a
spacetime in terms of its global structure.
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Levels and Sublevels of Composition Algebras

James O’Shea
james.oshea@ucd.ie

This is an abstract of the PhD thesis Levels and Sublevels of Com-
position Algebras written by James O’Shea under the supervision of
Dr. Thomas Unger at the School of Mathematical Sciences, Univer-
sity College Dublin and submitted in June 2007.

Although quadratic forms can be traced back to the era of the
Babylonians, the development of a theory regarding their algebraic
properties has been a relatively recent phenomenon. Ernst Witt
laid the foundations for this theory in a seminal work dated 1937.
That it subsequently flourished however, is primarily due to Albrecht
Pfister’s elegant classification of the level of fields, some three decades
later.

The level is an important invariant in the theory, measuring the
least number of squares in a given algebraic structure which sum
to −1. Interest first arose in this concept in 1927, with its appearance
in the Artin–Schreier Theorem, a key stepping-stone result to Artin’s
solution of Hilbert’s Seventeenth Problem that same year.

Quaternion algebras represent the simplest algebraic structure for
which a complete classification of the level remains outstanding. It
was David Lewis who first considered this topic, in the mid-eighties,
showing the existence of quaternion algebras of level 2k and 2k + 1
for all integers k ≥ 0.

This thesis is similarly concerned with addressing this problem.
In addition, since the level has inequivalent generalisations in a non-
commutative setting, we additionally regard the classification of the
sublevel. Furthermore, given the striking similarities between sums
of squares in quaternion and octonion algebras, it makes sense to
gather these structures together under the umbrella of composition
algebras, and treat the classification of their levels and sublevels in
tandem.

We tackle these problems in a variety of manners, from the explo-
ration of the relationship between bounds on the level and sublevel
of composition algebras and the behaviour of associated quadratic
forms, through to the explicit construction of algebras of prescribed,
and hitherto unknown, level and sublevel values, via function fields
of quadratic forms. Moreover, we additionally devote attention to
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the classes of composition algebras which have transcendental gen-
erators, as well as to those defined over certain fields.
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A Model for Wave Formation in Bubbly Flows

Marguerite Robinson
marguerite.robinson@ul.ie

This is an abstract of the PhD thesis A Model for Wave Formation in
Bubbly Flows written by Marguerite Robinson under the supervision
of Professor Stephen O’Brien at the Department of Mathematics and
Statistics, University of Limerick, and submitted in September 2007.

When a gas-liquid mixture flows through a vertical pipe the two
phases can arrange themselves into different patterns known as flow
regimes. At low gas flow rates small gas bubbles are dispersed in
the liquid (bubbly flow) and at higher flow rates large slugs of gas
separate liquid regions (slug flow). Modelling bubbly flows is com-
plicated by the presence of complex characteristics and the resultant
ill-posedness of the two-fluid equation system, which is thought to
herald the bubble-to-slug regime transition (Pauchon and Banerjee,
1986). Laboratory experiments of gas-liquid flows have identified a
relationship between this transition and instability of the uniform
bubbly flow, leading to wave formation (Kytomaa and Brennen,
1991). However, it is not clear from experiments if the instability
leads to wave formation or a regime transition.

In this thesis we examined the onset and propagation of waves
in a bubbly flow, in the context of a properly constituted hyper-
bolic two-fluid model. We focused specifically on the downward
travelling waves seen in a glass of Guinness shortly after pouring
and derived a condition for a well-posed system. We showed that
our simplified model is, in a mathematical sense, a generalization



Abstracts of PhD Theses 35

of the St. Venant equations used in hydraulic engineering to model
downstream periodic travelling waves (known as roll-waves) in open
channels (Dressler, 1949). We showed that waves in bubbly flows are
multi-phase analogues of the single-phase roll-wave phenomenon and
result from the manifestation of a similar instability of the uniform
flow.

Our model predicts that the uniform bubbly flow will always be-
come unstable before the onset of complex characteristics, and wave
generation in the bubbly flow can be seen as a precursor to a transi-
tion to the slug flow regime. Observations of high speed digital video
clips of the Guinness settling process indicate waves of bubble-free
liquid, which appear as a series of dark lines travelling down the
inside of the glass. These pure liquid regions are a manifestation
of a regime transition and support our finding that wave formation,
resulting from the instability, precedes the transition.
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Ordinary Differential Equation Models of Opiate-Use:
The Treatment-Relapse Cycle and HIV Infection

Emma White
emma.white@esri.ie

This is an abstract of the PhD thesis Ordinary Differential Equa-
tion (ODE) Models of Opiate-Use: The Treatment-Relapse Cycle
and HIV Infection written by Emma White under the supervision
of Dr. Catherine Comiskey at the Department of Mathematics, Na-
tional University of Ireland, Maynooth and submitted in October
2007.

Problem opiate-use is globally acknowledged to be a large-scale
problem with serious negative effects for individuals and society [1],
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[2], [3], [4]. Latest figures estimate the problem opiate-using popu-
lation in Europe at 1.7 million people [1] and in Ireland at 14,000
people [5], [6]. This research presents a first-order non-linear ODE
system that models problem opiate-use. It is based on the drug-using
career concept, which includes a treatment-relapse cycle and removal
from the opiate-using population. An important assumption is that
contact with problem opiate-users not in treatment results in relapse
to opiate-use. The basic reproduction ratio, R0, a measure of the
number of secondary cases arising from a single infection introduced
into a susceptible population, is derived. Sensitivity analysis is then
used to identify the most important parameter on which it depends.
Values of R0 less than, equal to and greater than its threshold value
of one are used to perform detailed local stability analysis for the
system. Parameters for the Irish population are then estimated.
A numerical simulation is carried out to verify the validity of the
model by establishing its fit with available epidemiological data. A
key result derived from the model is that prevention of opiate-use is
more effective in reducing prevalence than treatment. Since problem
opiate-users are known to be at high risk of HIV infection [1], the
model is extended to include HIV positive opiate-users and the risk
that HIV negative opiate-users may acquire HIV. R0 is calculated
and the extended model is applied, using European data, to two
populations of opiate-injecting drug-users. The impact of opiate-
use treatment effectiveness rates on HIV incidence is examined, as is
the impact of increased HIV testing independent of opiate treatment
services. It is concluded that high relapse rates from treatment for
opiate-use do not increase HIV incidence (and thus prevalence) and
that increasing HIV testing rates for opiate-users outside problem
opiate-use treatment reduces HIV incidence, irrespective of initial
HIV prevalence.
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Elliptic Curves – an Introduction

BERND KREUSSLER

The following four articles constitute expanded versions of talks
given during a mini-workshop which took place at Mary Immacu-
late College, Limerick, on the 29th and 30th of November 2006.
The titles of these talks were the following:

(1) Solving Cubic Equations in Two Variables.
(2) Group Law on the Cubic Curve.
(3) Theta Functions.
(4) Rank two Vector Bundles on Elliptic Curves.

Elliptic curves are very interesting because their study involves sev-
eral fields of mathematics. The study of elliptic curves has a long
history and still there are many unsolved problems. The goal of the
mini-workshop was to provide an introduction for the non-specialist
to several aspects of elliptic curves.

Elliptic curves reside at the crossroads of arithmetic, geometry
and analysis. This was reflected in the talks as follows: talk (1)
dealt with the arithmetic of elliptic curves whereas in talk (2) elliptic
curves were studied from the point of view of complex algebraic
geometry. The complex analytic side of elliptic curves was touched
within talk (3). After these basics were laid down, talk (4) gave an
introduction to the study of vector bundles on an elliptic curve. This
highlighted the fact that it is not only interesting to study elliptic
curves on their own but also to investigate other geometric objects
of interest constructed on them.

It is clear from the number of pages used that the four articles can
provide only a small bit of the available huge amount of knowledge
and techniques related to elliptic curves. None of the many applica-
tions in physics, engineering and modern communication technology
are discussed. To give the reader a first idea of the subject, a brief
description of included and excluded material is given below.

I would like to thank Pat O’Sullivan for acting as a critical reader
of the first drafts of all the four articles.
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Solving Cubic Equations in Two Variables (Bernd Kreussler)

The first article starts with the elementary question of finding all
Pythagorean triples of integers and goes on to apply similar ideas
in order to find integer solutions of equations of degree three in two
variables. The material is illustrated through many explicit exam-
ples. This part is probably suited for interested second-level students
(in fact there was one among the audience for the first talk). The
last section gives a brief overview of the most basic results about the
Mordell–Weil group of a cubic curve.

However, there are many things which are not even mentioned in
this article but which are no less important or fascinating than the
material included. In particular, zeta-functions and L-functions are
not included. As a consequence, the Birch and Swinnerton-Dyer con-
jecture is not formulated even though this is one of the Millennium
Prize Problems. The important method of infinite descent as well as
the Selmer and Tate–Shafarevich groups did not find their way into
the article. The very interesting connection of elliptic curves with
the solution of Fermat’s Last Theorem (through the Frey curve) is
another omission. The growing practical relevance of elliptic curves
in modern cryptography is another issue missing. This list is cer-
tainly not complete. A few books which may help the interested
reader to satisfy his or her thirst for knowledge are [6, 7, 13, 14, 15].

Group Law on the Cubic Curve (Madeeha Khalid)

The aim of the second article is to give an introduction to some basic
concepts from complex algebraic geometry which allow a geometric
understanding of the group structure introduced in the first talk. A
brief introduction is given to complex manifolds, vector bundles on
them and the Picard group (the group of all line bundles). Moreover
the relationship between line bundles and divisors on a curve is ex-
plained, which allows a better understanding of the group structure
introduced in the previous article.

The Weierstraß ℘-function and elliptic integrals are used to ex-
plain how complex analysis enters the picture. As a result, each
cubic curve can also be seen as a complex torus, which comes with
its own group structure. The gem of this article is a sketch of a
proof that this analytically defined group structure coincides with
the one introduced algebraically. This is based on Abel’s Theorem.
The analytic details are provided in the third article.
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Again, many more things could have been included here. For
example, higher dimensional Abelian Varieties and the Abel–Jacobi
map which naturally emerge in the study of curves of higher genus are
not mentioned. The idea of a scheme over an arbitrary commutative
ring with unity are definitely beyond the scope of this article. To
introduce the ideas of a moduli space and of a universal object would
be a natural next step after the introduction of the Poincaré bundle.
A higher dimensional analogue of an elliptic curve would be a so-
called K3-surface. Their study has much in common with the theory
of elliptic curves but they couldn’t be touched either. There are
many excellent textbooks available, among which are [3, 5, 16].

Theta Functions (Marina Franz)

This article gives a brief introduction to some basics in the mod-
ern theory of elliptic functions. The starting point are theta func-
tions, which are nothing but global sections of line bundles on a
one-dimensional complex torus. Their main properties are investi-
gated from a purely analytic point of view. Moreover, these theta
functions are related to the Weierstraß ℘-function, which can be
considered to be the most basic elliptic function. A proof that this
function satisfies a certain differential equation is given. This equa-
tion shows that a complex torus of dimension one can be embedded
in the projective plane as a cubic curve. A proof of Abel’s Theorem,
which plays a major role in the previous article is also provided.

The same remark applies to this article as to the other two:
there is much more material available than could be included. For
example, an explicit description of the relationship between theta
functions and holomorphic line bundles on elliptic curves is missing.
Moreover, the fascinating theory of elliptic functions is only touched
on. In particular, nothing is said about elliptic integrals. These
arise, for example when the length of an ellipse is to be calculated.
Historically, the study of elliptic integrals motivated the introduction
of elliptic functions by Abel and Jacobi. Weierstraß built the theory
of elliptic functions on the ℘-function, but beforehand Jacobi’s ellip-
tic functions sn(z), cn(z), dn(z) were the main players. Their role in
mathematical applications in engineering are definitely beyond the
scope of this short article. Theta functions are available on higher-
dimensional tori as well, but this is not covered here. Such material
and much more can be found in [12, 1, 10, 9].
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Rank two Vector Bundles on Elliptic Curves (Ciara Daly)

In contrast to the three others, this fourth article is not primarily
concerned with the group structure on an elliptic curve. But it is a
direct continuation of these. Vector bundles of rank one and their
sections were studied in the previous two articles. The moduli space
interpretation of the Picard group is already mentioned in the second
article. This article presents the main results about vector bundles
of rank two on an elliptic curve. These go back to a seminal paper of
Atiyah from 1959. This example is used to introduce to the theory
of moduli, which is at the centre of modern algebraic geometry. The
related notion of a stable vector bundle is also introduced.

Of course, there is much more that could be said in this context.
Atiyah studied vector bundles of any rank, not only of rank two, but
this did not find its way into this article. Also, the problems involved
with the notion of stability of vector bundles on higher dimensional
manifolds are not discussed. The theory of moduli of varieties as
opposed to vector bundles is another huge area of algebraic geometry
which is omitted. The relations of algebraic geometry to differential
geometry and to theoretical physics through the theory of moduli
spaces are not mentioned. Another quite recent development was
the introduction of the space of stability conditions by Bridgeland.
To define this invariant it would be necessary to introduce coherent
sheaves and derived categories, so that this development could also
not be covered here. The interested reader will find relevant starting
points in [4, 8, 11, 17, 2].
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¯-¦¨³-¬�µ ¾ ¦Ú¯v»q¬ Á/¬�ª ²P¯�°}¬�²ó¬�µ¨³V¶(µ¨³-Þ�§D»�¦¨¬P°�§ � ¼�¶(¬Z¬�³�´�ª ²�©1¯-§�°}©"³-§ � - ©"²�´� Ø ×�»q§�¬�ß�¯�©"ª ²¿¯-¦¨§ � ¼�¶(¬Z¬�³�´�ª ²�©1¯-§±¬"®:¯-¦¨§�¯-¦¨ª ³�´DÁ/¬�ª ²P¯	ßZ·D¶(¬�«KÁ�©"³-ª ² ¾ ¯-¦¨§¶(¬Z§q§V¶(ª §*²P¯�°L¬"® � Ø ©�°>©"ß/¬1Þ�§ � ¥F¦¨§	³-§�°�µ¨º ¯>»�ª º º�ß/§ � � Û ( *� ñ � - ñ � Ø Æ�� �÷ §�«}©�·$©"º�°�¬Kµ�°�§�¬"¯-¦¨§*³�Á/¬�ª ²P¯�°F®È³-¬�« ¯-¦¨§�°�ª pV®È¬�µ¨²�´¿¬�³-ª ¾ ª ²�©"º º · ��$�g�[���`�=��¨g��¥F¦¨§Kº ª ²¨§}¶(¬�²¨²¨§�¶¯-ª ² ¾ � Û à æ Ã*ñ	ã�ä	»�ª ¯-¦ ¢ Û à � Ã � ä�¦�©�°
¯-¦¨§�§�ýPµ�©1¯-ª ¬�²'�DÛ ñ�ð � Ù éZ� ¥F¦¨ª�° ¾ ª Þ�§�°	©V²¨§*»üÁ/¬�ª ²P¯�»�ª ¯-¦î¶(¬Z¬�³�´�ª ²�©1¯-§� � Û ë ñ æ ñ � Û ð}©"²�´©� � Û ñ�ð � � Ù é ÛBñ æ"ë¨�  ¬V»q§±¦�©�Þ�§ ¯v»q¬}²¨§*»Á/¬�ª ²P¯�°±à<ð¨Ã*ñ æ"ë äq©"²�´îà<ð¨Ã æ"ë ä>»�¦¨ª�¶�¦D©"³-§�²¨¬"¯�ÞZª�°�ª ß¨º §�ª ²¿¯-¦¨§±Á¨ª�¶¯-µ¨³-§ �
ò�¬"¯-§	¯-¦�©1¯F»q§ ¬�ß�¯�©"ª ²¨§�´Rà<ð¨Ã æ"ë ä>©�°L®È¬�º º ¬1»�° �G_ ª ³�°v¯F»q§�¶(¬�²¨²¨§�¶¯-§�´^�üÛ

à ê Ã � äF©"²�´'� ÛTàvñ � Ã*ñ � äqßZ·D©Kº ª ²¨§�×/»�¦¨¬P°�§�¯-¦¨ª ³�´DÁ/¬�ª ²P¯ ¬"®fª ²P¯-§*³�°�§�¶¯-ª ¬�²
»�ª ¯-¦¹¯-¦¨§�¶(µ¨ß¨ª�¶�¶(µ¨³-Þ�§±¦�©�´ à æ Ã*ñ	ã�äF©�°�ª ¯�°�«Kª ³-³-¬�³�ª «}© ¾ §±³-§*º�©1¯-ª Þ�§�¯-¬}¯-¦¨§� ¼�©	p�ª�° � ¥F¦¨§*²ó»q§¹¶(¬�²¨²¨§�¶¯-§�´åà æ Ã*ñ	ã�ä�©"²�´ ¢ Û à � Ã � ä�ßZ·ö©îº ª ²¨§�©"²�´
¬�ß�¯�©"ª ²¨§�´Và<ð¨Ã æ"ë äO©�°�¯-¦¨§q«Kª ³-³-¬�³�ª «}© ¾ §>¬"®�¯-¦¨§>¯-¦¨ª ³�´�Á/¬�ª ²P¯:¬"®¨ª ²P¯-§*³�°�§�¶¯-ª ¬�² �
ï ¯±ª�°�ª ²P¯-§*³-§�°v¯-ª ² ¾ ¯-¬D°�§*§K»�¦�©1¯±¦�©"Á¨Á/§*²�° ª ®F»q§K¶*©"³-³-·D¬�µ�¯�¯-¦¨§�°�§}°v¯-§*Á�° ª ²
©"²¨¬"¯-¦¨§*³�¬�³�´�§*³ � ��§(¯	µ�°�ô�³�°v¯	¶(¬�²¨²¨§�¶¯D� Û àvñ � Ã*ñ � äq©"²�´ ¢ ÛTà � Ã � äqßZ·©Kº ª ²¨§�×/³-§qª�§�¶¯�¯-¦¨§±¯-¦¨ª ³�´¹Á/¬�ª ²P¯	¬�²¿¯-¦¨ª�°�º ª ²¨§�¬�²D¯-¦¨§ � ¼�©	p�ª�°�©"²�´¹¶(¬�²¨²¨§�¶¯
¯-¦¨ª�°�Á/¬�ª ²P¯�ª ²$¯-¦¨§�°�§�¶(¬�²�´¿°v¯-§*ÁD»�ª ¯-¦¤�üÛBà ê Ã � ä ��$�g�[���`�=�¤«l��¥F¦¨§±º ª ²¨§±»�¦¨ª�¶�¦¹¶(¬�²¨²¨§�¶¯�°$�üÛ àvñ � Ã*ñ � ä>©"²�´ ¢ ÛBà � Ã � ä¦�©�°±¯-¦¨§V§�ýPµ�©1¯-ª ¬�²��IÛ � � ¥F¦¨ª�°�º ª ²¨§V¦�©�° � -� Ã -� � ©�°�ª ¯�°±¯-¦¨ª ³�´¸Á/¬�ª ²P¯�¬"®ª ²P¯-§*³�°�§�¶¯-ª ¬�²±»�ª ¯-¦�¯-¦¨§q¶(µ¨³-Þ�§ ¾ ª Þ�§*²±ßZ·�§�ýPµ�©1¯-ª ¬�²Và � ä � ¥F¦¨§*³-§(®È¬�³-§�×�»q§q°�¦�©"º º
¶(¬�²¨²¨§�¶¯aª ¯�°a«Kª ³-³-¬�³�ª «}© ¾ § � -� Ã*ñ -� � »�ª ¯-¦�üÛüà ê Ã � ä � ¥F¦¨§q¶(¬�³-³-§�°�Á/¬�²�´�ª ² ¾º ª ²¨§V¦�©�°±¯-¦¨§$§�ýPµ�©1¯-ª ¬�²%�IÛ ñ	ã � Ù ��� ¥F¦¨§$²¨§*» Á/¬�ª ²P¯�Á¨³-¬�´�µ�¶(§�´î¯-¦¨ª�°
»F©�·}ª�°�à<ð¨Ã*ñ æ"ë ä×P¯-¦¨§�°-©"«K§±©�°F»q§�¬�ß�¯�©"ª ²¨§�´¿ª ²�¬Gp¨©"«KÁ¨º §±á �
¥F¦¨ª�°�¶(¬�ª ²�¶(ª�´�§*²�¶(§Vª�°�²¨¬"¯K©"²Ú©�¶*¶(ª�´�§*²P¯ ��ï ¯Kª�°�ª ² ®<©�¶¯K©R°�Á/§�¶(ª�©"ºF¶*©�°�§

¬"®�©î¯-¦¨§*¬�³-§*« ®È³-¬�« Á¨³-¬�v§�¶¯-ª Þ�§ ¾ §*¬�«K§(¯-³-·Ú»�¦¨ª�¶�¦õ°v¯�©1¯-§�°}¯-¦�©1¯¿© ¶(µ¨ß¨ª�¶
¶(µ¨³-Þ�§�àÈª ²ÚÁ¨³-¬�v§�¶¯-ª Þ�§V°�Á�©�¶(§�ä�»�¦¨ª�¶�¦ Á�©�°-°�§�°±¯-¦¨³-¬�µ ¾ ¦ §*ª ¾ ¦P¯�¬"®F¯-¦¨§$²¨ª ²¨§
ª ²P¯-§*³�°�§�¶¯-ª ¬�²¹Á/¬�ª ²P¯�°�¬"®8¯v»q¬V¬"¯-¦¨§*³ ¶(µ¨ß¨ª�¶*°*×/«�µ�°v¯�©"º�°�¬V¶(¬�²P¯�©"ª ²D¯-¦¨§�²¨ª ²P¯-¦
¬"®a¯-¦¨§�°�§±ª ²P¯-§*³�°�§�¶¯-ª ¬�²¿Á/¬�ª ²P¯�° �
Ý ¶(º ¬P°�§*³:º ¬Z¬�½�©1¯f§qp¨©"«KÁ¨º §�°8á ©"²�´�â�°�µ ¾�¾ §�°v¯:¯-¦�©1¯8»q§�©"³-§F´�§�©"º ª ² ¾ ¦¨§*³-§

»�ª ¯-¦¿©�½Zª ²�´}¬"®FÎ�®�®*Ð�ú(Ô<Î1Ì�Ô°¯�Ô&Ì�Ë � ¥F¦¨ª�°F¶*©"²Vª ²�´�§*§�´}ß/§ «}©�´�§	Á¨³-§�¶(ª�°�§	ßZ·�¯-¦¨§
®È¬�º º ¬1»�ª ² ¾ ´�§(ô�²¨ª ¯-ª ¬�² �±©�o²`³.´#µ�´=¶W³]·��$��§(¯2�FÃ��üß/§ Á/¬�ª ²P¯�°>¬�²}¯-¦¨§�¶(µ¨ß¨ª�¶ ¶(µ¨³-Þ�§ ¾ ª Þ�§*²}ßZ·}§�ýPµ�©1¼
¯-ª ¬�²Xà � ä �}÷ §V´�§(ô�²¨§B�åÙ�� ¯-¬Dß/§K¯-¦¨§}«Kª ³-³-¬�³�ª «}© ¾ §¹àÈ³-§*º�©1¯-ª Þ�§�¯-¬¿¯-¦¨§
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ï ²�¯-¦¨ª�°8º�©"² ¾ µ�© ¾ §�×1»q§�¦�©�Þ�§F°�¦¨¬1»�²K©"ß/¬1Þ�§�à=��Ù©��ä�Ù ¢ Û���ÙRà¼��Ù ¢ ä»�¦¨§*³-§K�üÛ à ê Ã � ä×W�üÛ àvñ � Ã*ñ � äq©"²�´ ¢ Û à � Ã � ä � ¥F¦¨ª�°�´�§(ô�²¨ª ¯-ª ¬�²�©"º�°�¬§qpZ¯-§*²�´¨°�¯-¬ ¾ ª Þ�§½� Ù]�K×/»�¦¨ª�¶�¦Rª�°	¬�ß�¯�©"ª ²¨§�´¹ßZ·Dµ�°�ª ² ¾ ¯-¦¨§¿Ì�Î1ÓZÏPÒ(Ó�ÌFÖ Ô&Ó^Ò
¯-¬K¬�µ¨³�¶(µ¨³-Þ�§±©1¯c� ��$�g�[���`�=�^¾g� ï «KÁ¨º ª�¶(ª ¯�´�ª ¿^§*³-§*²P¯-ª�©1¯-ª ¬�²}³-§*Þ�§�©"º�°f¯-¦�©1¯L¯-¦¨§�¯�©"² ¾ §*²P¯>º ª ²¨§�¯-¬
¬�µ¨³F¶(µ¨³-Þ�§ ©1¯2�üÛBà ê Ã � ä8¦�©�°q°�º ¬�Á/§ §�ýPµ�©"º�¯-¬$ñ æ�� ¥F¦¨§*³-§(®È¬�³-§�×�¯-¦¨ª�°qº ª ²¨§ ª�°
¾ ª Þ�§*²¹ßZ·$¯-¦¨§�§�ýPµ�©1¯-ª ¬�²¤�¿Û ñ æ � Ù ����ï ²¹¯-¦¨§�°-©"«K§�»F©�·D©�°�ß/§(®È¬�³-§�×/»q§
°�µ¨ß�°v¯-ª ¯-µ�¯-§$�}Ûüñ æ � Ù � ª ²P¯-¬�§�ýPµ�©1¯-ª ¬�²�à � äL©"²�´Kµ�°�§�¯-¦¨§�®<©�¶¯>¯-¦�©1¯ � Û ê
»�ª º ºLß/§}©D´�¬�µ¨ß¨º §}³-¬Z¬"¯�¬"®q¯-¦¨§V¶(µ¨ß¨ª�¶�§�ýPµ�©1¯-ª ¬�²¸°�¬D¬�ß�¯�©"ª ²¨§�´ � ¥F¦¨§*²�×a»q§
¾ §(¯>¯-¦�©1¯>¯-¦¨§ � ¼�¶(¬Z¬�³�´�ª ²�©1¯-§�¬"®O¯-¦¨§	²¨§*»õÁ/¬�ª ²P¯q¬"®�ª ²P¯-§*³�°�§�¶¯-ª ¬�²}ª�°>§�ýPµ�©"º�¯-¬� Û ��� ¥F¦¨ª�°FÁ¨³-¬�´�µ�¶(§�°q¯-¦¨§±½Z²¨¬1»�²¿Á/¬�ª ²P¯�°±à � Ã0v � ä �
¥F¦¨ª�° §qp¨©"«KÁ¨º §�°�¦¨¬1»�°�¯-¦�©1¯�»q§K©�¶¯-µ�©"º º ·D²¨§*§�´�¯-¬$½Z²¨¬1»B¬�²¨º ·D¬�²¨§�³�©1¼

¯-ª ¬�²�©"º�Á/¬�ª ²P¯	¬�²D¬�µ¨³	¶(µ¨ß¨ª�¶±ª ²D¬�³�´�§*³�¯-¬ ¾ §(¯	°v¯�©"³�¯-§�´ � Ý °�ß/§(®È¬�³-§�×�»q§�¶*©"²
¯-¦¨§*²¸Á¨³-¬�´�µ�¶(§K«}©"²Z·�¬"¯-¦¨§*³�Á/¬�ª ²P¯�° � �	°�ª ² ¾ ¯-¦¨§}²¨¬"¯�©1¯-ª ¬�²¸°�µ ¾�¾ §�°v¯-§�´RßZ·À	§(ô�²¨ª ¯-ª ¬�²�ã�×�»q§±¬�ß�¯�©"ª ²¿¦¨§*³-§?Á�üÛüà ê Ã � äÃ æ �åÛBà � Ã � äÃ á?�üÛüàvñ � Ã*ñ � äÃ

âo�üÛüà æ Ã*ñ	ã�äÃ ã��åÛÂY �â Ã �â \ Ã ð?�üÛüà<ð¨Ã æ"ë äÜ
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÷ §¹°�¦�©"º º�°�§*§Dª ²Ú¯-¦¨§¹²¨§qpZ¯V°�§�¶¯-ª ¬�²Ú¯-¦�©1¯K¯-¦¨ª�°}ª�°Kª ²Ú®<©�¶¯}¯-¦¨§¹°v¯-³-µ�¶¯-µ¨³-§
¬"® ©"² Ý ß/§*º ª�©"² ¾ ³-¬�µ¨ÁIª ²ö»�¦¨ª�¶�¦I®È¬�³K§�©�¶�¦ÚÁ/¬�ª ²P¯¥Æ�×�ñOÆ ª�°�¯-¦¨§¿«Kª ³-³-¬�³
ª «}© ¾ §�¬"®ÇÆB»�ª ¯-¦î³-§�°�Á/§�¶¯ ¯-¬$¯-¦¨§ � ¼�©	p�ª�° � ¥F¦¨§Kº ª ²¨§�»�¦¨ª�¶�¦î¶(¬�²¨²¨§�¶¯�°�©"²
©"³-ß¨ª ¯-³�©"³-·±Á/¬�ª ²P¯�Æó¬�²�¬�µ¨³>¶(µ¨ß¨ª�¶F»�ª ¯-¦}ª ¯�°8«Kª ³-³-¬�³8ª «}© ¾ §�ñOÆöª�°L©�Þ�§*³�¯-ª�¶*©"º
º ª ²¨§ �Lû §�¶*©"µ�°�§DÆIÙXàvñOÆ ä8Û ê ×�»q§�§qp�Á/§�¶¯�©"º º^¯-¦¨§�°�§±º ª ²¨§�°q¯-¬ ¾ ¬�¯-¦¨³-¬�µ ¾ ¦
¯-¦¨§K²¨§*µ�¯-³�©"º8§*º §*«K§*²P¯±¬"®>¯-¦¨ª�° ¾ ³-¬�µ¨Á � ¥F¦¨§*³-§(®È¬�³-§�×O»q§}°�¦�©"º ºfº ¬Z¬�½¹®È¬�³ ¯-¦¨§
²¨§*µ�¯-³�©"ºf§*º §*«K§*²P¯�È-©1¯ ª ²�ô�²¨ª ¯v·UÉ � ¥F¦¨ª�°�¶*©"²Rß/§�«}©�´�§�«K¬�³-§�Á¨³-§�¶(ª�°�§�»�ª ¯-¦
¯-¦¨§q©"ª�´�¬"®�¯-¦¨§>Á¨³-¬�v§�¶¯-ª Þ�§8Á¨º�©"²¨§ËÊ Ø ×�ª ²P¯-³-¬�´�µ�¶(§�´�ª ²±¯-¦¨§L®È¬�º º ¬1»�ª ² ¾ °�§�¶¯-ª ¬�² �

á �cÌ±�gi%d^¢lk$m[noi���iXm[h#d���e�£�i
ï ² ¬�³�´�§*³�¯-¬R°�§*§¿©"º º>Á/¬�ª ²P¯�°�¬�² ¬�µ¨³�¶(µ¨ß¨ª�¶$¶(µ¨³-Þ�§V»q§V¦�©�Þ�§}¯-¬�³-§(¯-µ¨³-²

¯-¬�¯-¦¨§¿¬�³-ª ¾ ª ²�©"º>§�ýPµ�©1¯-ª ¬�²öÄ Ø ÅDÛÉâPÂ � ñöâPÂZÅ Ø ÙõÅ � � ¥F¦¨§¿½�§*·î¬�ß�°�§*³-Þ1©1¼
¯-ª ¬�²Úª�°�¦¨§*³-§$¯-¦�©1¯¹à<Â/Ã�Ä�Ã-Å*ä�ª�°�©î°�¬�º µ�¯-ª ¬�²I¬"®�¯-¦¨ª�°�§�ýPµ�©1¯-ª ¬�²Iª ® ©"²�´I¬�²¨º ·
ª ®�à¼Í�Â/Ã�Í/Ä�Ã�Í�Å*ä�ª�°±©¿°�¬�º µ�¯-ª ¬�²R®È¬�³±©"º º8²Zµ¨«�ß/§*³�°KÍ � ¥F¦¨ª�°�«K§�©"²�° ¯-¦�©1¯�¯-¦¨§
°�¬�º µ�¯-ª ¬�²¿°�§(¯�ª�°F©�µ¨²¨ª ¬�²¿¬"®aº ª ²¨§�°F»�¦¨ª�¶�¦$Á�©�°-°>¯-¦¨³-¬�µ ¾ ¦V¯-¦¨§�¬�³-ª ¾ ª ² �:÷ ¦¨§*²
»q§¿°�»�ª ¯�¶�¦¨§�´¸¯-¬î¶(¬Z¬�³�´�ª ²�©1¯-§�°Và � Ã,�¨ä�ª ²I¯-¦¨§$Á¨³-§*ÞZª ¬�µ�°±¯v»q¬î°�§�¶¯-ª ¬�²�°*×f»q§
© ¾ ³-§*§�´V¯-¦�©1¯ ª ¯	ª�°	°�µU§V¶(ª §*²P¯�¯-¬}½Z²¨¬1»å¬�²¨§±Á/¬�ª ²P¯	¬�²¹§�©�¶�¦D¬"®f¯-¦¨§�°�§�º ª ²¨§�° �
û µ�¯>»q§�«Kª�°-°�§�´�¯-¦¨¬P°�§�º ª ²¨§�°L¬�²K»�¦¨ª�¶�¦VÅ�Û ê ´�µ¨§�¯-¬�¬�µ¨³L´�ª ÞZª�°�ª ¬�²KßZ·KÅ �:ï ®
»q§	»q¬�µ¨º�´}º ª ½�§�¯-¬�½�§*§*Á}¯-¦¨§�°�§	º ª ²¨§�°q©�°>»q§*º º�×Z»q§ ©"³-³-ª Þ�§�©1¯>¯-¦¨§ ª�´�§�©�¬"®O¯-¦¨§
Á¨³-¬�v§�¶¯-ª Þ�§	Á¨º�©"²¨§ �  §(¯q¯-¦¨§*¬�³-§(¯-ª�¶*©"º º ·�×P¯-¦¨§�Á¨³-¬�v§�¶¯-ª Þ�§�Á¨º�©"²¨§ ª�°F´�§(ô�²¨§�´V¯-¬
ß/§�¯-¦¨§K°�§(¯ ¬"®q©"º º:º ª ²¨§�°	ª ²�¯-¦¨³-§*§(¼�°�Á�©�¶(§�»�¦¨ª�¶�¦�Á�©�°-°�¯-¦¨³-¬�µ ¾ ¦¹¯-¦¨§�¬�³-ª ¾ ª ² �
¥F¦¨ª�°Fº §�©�´¨°q¯-¬K¯-¦¨§�®È¬�º º ¬1»�ª ² ¾ µ�°�§(®Èµ¨ºa´�§�°-¶(³-ª Á�¯-ª ¬�² �
û §(®È¬�³-§�»q§	Á¨³-¬�¶(§*§�´}»q§ ²¨§*§�´K¯-¬�ô[p}¬�µ¨³q²¨¬"¯-ª ¬�²V¬"®$È�²Zµ¨«�ß/§*³�É �  ¬�®<©"³�×

»q§V¦�©�Þ�§V´�§�©"º ¯�»�ª ¯-¦I³�©1¯-ª ¬�²�©"ºL²Zµ¨«�ß/§*³�°�©"²�´¸ª ²P¯-§ ¾ §*³�° �¹û µ�¯�ª ² ¾ §*²¨§*³�©"º
ª ¯�ª�°F«�µ�¶�¦¿§�©�°�ª §*³�©"²�´$«K¬�³-§�¶(¬�²ZÞ�§*²¨ª §*²P¯q¯-¬K»q¬�³-½}»�ª ¯-¦D©"²D©"º ¾ §*ß¨³�©"ª�¶*©"º º ·
¶(º ¬P°�§�´}ô�§*º�´$º ª ½�§	¯-¦¨§ ô�§*º�´©ÎX¬"®f¶(¬�«KÁ¨º §qpV²Zµ¨«�ß/§*³�° �G9 ©"²Z·K¯-¦¨ª ² ¾ °F»�¦¨ª�¶�¦
»�ª º º�ß/§¸°-©"ª�´õß/§*º ¬1» ©"³-§�¯-³-µ¨§R®È¬�³¹©"²Z·öô�§*º�´ÐÏ � ¥F¦¨§*³-§(®È¬�³-§�×	»q§î°�¦�©"º º
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¶(µ¨³-Þ�§�° ¾ ª Þ�§*²IßZ·I© ÷ §*ª §*³�°v¯-³�©:9�§�ýPµ�©1¯-ª ¬�²I»�ª ¯-¦ö´�ª ¿^§*³-§*²P¯¹à 0aÃ21"ä�¶*©"²Iß/§
¯-³�©"²�°v®È¬�³-«K§�´Úª ²P¯-¬¸§�©�¶�¦ö¬"¯-¦¨§*³VßZ·Ú©¸º ª ²¨§�©"³K¯-³�©"²�°v®È¬�³-«}©1¯-ª ¬�²Ú¬"®±¶(¬Z¬�³�´�ª ¼
²�©1¯-§�° � ì ¬�²�°�ª�´�§*³F¯-¦¨§�®È¬�º º ¬1»�ª ² ¾ �
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»�ª ¯-¦�³�©1¯-ª ¬�²�©"º�¶(¬Z§q§V¶(ª §*²P¯�°:»�¦¨ª�¶�¦�¯-³�©"²�°v®È¬�³-«å¬�²¨§F¬"®¨¯-¦¨§�°�§F§�ýPµ�©1¯-ª ¬�²�°:ª ²P¯-¬
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�� ��¶��	��� ��«õà  ª § ¾ §*º�×\� æ"ê × � ð�× � è 	 ä0���^Í¨ÒVÒK](ù�Î1Ì�Ô<Ð1Ó©� Ø Û � � Ù70 � Ù^1
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Î�Â�È�Ë�Â�Î£Í ÂBÊ�Ð�ÍTÉ�Í*Í*Ù�Ê"Ì Ã-Í�Ê�Ô á È Ù$# %'& ú Í�ËÇ-È Ä�Ù)( ¶�* á Ý ó Ê"ÙBÔ$Ý,+�Î£ÍTÖ�Í�Ê"Ù
Ç-Â�Í�É-Ê"Ö�ÍNÄ Û � Í�ËÇ�É]Ê�É]Ô�Í�É-Ë(Ã-È Û Í�ÔzÈ Ù-# %'& ú Í�ËÇ-È Ä�Ù.(�Ò"Í(Ø�Ë(Í*×�Ç]Ç-ÂBÊeÇ]Î£Í�Ã-Í*×�Ì�Ê�Ë(Í
/ Û`á Ñ ¶10 Í(Ç12�354�ã ó76�ó,8 ã + 6 +:9 ã�;=<)>�? Û ÍTÊzÃ�Ê"Ù�Ï�Ç}Î£Ä�Ì�ÊeÇ�Ç-È�Ë(Í È ÙKÑ ¶ÁNÂ�Í*Ù@2 È�É�Ê"ÙJÊ�Ô�Ô�È Ç-È Ð�Í¢É�Å Û Ú�Æ�Ã-Ä�Å�×ðÄ"Õ�Ñ Æ�Í*Ù�Í*Ã�ÊeÇ-Í�Ô Û`á Ç}Î£Ä�Ë(Ä�Ö�×�Ì Í(Ø
Ù`Å�Ö Û Í*Ã�É 6�ó ø 6 + Î�Â�È�Ë�ÂêÊ"Ã-Í�Ì È Ù�Í�Ê"Ã-Ì á È ÙBÔ�Í*×WÍ*ÙBÔ�Í*Ù9Ç�ÄeÐ�Í*Ã�Ç-Â�Í$Ã-Í�Ê"Ì=Ù`Å�Ö�ÚÛ Í*Ã�É ¶ â Ô�Ô�È Ç-È Ä�Ù Û`á Í*Ì Í*Ö�Í*Ù9Ç�ÉTÄ"ÕA2 Ô�Í(ÓBÙ�Í�É Ê�Ó�Ø�Í�Ô�×WÄ�È Ù9Ç ÕaÃ-Í*Í�Ô�È�É-Ë(Ã-Í(Ç-Í
Æ�Ã-Ä�Å�×¹Ê�ËÇ-È Ä�Ù¹Ä"ÕB2 Ä�Ù�Ñ Ê"ÙBÔ7Â�Í*ÙBË(Í�Ç-Â�ÍC�9Å�Ä"Ç-È Í*Ù9Ç�ÑED'2 È�ÉzÊ¢Ë(Ä�Ö�×�Ì Í(Ø
Ö�Ê"Ù�È ÕaÄ�Ì�Ô ¶�ú È ÙBË(Í�FED'>JÈ�É=Ô�È GYÍ*Ä�Ö�Ä�Ã-×�Â�È�Ë�Ç-Ä
H ó Ð`È�ÊTÇ-Â�Í	Í(Ø�×WÄ�Ù�Í*Ù9Ç-È�Ê"ÌWÖ�Ê"×
IKJï Í(Ø�×ZßML'NPO I àÒ£ÑED'2 È�É�Ô�È GYÍ*Ä�Ö�Ä�Ã-×�Â�È�Ë�Ç-ÄQH ó
R H ó Ê"ÙBÔ�È�É�Ç-Â�Í*Ã-Í(ÕaÄ�Ã-Í
Ë*Ê"Ì Ì Í�Ô�Ç-Â�Í Ä�Ù�Í Ô�È Ö�Í*ÙBÉ�È Ä�ÙBÊ"Ì�Ë(Ä�Ö�×�Ì Í(Ø�Ç-Ä�Ã-ÅBÉ ¶ â Ì Ç-Â�Ä�Å�Æ�ÂéÊ"Ì ÌYÇ-Ä�Ã-È�Ê"Ã-ÍTÔ�È Õ&Ú
ÕaÍ*Ä�Ö�Ä�Ã-×�Â�È�ËzÇ-ÄéÍ�Ê�Ë�Â�Ä"Ç-Â�Í*Ã�Ò�Ç-Â�Í á Ö�Ê á Ù�Ä"Ç Û Í�È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë�Ê�É Ë(Ä�Ö�×�Ì Í(Ø
Ö�Ê"Ù�È ÕaÄ�Ì�Ô�É ß�É�Í*ÍS# (T&aà ¶

ÑED'2

ÁNÂ�Í=Ë(Ä�Ö�×�Ì Í(Ø Ç-Ä�Ã-ÅBÉ�È�ÉZÊ�Ù�È�Ë(Í=Í(Ø�Ê"Ö�×�Ì Í�Ä"Õ�Ê�Ä�Ù�Í=Ô�È Ö�Í*ÙBÉ�È Ä�ÙBÊ"Ì�Ö�Ê"Ù�È ÕaÄ�Ì�Ô
Î�Â�È�Ë�Â�È�É Í�Ê�É á Ç-Ä¢Ô�Í�É-Ë(Ã-È Û Í Û Å�Ç�Î�Â�È�Ë�Â¹Ê"Ì�É�Ä�ÂBÊ�É Ê�Ð�Í*Ã á Ã-È�Ë�Â�Æ�Í*Ä�Ö�Í(Ç-Ã-È�Ë
Ê"ÙBÔJÊ"Ã-È Ç-Â�Ö�Í(Ç-È�Ë\É}Ç-Ã-ÅBËÇ-Å�Ã-Í ¶Fú Í*Í¢ÕaÄ�Ã$Í(Ø�Ê"Ö�×�Ì ÍQU�VXWYU[Z'\ ]"^`_baYUMced'_Xf¢È ÙJÇ-Â�Í
Ê"Ã�Ç-È�Ë(Ì Í Û`á-g ¶bh Ã�Ê"ÙXi�# jT&�ÒPk ¶wú È Ì Ð�Í*Ã-Ö�Ê"ÙQ# µ�µ &]Ä�ÙéÇ-Â�Í�Ê"Ã-È Ç-Â�Ö�Í(Ç-È�ËzÊ�É�×WÍ�ËÇ�É
Ä"Õ�Í*Ì Ì È ×�Ç-È�Ë�Ë(Å�Ã-Ð�Í�ÉwÄ�ÃYÇ-Â�Í£É�Å�Ã-Ð�Í á Ê"Ã�Ç-È�Ë(Ì Í Û`á k ¶�* ¶l* Ä9É}Çm# LT&9Ä�Ù Ë(Ä�ÙBÉ}Ç-Ã-ÅBËÇ-È Ä�Ù
Ä"Õ;Â á ×WÍ*Ã-Í*Ì Ì È ×�Ç-È�Ë�	�È Í*Ö�Ê"Ù�ÙéÉ�Å�Ã�Õ�Ê�Ë(Í�É ¶
â Ä�Ù�Í\Ô�È Ö�Í*ÙBÉ�È Ä�ÙBÊ"Ì	Ë(Ä�Ö�×�Ì Í(ØPÖ�Ê"Ù�È ÕaÄ�Ì�ÔPÈ�É$Ë*Ê"Ì Ì Í�ÔJÊQnBceWYo.Z'_p_@fq^`rq\

]YZsa"W ¶ â Ù á Ë(Ä�Ö�×�Ì Í(Ø�Ö�Ê"Ù�È ÕaÄ�Ì�Ô�È�É�Ä�Ã-È Í*Ù9Ç�Ê Û Ì Í�É�Ät	�È Í*Ö�Ê"Ù�Ù¹É�Å�Ã�Õ�Ê�Ë(Í�É�Ê"Ã-Í
Ä�Ã-È Í*Ù9Ç�Ê Û Ì ÍNÃ-Í�Ê"ÌBÉ�Å�Ã�Õ�Ê�Ë(Í�É ¶Eu Ä�Ö�×BÊ�ËÇm	�È Í*Ö�Ê"Ù�Ù�É�Å�Ã�Õ�Ê�Ë(Í�É�Ê"Ã-Í�Ë(Ì�Ê�É-É�È ÓBÍ�Ô Û`á
Ç-Â�Í*È ÃCvwWY_p^xf.v¹Î�Â�È�Ë�ÂðÈ�É�Ê\Ç-Ä�×WÄ�Ì Ä�Æ�È�Ë*Ê"Ì£È Ù`ÐeÊ"Ã-È�Ê"Ù9Ç�Ê"ÙBÔêÈ�É�Íl�9ÅBÊ"Ì£Ç-Ä�Ç-Â�Í
Ù`Å�Ö Û Í*Ã�Ä"Õ Â�Ä�Ì Í�É�È ÙêÇ-Â�Í¢É�Å�Ã�Õ�Ê�Ë(Í ¶ â Ö�Ä�Ã-Í�×�Ã-Í�Ë(È�É�ÍéÔ�Í(ÓBÙ�È Ç-È Ä�ÙðÈ�É�Ç-ÂBÊeÇ
Ç-Â�Í�ÓBÃ�É}Ç Â�Ä�Ö�Ä�Ì Ä�Æ á Æ�Ã-Ä�Å�×\Ä"ÕNÊ)	�È Í*Ö�Ê"Ù�Ù7É�Å�Ã�Õ�Ê�Ë(Í�Ä"Õ£Æ�Í*Ù`ÅBÉ�yéÈ�É Ê$ÕaÃ-Í*Í
Ê Û Í*Ì È�Ê"Ù�Æ�Ã-Ä�Å�×�Ä"Õ;Ã�Ê"Ù�Ï�LTyYÒ�È ¶ Í ¶Ez ó ßMH�àE{3 > +7|�¶ú Ä�Ý ó ÂBÊ�ÉByt3~}�ÒYÇ-Â�Í�Ë(Ä�Ö�×�Ì Í(ØéÇ-Ä�Ã-ÅBÉTÑED'2?Î�Â�È�Ë�Â�È�ÉTÔ�È GYÍ*Ä�Ö�Ä�Ã-×�Â�È�Ë
Ç-ÄSH ó R H ó ÂBÊ�É�y.3 µ�¶
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�=Ê�Ë�Â�Ë(Ä�Ö�×BÊ�ËÇ=	�È Í*Ö�Ê"Ù�Ù�É�Å�Ã�Õ�Ê�Ë(Í=Ë*Ê"Ù Û Í=Í*Ö Û Í�Ô�Ô�Í�ÔzÂ�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë*Ê"Ì Ì á

È Ù9Ç-Ä	É�Ä�Ö�Í�Ý;Þ��l��ÙTÕ�Ê�ËÇ;Î£Í=Ë*Ê"Ù�Ë�Â�Ä`Ä9É�Í�ã�Ç-Ä Û Í�( ¶ ÁNÂ�È�ÉZÈ�É�Ì È Ï�Í=Ê"Ù�Ê"ÙBÊ"Ì Ä�Æ�Å�Í
Ä"ÕBÇ-Â�Í Ü Â�È Ç-Ù�Í á Í*Ö Û Í�Ô�Ô�È Ù�Æ Ç-Â�Í*Ä�Ã-Í*Ö�Î�Â�È�Ë�Â�É}Ç�ÊeÇ-Í�ÉZÇ-ÂBÊeÇ�Ê"Ù á Ë(Ä�Ö�×BÊ�ËÇ]ã
Ô�È Ö�Í*ÙBÉ�È Ä�ÙBÊ"Ì�Ã-Í�Ê"Ì�Ö�Ê"Ù�È ÕaÄ�Ì�Ô�æ Ë*Ê"Ù Û Í�Í*Ö Û Í�Ô�Ô�Í�Ô�È Ù.F + Þ�� ó � â Ë(Ä�Ö�×BÊ�ËÇ
	�È Í*Ö�Ê"Ù�Ù�É�Å�Ã�Õ�Ê�Ë(ÍBH¢Ç-Ä�Æ�Í(Ç-Â�Í*Ã�Î�È Ç-Â�Ê"Ù�Í*Ö Û Í�Ô�Ô�È Ù�Æ�O=îwH¹ï Ý;ÞzÈ�É]Ï`Ù�ÄeÎ�Ù
Ê�É�Ê"Ùt�x��y`�'� I �wO[���q� IT� � ¶ ��ÙKÇ-Â�È�É Ê"Ã�Ç-È�Ë(Ì Í Â�ÄeÎ£Í*Ð�Í*Ã�Î£Í Î�È Ì ÌZÄ"Õ&Ç-Í*Ù¢Ã-Í(ÕaÍ*Ã�Ç-Ä
Ê¢Ë(Ä�Ö�×BÊ�ËÇ�	�È Í*Ö�Ê"Ù�ÙêÉ�Å�Ã�Õ�Ê�Ë(Í�Ê�É�Êt�q� IT� �$Î�È Ç-Â�Ä�Å�Ç�Ê"Ì ÎNÊ á ÉTÙ�Í�Ë(Í�É-É-Ê"Ã-È Ì á
É�×WÍ�Ë(È Õ á È Ù�Æ�Ç-Â�Í Í*Ö Û Í�Ô�Ô�È Ù�Æ�È ÙKÝ;Þ ¶
�]Ø�Ê"Ö�×�Ì Í�É Ä"Õ=Ç}Î£ÄéÔ�È Ö�Í*ÙBÉ�È Ä�ÙBÊ"Ì]Ö�Ê"Ù�È ÕaÄ�Ì�Ô�ÉTÈ ÙBË(Ì ÅBÔ�Í�Ñ=+WÒ�Ý,+eÒ;Ê"ÙBÔ¢Ç-Â�Í

Ç}Î£Ä7Ô�È Ö�Í*ÙBÉ�È Ä�ÙBÊ"Ì�Ë(Ä�Ö�×�Ì Í(Ø¹Ç-Ä�Ã-ÅBÉ�Æ�È Ð�Í*Ù Û`á Ñ + D'2	Ò�Î�Â�Í*Ã-Í)2?È�É�Ù�ÄeÎ Ê
Ã�Ê"Ù�ÏC��Ì�ÊeÇ�Ç-È�Ë(Í�È Ù\Ñ +B¶ ÁNÂ�Í�É�Í�Ì Í�Ê�Ô�Ç-Ä$É�Ä�Ö�ÍzÉ�È Ö�×�Ì Í�Í(Ø�Ê"Ö�×�Ì Í�É�È ÙéÂ�È Æ�Â�Í*Ã
Ô�È Ö�Í*ÙBÉ�È Ä�ÙBÉ	É�ÅBË�Â\Ê�É	Ñ/Þ�ÒWÝ;ÞWÒwÊ"ÙBÔ¢Ñ;Þ=D'2�Î�Â�Í*Ã-Í�2åÈ�É Ê�Ã�Ê"Ù�Ï-Leã¹Ì�ÊeÇ�Ç-È�Ë(Í
È ÙéÑ/Þ ¶
� È Ð�Í*ÙzÊ	Ö�Ê"Ù�È ÕaÄ�Ì�Ô�æ Ä"ÕWÔ�È Ö�Í*ÙBÉ�È Ä�Ùzã]Ò"Ê É�Å Û É�Í(ÇE�?üJæ Æ�È Ð�Í*Ù�Ì Ä�Ë*Ê"Ì Ì á

ßaÈ ¶ Í ¶ Ä�ÙzÄ�×WÍ*Ù�É�Å Û É�Í(Ç�É�à;Ê�É�Ç-Â�Í�i*Í*Ã-Ä É�Í(Ç/Ä"ÕYÊ	É�È Ù�Æ�Ì Í£Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë]ÕaÅ�ÙBËÇ-È Ä�Ù
û�È�ÉzË*Ê"Ì Ì Í�Ô7Ê�Vx���pWYr"fq^`r�]YZsa"W�È Ùêæ ¶)h Ä�Ã�Í(Ø�Ê"Ö�×�Ì Í�Ý ó Í*Ö Û Í�Ô�É�È Ù¹Ý + Ê�É
Ç-Â�Í)i*Í*Ã-Ä¹É�Í(Ç�Ä"Õ	Ç-Â�ÍKÂ�Ä�Ö�Ä�Æ�Í*Ù�Í*Ä�ÅBÉ�Ì È Ù�Í�Ê"Ã�ÕaÅ�ÙBËÇ-È Ä�Ù¡  ó 3¢} ¶ ��ÙðÌ Ä�Ë*Ê"Ì
Ë(Ä`Ä�Ã�Ô�È ÙBÊeÇ-Í�ÉZÄ�Ù�ë ó È Ç]È�É;Æ�È Ð�Í*Ù Û`á 4`ß�£ ó ø7£ + à 9 £ ó 3@}`? ¶,0 Í(Ç��x l¤ 8 �q  ós8 �Y  +Û ÍéÊ"Ù�Ä"Ç-Â�Í*Ã�Ì È Ù�Í�Ê"Ã�Íl�9ÅBÊeÇ-È Ä�Ù ¶ ÁNÂ�Í*ÙêÇ-Â�Í*Ã-ÍKÈ�É�Ê\Ö�ÊeÇ-Ã-È Ø�¥ È ÙðÝ,¦�§	ße(9à
É�ÅBË�Â�Ç-ÂBÊeÇ.¥zße  ó àC3¨�x l¤ 8 �q  ó18 �Y  + ¶ ÁNÂ�Í*Ù©4T  ó 3ª}`?KÆ�Í(Ç�É�Ö�Ê"×�×WÍ�Ô
È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë*Ê"Ì Ì á Ç-Ä.4T�x l¤ 8 �q  ó`8 �Y  + 3¡}`? ¶ ÁNÂ�È�É�É�Â�ÄeÎ�É;Ç-ÂBÊeÇ�Ç-Â�ÍAi*Í*Ã-Ä�É�Í(ÇÄ"Õ�Z'_p��Ì È Ù�Í�Ê"Ã£Â�Ä�Ö�Ä�Æ�Í*Ù�Í*Ä�ÅBÉ]Íl�9ÅBÊeÇ-È Ä�Ù�È Ù$Ý + È�É=È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë�Ç-ÄzÝ ó ¶�« Í(Ø`Ç
Î£Í�Ë(Ä�ÙBÉ�È�Ô�Í*Ã	Ç-Â�Í
i*Í*Ã-Ä�É�Í(Ç�É Ä"Õ=Â�Ä�Ö�Ä�Æ�Í*Ù�Í*Ä�ÅBÉ	Íl�9ÅBÊeÇ-È Ä�ÙBÉ	Ä"Õ£Ô�Í*Æ�Ã-Í*Í¬L ¶ ��Õ
Ç-Â�Í�Íl�9ÅBÊeÇ-È Ä�Ù�È�É�È Ã-Ã-Í�Ô�ÅBË(È Û Ì Í£Ç-Â�Í*Ù�Ç-Â�È�É�È�É]È�É]È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë£Ç-Ä�Ê Ë(Ä�Ù�È�ËNÎ�Â�È�Ë�Â
È�É�Ê"Æ9Ê"È Ù�È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë�Ç-Ä�Ý ó ß7# %'& ú Í�ËÇ-È Ä�Ù µ à ¶
��Ù�Æ�Í*Ù�Í*Ã�Ê"ÌBÎ£Í Ô�Í*Ù�Ä"Ç-Í�Ç-Â�Í�i*Í*Ã-ÄzÉ�Í(ÇNÈ Ù�Ý + Ä"ÕZÊ�Â�Ä�Ö�Ä�Æ�Í*Ù�Í*Ä�ÅBÉ]×WÄ�Ì á Ù�Ä"Ú

Ö�È�Ê"Ì�Ä"ÕwÔ�Í*Æ�Ã-Í*ÍA Û`á¬® ÒYß�Ê"Ì�É�ÄTÏ`Ù�ÄeÎ�Ù�Ê�É]ÊB�b¯ Z'_bW�aY^`rq°'W�à Û Å�Ç=Î�Â�Í*Ù.
3@(
Î£Í�Ô�Í*Ù�Ä"Ç-Í�È Ç Û`át± ß�Ê"Ì�É�ÄKÏ`Ù�ÄeÎ�Ù�Ê�ÉTÊ�²-Ë(Å Û È�Ë�Ë(Å�Ã-Ð�Íl³9à�ÕaÄ�Ã Ë(Ä�ÙBÉ�È�É}Ç-Í*ÙBË á
Î�È Ç-Â�Ç-Â�Í Ù�Ä"Ç�ÊeÇ-È Ä�Ù�È ÙK# %T& ¶
ú Å�×�×WÄ9É�Í Ç-Â�Í�×�Ì�Ê"Ù�ÍzË(Å�Ã-Ð�Í ® 3´49ße l¤ îw  ó îs  + à 9 û/ße l¤�ø�  ó ø�  + àm3¡}`?�ÒWÈ�ÉÆ�È Ð�Í*Ù Û`á ÊKßaÂ�Ä�Ö�Ä�Æ�Í*Ù�Í*Ä�ÅBÉ�à=×WÄ�Ì á Ù�Ä�Ö�È�Ê"Ì

û/ße l¤�ø�  ó ø�  + àm3 µ; ��¶��¸·q¹¸º
�x; ¶"·  l¤ ;   ó ¶   + ·

Ä"Õ�Ô�Í*Æ�Ã-Í*Í. ¶ ÁNÂ�Í*Ù�Ò;Ä�Ù7Ä�×WÍ*Ù¹É�Å Û É�Í(Ç�É Ä"ÕNÝ + ÒZÇ-Â�Í�Ë(Å�Ã-Ð�Í ® È�ÉTÇ-Â�ÍSi*Í*Ã-Ä
É�Í(Ç�Ä"Õ]Ê�É�È Ù�Æ�Ì ÍTÂ�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë	ÕaÅ�ÙBËÇ-È Ä�Ù ¶ 	�Í�Ë*Ê"Ì ÌwÇ-ÂBÊeÇ�Ý,+13çë=¤m»éë ó »éë +Î�Â�Í*Ã-Í�ë�;A3¼4T T;�½3¾}`? ¶ âA¿ Ù�Í�Ë(Ä`Ä�Ã�Ô�È ÙBÊeÇ-Í�É Ä�Ù¹ë=¤�Ê"Ã-Í
£�;A3ÁÀ7ÂÀ7Ã ¶ ÁNÂ�Í*Ù® õéë=¤�354`ß�£ ó ø7£ + à 9�Ä ¤`ß�£ ó ø7£ + àm3@}`?9Ò�Î�Â�Í*Ã-Í Ä ¤`ß�£ ó ø7£ + àNî 3ÆÅ�Ç À7ÃqÈ À"É7È À7Ê7ËÀ7Ã"Ì 3
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Î �x; ¶"· £ ó ¶ £ + · ¶Tú Ä ® õ\ë=¤zÈ�É�Ç-Â�Í�i*Í*Ã-Ä�Ì Ä�Ë(ÅBÉ�Ä"Õ]Ç-Â�Í�Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë ÕaÅ�ÙBËÚÇ-È Ä�Ù Ä ¤9ß�£ ó ø7£ + à ¶ ÁNÂ�ÍzË*Ê"Ì�Ë(Å�Ì�ÊeÇ-È Ä�ÙBÉ£ÕaÄ�Ã�Ç-Â�Í�Ä"Ç-Â�Í*Ã	Ë�ÂBÊ"Ã�Ç�É ë ó Ê"ÙBÔ¢ë + Ê"Ã-ÍÉ�È Ö�È Ì�Ê"Ã ¶
Ü Í�É-Ê á Ç-ÂBÊeÇ�Ï$< ® õ¢ë=¤�È�É Ê$É�Ö�Ä`Ä"Ç-Â¢×WÄ�È Ù9Ç�ÒYÈ Õ£ÊeÇ Ì Í�Ê�É}Ç Ä�Ù�ÍzÄ"Õ]Ç-Â�Í

×BÊ"Ã�Ç-È�Ê"Ì�Ô�Í*Ã-È ÐeÊeÇ-È Ð�Í�ÉSÐlÑ Ã Ç Ò É"È Ò Ê7ËÐ Ò É øxÐlÑ Ã Ç Ò É�È Ò Ê7ËÐ Ò Ê È�É�Ù�Ä"Ç�Íl�9ÅBÊ"ÌwÇ-Ä.i*Í*Ã-Ä�ÊeÇ�Ï ¶�Ü Í
É-Ê á�® È�É]É�Ö�Ä`Ä"Ç-Â�È ÕYÍ*Ð�Í*Ã á ×WÄ�È Ù9Ç]È Ù ® È�É]ÊTÉ�Ö�Ä`Ä"Ç-Â�×WÄ�È Ù9Ç ¶ ��Õ ® È�É]É�Ö�Ä`Ä"Ç-Â
Ç-Â�Í*Ù�È Ù�Õ�Ê�ËÇNÈ Ç�È�ÉNÊ.fq^pÓYo.Z'_pc ]Yd'¯ Ô$Ä"ÕZÝ +e¶ â Ù�Ä"Ç-Â�Í*ÃNÍ(Ø�Ê"Ö�×�Ì Í Ä"Õ;Ê�É�Ö�Ä`Ä"Ç-Â
Ë(Å�Ã-Ð�ÍzÈ�É	Ç-Â�Í�Ë(Å�Ã-Ð�ÍzÆ�È Ð�Í*Ù\Ì Ä�Ë*Ê"Ì Ì áKÛ`á £ ó Þ 8 £ + Þ 3 µ�¶ ��Ù\Â�Ä�Ö�Ä�Æ�Í*Ù�Í*Ä�ÅBÉ
Ë(Ä`Ä�Ã�Ô�È ÙBÊeÇ-Í�É�È Ç È�É�Ç-Â�Í
i*Í*Ã-Ä�Ì Ä�Ë(ÅBÉ	Ä"Õm  ó Þ 8   + Þ)3Õ l¤�Þ¢Ê"ÙBÔéÈ�É	Ï`Ù�ÄeÎ�Ù¢Ê�ÉÇ-Â�Í
Ö¸WYrqo.Z'UAaY^`rq°'W ¶
ÁNÂ�Í*Ã-Í=È�É;Ê	Ù�È�Ë(Í�ÕaÄ�Ã-ÖzÅ�Ì�Ê�Ç-ÂBÊeÇ]Ë(Ä�Ö�×�Å�Ç-Í�ÉZÇ-Â�Í£Æ�Í*Ù`ÅBÉ�Ä"ÕWÊ	É�Ö�Ä`Ä"Ç-Âz×�Ì�Ê"Ù�Í

Ë(Å�Ã-Ð�Í ® Ä"Õ	Ô�Í*Æ�Ã-Í*ÍS\ÙBÊ"Ö�Í*Ì á yQ3×Ç º ò�ó Ë Ç º ò + Ë+ ¶�ú Ä¢È Õ ® ÂBÊ�ÉzÔ�Í*Æ�Ã-Í*ÍS
Î�Â�Í*Ã-Í
)ØÙ(�Ç-Â�Í*Ù-ytØ µ Ê"ÙBÔéÂ�Í*ÙBË(Í ® È�É	Ù�Ä"Ç È�É�Ä�Ö�Ä�Ã-×�Â�È�ËTÇ-Ä$Ý ó ¶ ÁNÂ�Í
Æ�Í*Ù`ÅBÉ�Ä"Õ Ç-Â�Í h Í*Ã-Ö�ÊeÇ�Ë(Å�Ã-Ð�ÍKÈ�ÉÚÇ Þ ò�ó Ë Ç Þ ò + Ë+ É�Ä�ÕaÄ�Ã�ã¾3 µ Ê"ÙBÔÚL�È Ç�È�É
È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë Ç-Ä�Ý ó Î�Â�È Ì Í�ÕaÄ�Ã�ãÛ3Ù(�È Ç	ÂBÊ�É�Æ�Í*Ù`ÅBÉ�Ä�Ù�ÍzÊ"ÙBÔKÈ�É	Ê�Ë(Ä�Ö�×�Ì Í(Ø
Ç-Ä�Ã-ÅBÉ ¶
ÁNÂ�ÍTË(Å�Ã-Ð�Í ®�Ü È Ù$Ý,+�Æ�È Ð�Í*Ù Û`á Ç-Â�Í Íl�9ÅBÊeÇ-È Ä�Ù�  +   ó +EÝ� l¤�Þ 8  l¤l+l  + 3@}È�É�Ù�Ä"Ç É�Ö�Ä`Ä"Ç-Â¢Ê�É�Ê"Ì Ì�Ç-Â�Íz×BÊ"Ã�Ç-È�Ê"ÌZÔ�Í*Ã-È ÐeÊeÇ-È Ð�Í�É�ÐeÊ"Ù�È�É�Â¢ÊeÇ�ße}�î`}�î µ à ¶NÜ Í

É-Ê á ße}�îs}�î µ à=È�É�ÊCfqc�_xv�^`¯ Z'rz×WÄ�È Ù9Ç�Ä"Õ ® Ü ¶
ÁNÂ�Í�É�Í£Ù�Ä"Ç-È Ä�ÙBÉZÄ"Õ¸fqo.dld'U�V1�pd'c�_pUef�Ê"ÙBÔ.fqc�_xv�^`¯ Z'r,�pd'c�_pUefNË*Ê"Ù�Ê"Ì�É�Ä Û ÍNÍ(Ø`Ú

Ç-Í*ÙBÔ�Í�Ô�Ç-Ä�Â�È Æ�Â�Í*Ã	Ô�È Ö�Í*ÙBÉ�È Ä�ÙBÊ"Ì�Ö�Ê"Ù�È ÕaÄ�Ì�Ô�É ¶ ��ÙKÕ�Ê�ËÇ � ÅBÉ}Ç Ê�ÉNÇ-Â�Í�È Ö�×�Ì È�Ë(È Ç
Ê"ÙBÔ$È Ù`Ð�Í*Ã�É�Í ÕaÅ�ÙBËÇ-È Ä�ÙKÂ�Ä�Ì�Ô$È Ù�Ç-Â�Í�Ô�È GYÍ*Ã-Í*Ù9Ç-È�Ê Û Ì Í�Ë*Ê�É�Í�Ò�É�Ä�Ô�Ä�Ç-Â�Í*È Ã	Ê"ÙBÊeÚ
Ì á Ç-È�ËNÐ�Í*Ã�É�È Ä�ÙBÉ ¶¸h Ä�Ã]Í(Ø�Ê"Ö�×�Ì ÍNÈ Õ��äÈ�É]Ê Â á ×WÍ*Ã�É�Å�Ã�Õ�Ê�Ë(ÍNÆ�È Ð�Í*ÙzÌ Ä�Ë*Ê"Ì Ì á Ê�É;Ç-Â�Í
i*Í*Ã-Ä�É�Í(Ç�Ä"Õ]Ê�É�È Ù�Æ�Ì ÍTÂ�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë�ÕaÅ�ÙBËÇ-È Ä�Ù\û¢Ê"ÙBÔ$Ç-Â�Í � Ê�Ë(Ä Û È�Ê"Ù�Ö�ÊeÇ-Ã-È Ø
Ä"Õ;û�ÂBÊ�É=Ã�Ê"Ù�Ï µ Í*Ð�Í*Ã á Î�Â�Í*Ã-Í�Ç-Â�Í*Ù)��È�É£Ê�Ö�Ê"Ù�È ÕaÄ�Ì�Ô�Ä"Õ;Ô�È Ö�Í*ÙBÉ�È Ä�Ù�ã¬Ý µ�¶

L ¶�ß�à�áW»�â�ß�à�ã�ä,åBÀ�¸Zº�¿�æPç�å$è¬ãY½¸à�éÛê�¸wë
��Ç;È�ÉZÖ�Í*Ù9Ç-È Ä�Ù�Í�Ô È ÙC# %T&9Ç-ÂBÊeÇ]Ê"Ù á É�Ö�Ä`Ä"Ç-Â�Ë(Å Û È�Ë ± È ÙzÝ + Ë*Ê"Ù Û Í=Î�Ã-È Ç�Ç-Í*ÙzÊ�É
Ç-Â�Í:i*Í*Ã-Ä�É�Í(Ç	Ä"Õ;Ç-Â�Í Ü Í*È Í*Ã�É}Ç-Ã�Ê�ì�Íl�9ÅBÊeÇ-È Ä�ÙéÊeÕ&Ç-Í*Ã Ê"ÙéÊ"×�×�Ã-Ä�×�Ã-È�ÊeÇ-Í Ë�ÂBÊ"Ù�Æ�Í
Ä"Õ;ÐeÊ"Ã-È�Ê Û Ì Í�É ¶

± 3Ù4`ße l¤ îs  ó îs  + à 9   ó +   + 3¡�w l¤ Þ Ý�Ï� l¤l  + + Ý$í'  + Þ ?w�
0 Ä�Ë*Ê"Ì Ì á Ä�Ùçë + Ç-Â�È�É�Ë(Ä�Ã-Ã-Í�É�×WÄ�ÙBÔ�É�Ç-Ä@4`ß�îZø7ï�à 9 ï + 3ð�sî Þ Ý�Ïpî$Ý©íw? ¶
��Ù�Ê�Ô�Ô�È Ç-È Ä�Ù�Ò;Ç-Â�Í�É�Í(ÇzÄ"Õ�Ã�ÊeÇ-È Ä�ÙBÊ"Ì�×WÄ�È Ù9Ç�É�Ä�Ù ± ÕaÄ�Ã-Ö�ÉzÊKÆ�Ã-Ä�Å�×�Ò/É�Í*Í�# %'&
ÁNÂ�Í*Ä�Ã-Í*Öðñ ¶ ��ÙêÄ�Å�Ã�Ë*Ê�É�Í�Ò/È ¶ Í ¶ Î�Â�Í*Ù ± È�É�Ô�Í(ÓBÙ�Í�Ô�ÄeÐ�Í*Ã�Ñ£Ò	Î£ÍKÉ�Â�ÄeÎ
Ç-ÂBÊeÇ	Ç-Â�È�É Ô�Í(ÓBÙ�Í�É Ê�Æ�Ã-Ä�Å�×¢É}Ç-Ã-ÅBËÇ-Å�Ã-Í�Ä�Ù\Ê"Ì ÌZ×WÄ�È Ù9Ç�É	Ä"Õ ± Î�È Ç-Â\Ë(Ä�Ö�×�Ì Í(Ø
Ë(Ä`Ä�Ã�Ô�È ÙBÊeÇ-Í�É ¶ â É Û Í(ÕaÄ�Ã-Í�Ò/Ì Í(Ç.ò Ô�Í*Ù�Ä"Ç-Í�Ç-Â�Í$×WÄ�È Ù9ÇKße}¹î µ î=}9à ¶�0 Í(Ç¬ó
Ê"ÙBÔ.ô Û Í	Ê"Ù á Ç}Î£Ä ×WÄ�È Ù9Ç�É�Ä�Ù ± Ê"ÙBÔ�Ë(Ä�ÙBÉ�È�Ô�Í*Ã/Ç-Â�Í�Ì È Ù�Í�È Ù�Ý + Ë(Ä�Ù9Ç�Ê"È Ù�È Ù�Æ
ó Ê"ÙBÔ¡ô ¶ ÁNÂ�Í*Ù�Ò Û`á Ç-Â�Í\É-Ê"Ö�ÍK×�Ã-Í�É-Ë(Ã-È ×�Ç-È Ä�ÙPÊ�É�È Ù´# %T&�õ	Í(ÓBÙ�È Ç-È Ä�Ù©j�Ò



� g'�����B�`h"������fT�����b�"cT! i:�b�"g��s� öT÷
Î£Í$É�Í*Í�Ç-ÂBÊeÇ�È ÇzÖ�Í*Í(Ç�É ± È Ù�ÊKÇ-Â�È Ã�Ô¹×WÄ�È Ù9Ç
ø ¶t« ÄeÎ Ë(Ä�ÙBÉ�È�Ô�Í*Ã�Ç-Â�Í�Ì È Ù�Í
Ë(Ä�Ù9Ç�Ê"È Ù�È Ù�Æ¬ò Ê"ÙBÔCø ¶ ��ÇNÖ�Í*Í(Ç�É ± È ÙKÊ�Ç-Â�È Ã�Ô�×WÄ�È Ù9Ç�É-Ê á´ùø ¶ ��Ù$Ç-Â�Í Ì Ä�Ë*Ê"Ì
Ë(Ä`Ä�Ã�Ô�È ÙBÊeÇ-Í�É�ß�îZø7ï�àÒ ùø�È�É/Ç-Â�Í�Ã-ÍYúBÍ�ËÇ-È Ä�Ù�Ä"ÕPø�È Ù�Ç-Â�Í�Ø`Ú�ÊeØ�È�É]Ê�É]Ö�Í*Ù9Ç-È Ä�Ù�Í�Ô
È ÙK# %T&,õ	Í(ÓBÙ�È Ç-È Ä�Ùtj ¶]Ü Í�Ô�Í(ÓBÙ�Í:ó 8 ôFî 3 ùø ¶

ó
ô

ø

ó 8 ô î 3 ùø

ûü
ûü

ûü

ûü

ÁNÂ�È�É È�É Í(Ø�Ê�ËÇ-Ì á Ç-Â�Í�É-Ê"Ö�Í�Ê�É	È ÙÚ# %T&�ÁNÂ�Í*Ä�Ã-Í*Ö¨ñ�ÒYÍ(Ø�Ë(Í*×�Ç Ù�ÄeÎ�Î£Í�Ê"Ì Ì ÄeÎ
óþÊ"ÙBÔtô Ç-Ä�ÂBÊ�Ð�Í�Ë(Ä�Ö�×�Ì Í(ØéË(Ä"Ú�Ä�Ã�Ô�È ÙBÊeÇ-Í�É ¶ ��ÙKÇ-Â�È�É�ÎNÊ á Î£Í Æ�Í(Ç Ê�Æ�Ã-Ä�Å�×
Ì�Ê�ÎåÄ�ÙKÊ"Ì ÌwÄ"Õ/×WÄ�È Ù9Ç�ÉNÄ"Õ ± Î�È Ç-ÂéË(Ä�Ö�×�Ì Í(Ø�Ë(Ä`Ä�Ã�Ô�È ÙBÊeÇ-Í�É ¶
ÁNÂ�Í	Ë�Â�Ä�È�Ë(Í�Ä"Õ,òçÊ�É]Ç-Â�Í�ýlWYr�d Í*Ì Í*Ö�Í*Ù9Ç£Ä"ÕwÇ-Â�Í	Æ�Ã-Ä�Å�× ± È�É=Ù�Ä"Ç=Å�Ù�Èþ�9Å�Í ¶

��Ù¹Õ�Ê�ËÇ�Ê"Ù á ×WÄ�È Ù9Ç�Ä�Ù ± Ë*Ê"Ù Û ÍKÊÛýlWYr�d�ß7# µ }'& u ÂBÊ"×�Ç-Í*Ã µ Ò ú Í�ËÇ-È Ä�Ù�L�àÒ
Â�ÄeÎ£Í*Ð�Í*Ã/ÕaÄ�Ã ± È Ù�Ç-Â�Í Ü Í*È Í*Ã�É}Ç-Ã�Ê�ìTÕaÄ�Ã-ÖFÇ-Â�È�É£Ë�Â�Ä�È�Ë(Í�Ä"ÕwÇ-Â�Í�ýlWYr�d�Í*Ì Í*Ö�Í*Ù9Ç
É�È Ö�×�Ì È ÓBÍ�É�Ç-Â�Í�Æ�Ã-Ä�Å�×¹Ì�Ê�Î ¶¢Ü ÍKÉ}Ç�ÊeÇ-Í�Ç-Â�Í�Ê"ÙBÊ"Ì Ä�Æ�Å�Í�Ä"Õ�# %T&�ÁNÂ�Í*Ä�Ã-Í*Öÿñ
ÄeÐ�Í*Ã�Ñ ¶���������	��
����� WYU ± Ó"W
Z�aY^pÓYcea
aY^`rq°'W:c�_$Ý + v�c�°'WY_KÓY�.U�VXW��-WYceWYr"fqUMr�Z��
W��Y^pZ'UMced'_

± 354`ße l¤Tîw  ó îw  + à�<�Ý + 9   ó +   + 3¡�w l¤ Þ Ý�y +  l¤�  + + Ý�y Þ   + Þ ?9ø� VXWYr�W�y +	� y Þ Z'r�W�a"d'_XfqU[Z'_pUef����bVXWY_�U�VXWYr�W:W��scþfqUef:Z¬^`_pc��Y^pW1v�r�d'^l�Û¯ Z � d'_± fq^pa"VSU�VXZ'U�òFî 3�ße}�î µ îs}9à1cþfBU�VXW� w� I	� WY¯ WYo.WY_pU ���bVXW1v�r�d'^l�)fqUMrq^paYUM^`r�W
cþf�ÔsWYU[WYrqo
c�_bW"Ô�ÓY�.r�W��Y^`c�rqc�_xv

ó 8 ô 8 ø53©ò c ]�Z'_bÔCd'_p¯ �.c ]´óNø"ô�ø¬Z'_bÔ:ø Z'r�W
d'_$Z.¯ c�_bWY�
( ¶�ßT½"!Bé�¾wå$#&%�½¸ã�àZÀ

��ÙêÇ-Â�È�É�É�Í�ËÇ-È Ä�ÙðÎ£Í�Ã-Í*Ì�ÊeÇ-Í ± Ç-Ä�Ç-Â�ÍKÄ�Ù�ÍKÔ�È Ö�Í*ÙBÉ�È Ä�ÙBÊ"Ì�Ë(Ä�Ö�×�Ì Í(Ø¹Ç-Ä�Ã-ÅBÉ
Æ�È Ð�Í*Ù¹Ê�ÉTÇ-Â�Í��9Å�Ä"Ç-È Í*Ù9Ç�ÑED'2 Ä"Õ�Ñ Û`á ÊéÃ�Ê"Ù�Ï$L�Ì�ÊeÇ�Ç-È�Ë(Í�2�È Ù�Ñ ¶êú È ÙBË(Í
ÑED'2çÈ�É�Ô�È GYÍ*Ä�Ö�Ä�Ã-×�Â�È�Ë�Ç-ÄCH ó R H ó È Ç�È�ÉNÌ È Ï�Í Ê�Â�Ä�Ì Ì ÄeÎåÔ�Ä�Å�Æ�Â�Ù`Å�Ç�Ê"ÙBÔ�É�Ä



Í + � h��������"h����"h� "! �
ÂBÊ�ÉTÆ�Í*Ù`ÅBÉ µ�¶ 	�Í�Ë*Ê"Ì Ì/Ç-ÂBÊeÇ Û`á Ç-Â�ÍK²�Æ�Í*Ù`ÅBÉ	ÕaÄ�Ã-ÖzÅ�Ì�Ês³�ÕaÄ�Ã�É�Ö�Ä`Ä"Ç-Â�×�Ì�Ê"Ù�Í
Ë(Å�Ã-Ð�Í�É ± Ê"Ì�É�Ä ÂBÊ�É/Æ�Í*Ù`ÅBÉ µ�¶ ÁNÂ�ÍNÕaÄ�Ì Ì ÄeÎ�È Ù�Æ	Ç-Â�Í*Ä�Ã-Í*ÖFÉ�Â�ÄeÎ�É;Ç-ÂBÊeÇ�Ô�Í�É�×�È Ç-Í
È Ç�É�Ô�È GYÍ*Ã-Í*Ù9Ç�Ê"×�×WÍ�Ê"Ã�Ê"ÙBË(Í ± È�É�È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë�Ç-Ä�ÑED'2 ¶���������	��
(')*� WYUA2ªÓ"W-Z�r�Z'_$+tU � d�¯ Z'UMUMcea"W�c�_7Ñ,�-�bVXWY_¡U�VXW)d'_bW-Ô'c�\
o.WY_Xfqced'_bZ'¯ma"d'o1�b¯ W��tU[d'rq^xfTÑED'2¢a"Z'_�Ó"WSWYo.Ó"W"ÔsÔsW"Ô-c�_éÝ + ZTfSZtaY^pÓYcea¬c�_�-WYceWYr"fqUMr�Z��-]Yd'rqo*�
Ü Í�É�Ï�Í(Ç�Ë�ÂéÇ-Â�Í�Ö�Ê"È Ù\È�Ô�Í�Ê�É Ä"Õ=Ç-Â�Í�×�Ã-Ä`Ä"Õ£Ê"ÙBÔ\È Ù9Ç-Ã-Ä�Ô�ÅBË(ÍzÇ-Â�Í�Ù�Ä"Ç-È Ä�Ù

Ä"Õ�WY¯�¯ c �bUMceaCc�_pU[W v�r�Z'¯ f ¶
h Ä�ÃTÖ�Ä�Ã-Í�Ô�Í(Ç�Ê"È Ì�ÉTÉ�Í*Í)# .l&=Ê"ÙBÔ�# ('& ¶ â É-É�Ä�Ë(È�ÊeÇ-Í�ÔéÇ-Ä
2þÇ-Â�Í*Ã-ÍéÈ�É$Ê7Ö�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�Ë$ÕaÅ�ÙBËÇ-È Ä�ÙJÄ�ÙJÑED'2 Ë*Ê"Ì Ì Í�ÔêÇ-Â�Í Ü Í*È Í*Ã�É}Ç-Ã�Ê�ì/ Ú�ÕaÅ�ÙBËÇ-È Ä�Ù¹ß�0 Ê"Ã-Ì Ü Í*È Í*Ã�É}Ç-Ã�Ê�ìBÒ µ ñs}wL�àÒ�Ô�Í(ÓBÙ�Í�ÔKÊ�É£ÕaÄ�Ì Ì ÄeÎ�É ¶/ ße `àE3 µ

  + 8 µ1�243�576 ¤98 : µ
ße �Ý 6 à +

Ý µ
6 +<; �

Ü Â�Í*ÙðÐ`È Í*Î£Í�ÔðÊ�É�Ê�Ö�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�Ë�ÕaÅ�ÙBËÇ-È Ä�ÙPÄ�ÙPÑ£Ò / ße `àzÈ�É�Ô�Ä�Å Û Ì á
×WÍ*Ã-È Ä�Ô�È�Ë Î�È Ç-Â�Ã-Í�É�×WÍ�ËÇNÇ-Ä.2JÊ"ÙBÔ�ÂBÊ�ÉN×WÄ�Ì Í�ÉNÄ"ÕZÄ�Ã�Ô�Í*Ã1L�ÊeÇ�Ê"Ì ÌWÇ-Â�Í Ì�ÊeÇ�Ç-È�Ë(Í
×WÄ�È Ù9Ç�É ¶ ��Ç	É-ÊeÇ-È�É}ÓBÍ�É=Ç-Â�ÍTÕaÄ�Ì Ì ÄeÎ�È Ù�Æ�Ô�È GYÍ*Ã-Í*Ù9Ç-È�Ê"ÌwÍl�9ÅBÊeÇ-È Ä�Ù ¶/ ße `à Ü + 3¡� / ße `à Þ Ý�y + / ße `à,Ý�y Þ � ß µ à
ÁNÂ�Í�Ë(Ä�ÙBÉ}Ç�Ê"Ù9Ç�Émy + Ò`y Þ Ê"Ã-ÍTÃ-Í*Ì�ÊeÇ-Í�Ô�Ç-Ä.2�Ê"ÙBÔ�Ê"Ã-ÍTÆ�È Ð�Í*Ù Û`á

y + 3>=s}ÿµ1�243�576 ¤98 µ6@? ø y Þ 3 µ �w}ÿµ1�243�576 ¤98 µ6 � �
â Ë(Ä�Ö�×�Ì Í(Ç-ÍT×�Ã-Ä`Ä"Õ/Ä"Õ��m�9ÅBÊeÇ-È Ä�Ù�ß µ àNÊ"ÙBÔ$Ç-Â�Í�Ô�Í*Ã-È ÐeÊeÇ-È Ä�ÙBÉNÄ"Õ,y + Ò`y Þ È�ÉÆ�È Ð�Í*Ù�È ÙK# jl&;ÁNÂ�Í*Ä�Ã-Í*Ö µ } ¶
ÁNÂ�Í�Ö�Ê"×�ÑED'2þï Ý,+zÎ�Â�È�Ë�Â\È�Ô�Í*Ù9Ç-È ÓBÍ�ÉTÑED'2þÎ�È Ç-Â�Ê�Ë(Å Û È�Ë�Ë(Å�Ã-Ð�Í�ÒYÈ�É

Æ�È Ð�Í*ÙKÊ�É£ÕaÄ�Ì Ì ÄeÎ�É*îA ß7#  �&aàm3CB ß / ße `à£î / Ü�ße `à£î µ à È ÕA#  �&E½3´# }'&
ße}�î µ îs}9à È ÕA#  �&P3´# }'& � ßML�à

ú È ÙBË(Í / ße `àTÉ-ÊeÇ-È�É}ÓBÍ�ÉTÇ-Â�Í$Ô�È GYÍ*Ã-Í*Ù9Ç-È�Ê"Ì=Íl�9ÅBÊeÇ-È Ä�ÙJß µ àTÎ£Í�É�Í*Í�Ç-ÂBÊeÇzÈ Ù7Ç-Â�Í
Ì Ä�Ë*Ê"Ì�Ë(Ä"Ú�Ä�Ã�Ô�È ÙBÊeÇ-Í�É ß�îZø7ï�àNÄ�Ù¢ë + Ò�Ç-Â�Í È Ö�Ê"Æ�ÍTÄ"Õ/ÑED'2�Ð`È�Ê A È�É�Æ�È Ð�Í*Ù Û`á

ï + 3¡�sî Þ Ý�y + îSÝ�y Þ
Î�Â�È�Ë�Â¢È�É�Ç-Â�Í Ü Í*È Í*Ã�É}Ç-Ã�Ê�ì�Ë(Å Û È�ËzÍl�9ÅBÊeÇ-È Ä�Ù ¶ ÁZÄ � ÅBÉ}Ç-È Õ á Ç-Â�Í�Ô�Í(ÓBÙ�È Ç-È Ä�Ù\Ä"ÕA ß7# }'&aàÒ/Î£Í�Ä Û É�Í*Ã-Ð�Í�Ç-ÂBÊeÇ / ße `à ÂBÊ�É�ÊK×WÄ�Ì Í�Ä"Õ�Ä�Ã�Ô�Í*Ã�LKÊ"ÙBÔ / Ü�ße `à ÂBÊ�É�Ê
×WÄ�Ì ÍTÄ"Õ/Ä�Ã�Ô�Í*ÃA(�ÊeÇ�# }'& ¶=ú Ä/ ße `àE3 û/ße `à

  + Ê"ÙBÔ / Ü ße `à�3 ywße `à  Þ ø
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ÕaÄ�Ã�É�Ä�Ö�Í�Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë�ÕaÅ�ÙBËÇ-È Ä�ÙBÉ�ûJÊ"ÙBÔKy�É�ÅBË�Â�Ç-ÂBÊeÇ$û/ße}9àt½3¨}�Ò=Ê"ÙBÔ
ywße}9àB½3¡} ¶ ÁNÂ�Í*Ù�Ò�ÕaÄ�Ã�ÐeÊ"Ì Å�Í�ÉNÄ"Õ= .<KÑäË(Ì Ä9É�Í Ç-Ä.}¬<KÑ£ÒZÎ£ÍTÂBÊ�Ð�ÍA ß7#  �&aàm3 ß / ße `à£î / Ü ße `à£î µ àE3 ße `û/ße `à=î'ywße `à=îs  Þ à
Ê"ÙBÔ¹ÊeÇ
 Û3 }KÎ£Í�Ä Û Ç�Ê"È Ù�ße `û/ße `à�î�ywße `à�î,  Þ à�3 ße}7î µ î,}9àÒ/Î�Â�È�Ë�Â¹È�ÉA ß7# }'&aà�3¢ò�Ò£Ç-Â�Í)i*Í*Ã-Ä�Í*Ì Í*Ö�Í*Ù9Ç�Ä"Õ	Ç-Â�ÍKÆ�Ã-Ä�Å�×ðÉ}Ç-Ã-ÅBËÇ-Å�Ã-ÍKÄ�ÙêÇ-Â�ÍéË(Å Û È�Ë
Ë(Å�Ã-Ð�Í ± ¶ ÁNÂ�È�É�É�Â�ÄeÎ�ÉNÇ-ÂBÊeÇ	Î£Í Æ�Í(Ç	Ê�Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë Ö�Ê"× A î`ÑED'2�ï ± Ò
Î�Â�Í*Ã-Í ± È�É ÊKË(Å Û È�Ë�Ë(Å�Ã-Ð�Í�È Ù Ü Í*È Í*Ã�É}Ç-Ã�Ê�ì$ÕaÄ�Ã-Ö ¶ � Ù�Í�ÎNÊ á Ä"ÕNÉ�Â�ÄeÎ�È Ù�Æ
Ç-ÂBÊeÇ	È Ç	È�É�Ê"ÙéÈ�É�Ä�Ö�Ä�Ã-×�Â�È�É�Ö È�É�Ð`È�Ê�Ê"ÙKÈ Ù`Ð�Í*Ã�É�Í Ö�Ê"×�×�È Ù�Æ�Ê"ÙBÔ�Ç-Â�È�É Û Ã-È Ù�Æ9É
ÅBÉ£Ç-Ä�Ç-Â�ÍTÇ-Ä�×�È�Ë Ä"Õ1WY¯�¯ c �bUMcea
c�_pU[W v�r�Z'¯ f��
â ÙQWY¯�¯ c �bUMcea�c�_pU[W v�r�Z'¯;È�É�Ê"ÙKÈ Ù9Ç-Í*Æ�Ã�Ê"ÌYÄ"ÕZÇ-Â�ÍTÕaÄ�Ã-ÖE ÉFE Ã ø�ß�îZø7ï�à sî

Î�Â�Í*Ã-Í�ø�ß�îZø7ï�à�È�É Ê�Ã�ÊeÇ-È Ä�ÙBÊ"Ì�ÕaÅ�ÙBËÇ-È Ä�Ù�ÒwÊ"ÙBÔ-ï + È�É Ê�×WÄ�Ì á Ù�Ä�Ö�È�Ê"ÌZÈ Ùtî�Ä"Õ
Ô�Í*Æ�Ã-Í*Í�(�Ä�Ã���Î�È Ç-Â�Ä�Å�Ç	ÖzÅ�Ì Ç-È ×�Ì Í Ã-Ä`Ä"Ç�É ¶
ÁNÂ�Í á Ê"Ã-Í$Ë*Ê"Ì Ì Í�Ô@WY¯�¯ c �bUMcea)c�_pU[W v�r�Z'¯ f Û Í�Ë*Ê"ÅBÉ�Í�Ç-Â�Í á ÓBÃ�É}Ç�Ê"Ã-Ä9É�Í�È Ù¹Ç-Â�Í

Ë(Ä�Ù9Ç-Í(Ø`Ç£Ä"ÕZÔ�Í(Ç-Í*Ã-Ö�È Ù�È Ù�Æ�Ç-Â�Í Ê"Ã�Ë�Ì Í*Ù�Æ"Ç-ÂBÉ=Ä"ÕZÊ"Ù�Í*Ì Ì È ×BÉ�Í Ê"ÙBÔ�Ä"Õ�Ä"Ç-Â�Í*Ã£É�Í�ËÚ
Ä�ÙBÔ�Ä�Ã�Ô�Í*Ã�Ë(Å�Ã-Ð�Í�É ¶ �=Ê"Ã-Ì á Î£Ä�Ã-Ï�Ä�ÙKÉ�ÅBË�ÂKÈ Ù9Ç-Í*Æ�Ã�Ê"Ì�É£Æ�Ä`Í�É Û Ê�Ë�Ï�Ç-Ä Ü Ê"Ì Ì È�É*Ò
* Í*Ã-Ù�Ä�Å�Ì Ì È�Ò g Ê�Ë 0 Ê"Å�Ã-È Ù�Òp	�È�Ë*Ë*ÊeÇ-È;Ê"ÙBÔ-õHG â Ì Í*Ö Û Í*Ã�Ç ¶JI ÄeÎ£Í*Ð�Í*ÃNÕaÄ�Ã Ê�Ì Ä�Ù�Æ
Ç-È Ö�Í�Ç-Â�Í�×�Ã-Ä Û Ì Í*Ö Ä"Õ�È Ù`Ð�Í*Ã�Ç-È Ù�Æ¢É�ÅBË�Â¹È Ù9Ç-Í*Æ�Ã�Ê"Ì�ÉTÎNÊ�É�Å�ÙBÉ�Ä�Ì Ð�Í�Ô ¶ ��Ç�ÎNÊ�É
ÕaÄ�Å�ÙBÔ�Ç-ÂBÊeÇ/Ç-Â�Í á Ë*Ê"Ù�Ù�Ä"Ç Û ÍNÍ(Ø�×�Ã-Í�É-É�Í�Ô�È Ù�Ç-Í*Ã-Ö�É;Ä"ÕBÇ-Â�Í�Ï`Ù�ÄeÎ�Ù�Ç-Ã�Ê"ÙBÉ-Ë(Í*Ù�Ú
Ô�Í*Ù9Ç�Ê"Ì�ÕaÅ�ÙBËÇ-È Ä�ÙBÉ=Ê"ÙBÔ�Ê"Ì�É�Ä Ç-ÂBÊeÇ£Ä�Ù�Ì á Ç-Â�Ã-Í*Í�Ç á ×WÍ�É�Ä"ÕwÙ�Í*ÎðÇ-Ã�Ê"ÙBÉ-Ë(Í*ÙBÔ�Í*Ù9Ç�É
É�Å ¿ Ë(Í Ç-Ä�Í(Ø�×�Ã-Í�É-ÉNÊ"Ì ÌZÉ�ÅBË�Â�È Ù9Ç-Í*Æ�Ã�Ê"Ì�É ¶
* Å�È Ì�Ô�È Ù�ÆKÄ�Ù7Î£Ä�Ã-ÏéÄ"Õ h Ê"Æ�ÙBÊ"Ù�Ä7ß � È Å�Ì È Ä u Ê"Ã-Ì Ä h Ê"Æ�ÙBÊ"Ù�ÄéÔ�Í*È�ÁZÄ9É-Ë�Â�È�Ò

µ =sñwLLK µ .	=M=9àÒP��Å�Ì Í*Ã�Ô�È�É-Ë(ÄeÐ�Í*Ã-Í�Ô\È Ù µ .�j4=KÊ"Ù¹Ê�Ô�Ô�È Ç-È Ä�Ù�ÕaÄ�Ã-ÖzÅ�Ì�Ê$ÕaÄ�ÃzÉ�ÅBË�Â
È Ù9Ç-Í*Æ�Ã�Ê"Ì�É ¶ ��Ù�Ö�Ä�Ô�Í*Ã-Ù�Ì�Ê"Ù�Æ�ÅBÊ"Æ�Í���Å�Ì Í*ÃLG É�ÕaÄ�Ã-ÖzÅ�Ì�Ê	È�É]Ê"Ù�Ê�Ô�Ô�È Ç-È Ä�ÙzÕaÄ�Ã-ÖzÅ�Ì�Ê
ÕaÄ�ÃNÍ*Ì Ì È ×�Ç-È�Ë ÕaÅ�ÙBËÇ-È Ä�ÙBÉ�É�ÅBË�Â�Ê�É=Ç-Â�Í Ü Í*È Í*Ã�É}Ç-Ã�Ê�ì / Ú�ÕaÅ�ÙBËÇ-È Ä�Ù ¶ g ÅBË�Â�Ì�ÊeÇ-Í*Ã�Ò
È ÙTÇ-Â�Í£É�Í�Ë(Ä�ÙBÔ ÂBÊ"Ì Õ�Ä"Õ`Ç-Â�Í µ %eÚ�Ç-Â Ë(Í*Ù9Ç-Å�Ã á Ò Ü Í*È Í*Ã�É}Ç-Ã�Ê�ì�É�Â�ÄeÎ£Í�Ô	Ç-ÂBÊeÇZÈ Ù Õ�Ê�ËÇ
Í*Ì Ì È ×�Ç-È�Ë=ÕaÅ�ÙBËÇ-È Ä�ÙBÉ/Ë*Ê"Ù Û Í�Ë�ÂBÊ"Ã�Ê�ËÇ-Í*Ã-È�É�Í�Ô Û`á Ç-Â�Í*È Ã]×�Ã-Ä�×WÍ*Ã�Ç á Ä"ÕB×WÄ9É-É�Í�É-É�È Ù�Æ
Ê"ÙKÊ"Ì Æ�Í Û Ã�Ê"È�Ë Ê�Ô�Ô�È Ç-È Ä�Ù$Ç-Â�Í*Ä�Ã-Í*Ö ¶
ÁNÂ�Í�Ö á É}Ç-Í*Ã á É�Å�Ã-Ã-Ä�Å�ÙBÔ�È Ù�Æ�Ç-Â�ÍzÖ�ÊeÇ-Â�Í*Ö�ÊeÇ-È�Ë*Ê"Ì;ÙBÊeÇ-Å�Ã-Í�Ä"Õ]Í*Ì Ì È ×�Ç-È�ËzÈ Ù�Ú

Ç-Í*Æ�Ã�Ê"Ì�ÉTÎNÊ�É Ä�Ù�Ì á Å�Ù`Ð�Í*È Ì Í�Ô Û`á Ç-Â�Í�Î£Ä�Ã-Ï�ÉTÄ"Õ â Û Í*ÌNÊ"ÙBÔKk9Ê�Ë(Ä Û È�Ò;É�È ÖzÅ�Ì Ú
Ç�Ê"Ù�Í*Ä�ÅBÉ�Ì á ×�Å Û Ì È�É�Â�Í�ÔéÈ Ù ú Í*×�Ç-Í*Ö Û Í*Ã µ ñwLN. ¶ ÁNÂ�Í�Ö�Ê"È ÙéÙ�Í*Î�È�Ô�Í�Ê�ÎNÊ�ÉNÇ-Ä
É}Ç-ÅBÔ á Ç-Â�Í	È Ù`Ð�Í*Ã�É�Í�Ä"ÕYÇ-Â�Í�ÕaÅ�ÙBËÇ-È Ä�Ù�Æ�È Ð�Í*Ù Û`á Ê"Ù�Í*Ì Ì È ×�Ç-È�Ë�È Ù9Ç-Í*Æ�Ã�Ê"Ì ¶,« ÄeÎNÊeÚ
Ô�Ê á É*Ò�É�ÅBË�Â¹ÕaÅ�ÙBËÇ-È Ä�ÙBÉ�Ê"Ã-Í�Ë*Ê"Ì Ì Í�Ô©WY¯�¯ c �bUMcea:]"^`_baYUMced'_Xf ¶ â Û Í*Ì�Ê"Ì�É�Ä\Ù�Ä"Ç-Í�Ô
Ç-ÂBÊeÇNÎ�Â�È Ì Í�Ç-Â�Í Í*Ì Ì È ×�Ç-È�Ë	È Ù9Ç-Í*Æ�Ã�Ê"ÌBÈ Ç�É�Í*Ì ÕZÈ�ÉNÊ�Â�È Æ�Â�Ì á Ë(Ä�Ö�×�Ì È�Ë*ÊeÇ-Í�Ô�ÕaÅ�ÙBËÇ-È Ä�Ù



Í ? � h��������"h����"h� "! �
Ä"ÕZÇ-Â�Í ×WÄ�È Ù9Çzß�îZø7ï�àÒWÉ�Å�Ö�ÉNÄ"Õ]É�ÅBË�Â�È Ù9Ç-Í*Æ�Ã�Ê"Ì�ÉTßaÏ`Ù�ÄeÎ�ÙKÊ�ÉPO�Ó"WY¯ ceZ'_tfq^`o�f�à

µ
E ÂFE Ã ø�ß�îZø7ï�à sî

É-ÊeÇ-È�É}Õ á É�È Ö�×�Ì Í*ÃTÃ-Í*Ì�ÊeÇ-È Ä�ÙBÉ ¶ Ü Í�É}Ç�ÊeÇ-Í�Ê"ÙBÔ¢ÅBÉ�Í�Ê�É�×WÍ�Ë(È�Ê"Ì]Ë*Ê�É�Í�Ä"Õ â Û Í*ÌQG É
Ç-Â�Í*Ä�Ã-Í*Ö�ÉNÌ�ÊeÇ-Í*Ã�ß ú Í�ËÇ-È Ä�Ù�.`Ò�ÁNÂ�Í*Ä�Ã-Í*ÖÆLsL�à ¶
0 È Ä�Å�Ð`È Ì Ì Í�È�Ô�Í*Ù9Ç-È ÓBÍ�Ô È Ù µ ñ��s�NÇ-ÂBÊeÇZÇ-Â�Í£×�Ã-Ä�×WÍ*Ã�Ç á Ç-Ä Û Í£Ô�Ä�Å Û Ì á ×WÍ*Ã-È Ä�Ô�È�Ë

È�É�Ç-Â�ÍzË(Ã-ÅBË(È�Ê"ÌZÄ�Ù�Í Å�×WÄ�Ù¢Î�Â�È�Ë�ÂKÇ-Â�Í*È Ã Ê"ÙBÊ"Ì á Ç-È�Ë É}Ç-ÅBÔ á É�Â�Ä�Å�Ì�Ô Û Í Û Ê�É�Í�Ô ¶
k9Ê�Ë(Ä Û ÈQG É�Ç-Â�Í(Ç�Ê�ÕaÅ�ÙBËÇ-È Ä�ÙBÉ�Ê"ÙBÔ�Ç-Â�Í Ü Í*È Í*Ã�É}Ç�Ê�ì / Ú�ÕaÅ�ÙBËÇ-È Ä�Ù$ÕaÄ�Ã-Ö Ù�ÄeÎPÇ-Â�Í
ÕaÅ�ÙBÔ�Ê"Ö�Í*Ù9Ç�É]Ä"ÕYÊ Ö�Ä�Ô�Í*Ã-ÙzÇ-Â�Í*Ä�Ã á Ä"ÕYÍ*Ì Ì È ×�Ç-È�Ë£ÕaÅ�ÙBËÇ-È Ä�ÙBÉ ¶ ÁNÂ�Í*È Ã�Ô�Í(ÓBÙ�È Ç-È Ä�Ù
Ê"ÙBÔ Û Ê�É�È�Ë ×�Ã-Ä�×WÍ*Ã�Ç-È Í�É�Ë*Ê"Ù Û ÍTÕaÄ�Å�ÙBÔ�È Ù�Ç-Â�Í�Ê"Ã�Ç-È�Ë(Ì Í Û`áCg ¶ph Ã�Ê"ÙXi.# jT& ¶
��Ð�Í*Ù\Ç-Â�Ä�Å�Æ�Â¹Í*Ì Ì È ×�Ç-È�Ë�È Ù9Ç-Í*Æ�Ã�Ê"Ì�É Ê"Ã-Í�Â�È�É}Ç-Ä�Ã-È�Ë*Ê"Ì Ì á Ä�Ì�Ô�Í*ÃTÇ-ÂBÊ"Ù¹Í*Ì Ì È ×�Ç-È�Ë

ÕaÅ�ÙBËÇ-È Ä�ÙBÉ*Ò`Î£Í�ÅBÉ�ÅBÊ"Ì Ì á Ë(Ä�Ö�Í	Ê�Ë(Ã-Ä9É-É]Í*Ì Ì È ×�Ç-È�Ë�ÕaÅ�ÙBËÇ-È Ä�ÙBÉ�ÓBÃ�É}Ç ¶ ÁNÂ�Í�Ã-Í�Ê�É�Ä�Ù
Û Í*È Ù�Æ�Ç-Â�Í�Î£Ä�Ã-ÏéÄ"Õ u Ê"ÅBË�Â á È Ù\Ç-Â�Í�Ç-Â�Í*Ä�Ã á Ä"Õ�Ë(Ä�Ö�×�Ì Í(Ø�Ê"ÙBÊ"Ì á É�È�É Î�Â�È�Ë�Â
ÂBÊ�ÉZÖ�Ê�Ô�Í=Ç-Â�Í£Ì�ÊeÇ�Ç-Í*Ã]Ê"Ù�Í�Ê�É�È Í*Ã;Ä Û � Í�ËÇ/Ä"ÕWÉ}Ç-ÅBÔ á Ç-Ä�Ô�Ê á Ç-ÂBÊ"Ù�Ç-Â�Í£È Ù9Ç-Í*Æ�Ã�Ê"Ì�É
Ç-Â�Í*Ö�É�Í*Ì Ð�Í�É ¶ ÁNÂ�Í�Í*Ì Ì È ×�Ç-È�Ë�È Ù9Ç-Í*Æ�Ã�Ê"Ì�É�Ê"×�×WÍ�Ê"Ã�Ç-Â�Í*Ù\Ê�É�È Ù`Ð�Í*Ã�É�Í�É�Ä"Õ]Í*Ì Ì È ×�Ç-È�Ë
ÕaÅ�ÙBËÇ-È Ä�ÙBÉ ¶
��ÕPï + 3¡�sî Þ Ý.y + î�Ý.y Þ Ò`Ê"Ù�Í*Ì Ì È ×�Ç-È�Ë�È Ù9Ç-Í*Æ�Ã�Ê"Ì�ßaÄ"ÕwÇ-Â�Í�ÓBÃ�É}Ç=Ï`È ÙBÔBà]Î�Â�È�Ë�ÂÈ�ÉNÄ"Õ/×BÊ"Ã�Ç-È�Ë(Å�Ì�Ê"ÃNÈ Ö�×WÄ�Ã�Ç�Ê"ÙBË(Í�Ò�È�ÉSRFT sî

ï �

ÁNÂ�È�É�È�ÉYÇ-Ä Û Í�Å�ÙBÔ�Í*Ã�É}Ç-Ä`Ä�ÔTÊ�É�Ê�Ë(Ä�Ù9Ç-Ä�Å�Ã�È Ù9Ç-Í*Æ�Ã�Ê"Ì"Ê"Ì Ä�Ù�Æ�ÊN×BÊeÇ-Â�ß�î;ßVU�àø7ïwßVU�à�à
È Ù�Ñ + Î�Â�È�Ë�Â�Ë(Ä�Ù�Ù�Í�ËÇ�É;Ç-Â�Í�×WÄ�È Ù9Ç�òåÎ�È Ç-Â�Ç-Â�Í�×WÄ�È Ù9ÇEó��s��Ç�È�É]Ê�É-É�Å�Ö�Í�Ô�Ç-Â�Í
Ç-Â�È�É£×BÊeÇ-Â�È�ÉNË(Ä�Ö�×�Ì Í(Ç-Í*Ì á Ë(Ä�Ù9Ç�Ê"È Ù�Í�Ô�È Ù�Ç-Â�ÍTË(Å�Ã-Ð�Í	Æ�È Ð�Í*Ù Û`á Ç-Â�Í Íl�9ÅBÊeÇ-È Ä�Ù
ï + 3ð�sî Þ Ý¡y + îÛÝ@y Þ Î�Â�È�Ë�Â�Î£Í¢Ï`Ù�ÄeÎ È�É�Ç-Â�Í�Ë(Å�Ã-Ð�Í ± È ÙJÇ-Í*Ã-Ö�É$Ä"Õ
Ì Ä�Ë*Ê"Ì=Ë(Ä`Ä�Ã�Ô�È ÙBÊeÇ-Í�É�ß�îZø7ï�à ¶�ú È ÙBË(Í�Ç-Â�Í�Æ�Í*Ù`ÅBÉ�Ä"Õ ± È�É µ Ò;Ç-Â�Í$Ë(Å�Ã-Ð�Í ± È�É
Ù�Ä"Ç É�È Ö�×�Ì á Ë(Ä�Ù�Ù�Í�ËÇ-Í�ÔKÊ"ÙBÔ�Ç-Â�Í�È Ù9Ç-Í*Æ�Ã�Ê"ÌZÔ�Í*×WÍ*ÙBÔ�É�Ä�Ù�Ç-Â�Í�Ë�Â�Ä�È�Ë(Í Ä"Õ;Ç-Â�Í
×BÊeÇ-Â ¶WI ÄeÎ£Í*Ð�Í*Ã�ÒYÇ-Â�È�É�Ô�Í*×WÍ*ÙBÔ�Í*ÙBË(Í�È�É Ä�Ù�Ì á Ö�Ä�Ô�Å�Ì ÄKÇ-Â�Í
�pWYrqcedlÔTf$Ä"Õ º EX ¶ÁNÂ�È�É=Ö�Í�Ê"ÙBÉ�Ç-ÂBÊeÇ=Ç-Â�Í ÐeÊ"Ì Å�Í	Ä"ÕwÇ-Â�Í Í*Ì Ì È ×�Ç-È�Ë�È Ù9Ç-Í*Æ�Ã�Ê"ÌWË�ÂBÊ"Ù�Æ�Í�É�Ä�Ù�Ì á�Û`á Ê"Ù
Ê�Ô�Ô�È Ç-È Ð�Í�Ë(Ä�ÙBÉ}Ç�Ê"Ù9ÇTÄ"Õ=Ç-Â�Í�ÕaÄ�Ã-Ö ã 6�ó�8ZYC6 + Î�È Ç-Â Y ø�ã¡<Q> ¶PI Í*Ã-ÍzÇ-Â�Í
Ë(Ä�Ö�×�Ì Í(Ø$Ù`Å�Ö Û Í*Ã�É 6�ó Ê"ÙBÔ 6 + Ê"Ã-Í Æ�È Ð�Í*Ù Û`á

6�ó 3
F[ É sîï Ê"ÙBÔ 6�ó 3

F[ Ê sîï ø



� g'�����B�`h"������fT�����b�"cT! i:�b�"g��s� ö9\
Î�Â�Í*Ã-Í�] ó ø�] + Ê"Ã-Í�Ç}Î£ÄKË(Ì Ä9É�Í�Ô\×BÊeÇ-ÂBÉTÃ-Í*×�Ã-Í�É�Í*Ù9Ç-È Ù�Æ�Ê�×BÊ"È Ã Ä"Õ£Æ�Í*Ù�Í*Ã�ÊeÇ-Ä�Ã�ÉÄ"ÕZÇ-Â�Í ÕaÅ�ÙBÔ�Ê"Ö�Í*Ù9Ç�Ê"ÌwÆ�Ã-Ä�Å�×$Ä"Õ ± ¶ ÁNÂ�ÍTÙ`Å�Ö Û Í*Ã�É 6�ó ø 6 + Ê"Ã-Í Ë*Ê"Ì Ì Í�Ô$×WÍ*Ã-È ÚÄ�Ô�É Û Í�Ë*Ê"ÅBÉ�Í�Ç-Â�Í	È Ù`Ð�Í*Ã�É�ÍNÕaÅ�ÙBËÇ-È Ä�Ù�Ä"ÕYÇ-Â�È�É=È Ù9Ç-Í*Æ�Ã�Ê"ÌZßaÎ�Â�È�Ë�Â�È�É]Ç-Â�Í Ü Í*È Í*Ã�Ú
É}Ç-Ã�Ê�ì / Ú�ÕaÅ�ÙBËÇ-È Ä�ÙWàZÈ�É]Ô�Ä�Å Û Ì á ×WÍ*Ã-È Ä�Ô�È�Ë£Î�È Ç-Â:�pWYrqcedlÔTf 6�ó ø 6 + ¶ ÁNÂ�ÍN×WÍ*Ã-È Ä�Ô�É
6�ó ø 6 + Ê"Ã-ÍzÌ È Ù�Í�Ê"Ã-Ì á È ÙBÔ�Í*×WÍ*ÙBÔ�Í*Ù9Ç ÄeÐ�Í*Ã�F Û Í�Ë*Ê"ÅBÉ�Í�Ç-Â�Í�×BÊeÇ-ÂBÉP] ó ø�] + Ê"Ã-ÍÆ�Í*Ù�Í*Ã�ÊeÇ-Ä�Ã�É=Ä"Õ;Ç-Â�ÍTÕaÅ�ÙBÔ�Ê"Ö�Í*Ù9Ç�Ê"ÌwÆ�Ã-Ä�Å�× ¶
ú ÄS2Ú3´4�ã 6�ó�8^YC6 +
9 ã]ø Y <�>�?�È�É	Ê�Ì�ÊeÇ�Ç-È�Ë(Í�È Ù¢ÑäÊ"ÙBÔKÈ ÙKÇ-Â�È�É�ÎNÊ á

Î£ÍTÃ-Í�Ë(Ä�ÙBÉ}Ç-Ã-ÅBËÇNÇ-Â�Í Ì�ÊeÇ�Ç-È�Ë(Í�2JÎ£Í É}Ç�Ê"Ã�Ç-Í�Ô$Î�È Ç-Â ¶ g Ä�Ã-Í*ÄeÐ�Í*Ã�Ò9È Õ/Î£Í É�Í(Ç

A ò�ó ßeó�àE3
RFT sî
ï

Î�Â�Í*Ã-Í¬ò È�É�Ç-Â�Í�×WÄ�È Ù9Ç ÊeÇTÈ Ù�ÓBÙ�È Ç á Ê"ÙBÔ�ó < ± Ê"Ù á ×WÄ�È Ù9Ç�ÒwÎ£Í�Ä Û Ç�Ê"È Ù\Ê
Î£Í*Ì Ì Ú�Ô�Í(ÓBÙ�Í�Ô�Ö�Ê"× A ò�ó î ± ï ÑED'2 Î�Â�È�Ë�Â¹È�É Ç-Â�Í�È Ù`Ð�Í*Ã�É�Í�Ä"Õ£Ç-Â�Í$Ö�Ê"×A Ô�Í(ÓBÙ�Í�Ô¹Í�Ê"Ã-Ì È Í*Ã ¶ ÁNÂ�È�É�Æ�È Ð�Í�É�Ê"Ù¹È�É�Ä�Ö�Ä�Ã-×�Â�È�É�Ö Ä"Õ ± Î�È Ç-ÂêÑED'2B�NÁNÂ�Í
Ô�È GYÍ*Ã-Í*Ù9Ç-È�Ê"Ì º EX È�É�Ê�ËÇ-ÅBÊ"Ì Ì á Ç-Â�ÍKÕ�Ê"Ö�È Ì È�Ê"Ã�Ô�È GYÍ*Ã-Í*Ù9Ç-È�Ê"Ì1w 7Ä�ÙêÇ-Â�ÍKÇ-Ä�Ã-ÅBÉ
ÑED'2B�;ÁNÂBÊeÇ	È�É Û Í�Ë*Ê"ÅBÉ�Í:ît3 / ße `àø7ïC3 / Ü�ße `à�É�Ä�Î£Í�Æ�Í(Ç A�_ º EX 3Ùw BÒ�Ç-Â�Í
È Ù9Ç-Í*Æ�Ã�Ê"ÌYÄ"Õ/Î�Â�È�Ë�Â�È�É�Î£Í*Ì Ì�Ô�Í(ÓBÙ�Í�Ô�Ö�Ä�Ô�Å�Ì ÄS2 ¶
��ÙKÄ�Ã�Ô�Í*ÃNÕaÄ�ÃNÇ-Â�È�É�×�Ã-Ä�Ë(Í�Ô�Å�Ã-Í Ç-Ä�Î£Ä�Ã-ÏYÒ�Ê"Ì Ì�Î£ÍTÙ�Í*Í�ÔKÈ�ÉNÇ-ÂBÊeÇ�Ç-Â�Í�Ë(Å Û È�Ë

Ë(Å�Ã-Ð�ÍCï + 3Æ�sî Þ Ý�y + îtÝ�y Þ Û ÍKÉ�Ö�Ä`Ä"Ç-Â�Ò�È ¶ Í ¶ y Þ+ Ý@LN.ly +Þ ½3 } ¶¹ú È ÙBË(Í
Ê"Ù á É�Ö�Ä`Ä"Ç-Â�Ë(Å Û È�Ë Ë(Å�Ã-Ð�Í�È Ù�Ý + È�É£È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë�Ç-Ä�ÊzË(Å Û È�Ë	È Ù Ü Í*È Í*Ã�É}Ç-Ã�Ê�ì
ÕaÄ�Ã-ÖKÒ=È Ç�ÕaÄ�Ì Ì ÄeÎ�ÉzÇ-ÂBÊeÇ�Í*Ð�Í*Ã á É�Ö�Ä`Ä"Ç-ÂPË(Å Û È�Ë�È ÙðÝ,+$È�É�È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë�Ç-Ä¹Ê
Ë(Ä�Ö�×�Ì Í(Ø�Ç-Ä�Ã-ÅBÉ ¶�h Ä�Ã�Ö�Ä�Ã-Í Ô�Í(Ç�Ê"È Ì�É�É�Í*ÍS# .�& u ÂBÊ"×�Ç-Í*ÃBL ¶

� ¶J`�» ä;»aÀ�½¸ã�À
��Ù�Ç-Â�Í	×�Ã-Í*Ð`È Ä�ÅBÉ=É�Í�ËÇ-È Ä�Ù�Î£Í É-Ê�ÎðÇ-ÂBÊeÇNÊ ×�Ì�Ê"Ù�Í Ë(Å Û È�Ë	Ë(Å�Ã-Ð�Í ± È�É=È�É�Ä�Ö�Ä�Ã�Ú
×�Â�È�Ë�Ç-Ä�Ê�Ë(Ä�Ö�×�Ì Í(ØKÇ-Ä�Ã-ÅBÉ ÑED'2 ¶.« ÄeÎ ÑED'2?È Ù�Â�Í*Ã-È Ç�É Ê$Æ�Ã-Ä�Å�×¢É}Ç-Ã-ÅBËÇ-Å�Ã-Í
ÕaÃ-Ä�Ö Ñ?Ê"ÙBÔ�Â�Í*ÙBË(Í�È ÙBÔ�ÅBË(Í�É�ÊKÆ�Ã-Ä�Å�×7É}Ç-Ã-ÅBËÇ-Å�Ã-Í�Ä�Ù ± Ð`È�Ê�Ç-Â�Í�È�É�Ä�Ö�Ä�Ã�Ú
×�Â�È�É�Ö ¶ ��Ù ú Í�ËÇ-È Ä�Ù)L�Î£ÍTÔ�Í(ÓBÙ�Í�Ô�Ê�Æ�Ã-Ä�Å�×�Ä�×WÍ*Ã�ÊeÇ-È Ä�Ù$Ä�Ù ± ÅBÉ�È Ù�Æ�Æ�Í*Ä�Ö�Ú
Í(Ç-Ã á ¶aI ÄeÎçÔ�Ä�Ç-Â�Í�É�Í Ç}Î£Ä�Ë(Ä�Ö�×BÊ"Ã-Ícb
ÁNÂ�Í�Ê"ÙBÉ�Î£Í*Ã	È�É*î�Ç-Â�Í á Ë(Ä�È ÙBË(È�Ô�ÍMd���Ù¢Ç-Â�Í�É�Å Û É�Íl�9Å�Í*Ù9Ç É�Í�ËÇ-È Ä�ÙBÉ	Î£Í�Ô�Í(Ú

É-Ë(Ã-È Û Í�ÊN×�Ã-Ä`Ä"Õ`Î�Â�È�Ë�Â Î£Í�Ê�Ð�Í�ÉBÇ-Ä�Æ�Í(Ç-Â�Í*ÃZÉ�Ä�Ö�Í]×�Ã-Í(Ç�Ç á È�Ô�Í�Ê�ÉYÕaÃ-Ä�ÖäÊ"Ì Æ�Í Û Ã�Ê"È�Ë
Æ�Í*Ä�Ö�Í(Ç-Ã á ¶ ÁZÄ�Ô�Ä�É�Ä�Î£ÍzÂBÊ�Ð�Í�Ç-Ä�ÓBÃ�É}Ç È Ù9Ç-Ã-Ä�Ô�ÅBË(Í�Ê"Ù¢È Ö�×WÄ�Ã�Ç�Ê"Ù9Ç Ù�Ä"Ç-È Ä�Ù
È ÙðÊ"Ì Æ�Í Û Ã�Ê"È�Ë�Æ�Í*Ä�Ö�Í(Ç-Ã á Î�Â�È�Ë�ÂêÈ�É�Ç-ÂBÊeÇ�Ä"Õ Ê�Ô'c�°lcþf�d'r ¶ ��Ù�Ç-Â�ÍKË*Ê�É�Í�Ä"Õ Ê
Ë(Å�Ã-Ð�ÍTÈ Ç�ÂBÊ�É�Ê�É�È Ö�×�Ì Í�Ô�Í�É-Ë(Ã-È ×�Ç-È Ä�Ù ¶e �Nfhg�iVjLi���g>kl�0 Í(Ç ®FÛ ÍzÊ�É�Ö�Ä`Ä"Ç-Â¢Ë(Å�Ã-Ð�Í È ÙKÝ +e¶ â Ô�È Ð`È�É�Ä�Ã�Ä�Ù ® È�É�Ê
ÕaÄ�Ã-Ö�Ê"Ì�ÓBÙ�È Ç-Í	Ì È Ù�Í�Ê"Ã£Ë(Ä�Ö Û È ÙBÊeÇ-È Ä�ÙWm 3¡� ó"n ó ó�8on�n�n�8 ��p n ó�påÄ"Õ�×WÄ�È Ù9Ç�É
ó,;�< ® Î�È Ç-ÂKÈ Ù9Ç-Í*Æ�Í*Ã�Ë(Ä`Í ¿ Ë(È Í*Ù9Ç�ÉA�x; ¶
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õ	È Ð`È�É�Ä�Ã�É�Ë*Ê"Ù Û ÍzÊ�Ô�Ô�Í�Ô�Ä�Ã	É�Å Û Ç-Ã�Ê�ËÇ-Í�ÔKÊ"ÙBÔKÂ�Í*ÙBË(ÍTÕaÄ�Ã-Ö Ê�Æ�Ã-Ä�Å�×éÔ�Í(Ú

Ù�Ä"Ç-Í�Ô)õ	È Ð�ß ® à ¶e �Nfhg�iVjLi���gZq" ÁNÂ�Í.ÔsW v�r�W"WTÄ"ÕZÊ�Ô�È Ð`È�É�Ä�Ãrm 3¡� óan ó ó¸8Zn�n�nY8 ��p n ó�pçÈ�É
Ô�Í(ÓBÙ�Í�ÔTÇ-Ä Û ÍNÔ�Í*Æsm 3 Î p; ¹ ó �x;WÊ"ÙBÔTÇ-Â�È�ÉZÆ�È Ð�Í�ÉZÊ�Æ�Ã-Ä�Å�× Â�Ä�Ö�Ä�Ö�Ä�Ã-×�Â�È�É�ÖÔ�Í*Æ�îsõ	È Ð�ß ® à=ïÿ> ¶t ��
^u$�cvxw) ÁNÂ�Í�Ù�Ä"Ç-È Ä�Ù\Ä"Õ£Ê�Ô�È Ð`È�É�Ä�ÃTÍ(Ø`Ç-Í*ÙBÔ�ÉTÊ"Ì�É�Ä�Ç-ÄKÂ�È Æ�Â�Í*Ã Ô�È Ö�Í*Ù�Ú
É�È Ä�ÙBÊ"Ì=Ö�Ê"Ù�È ÕaÄ�Ì�Ô�É ¶ ��Ù¹Ç-ÂBÊeÇ�Ë*Ê�É�Í$Ê¢Ô�È Ð`È�É�Ä�ÃzÈ�ÉzÊéÌ È Ù�Í�Ê"Ã�Ë(Ä�Ö Û È ÙBÊeÇ-È Ä�Ù¹Ä"Õ
É�Å Û É�Í(Ç�ÉzÆ�È Ð�Í*Ù�Ì Ä�Ë*Ê"Ì Ì á7Û`á i*Í*Ã-Ä�É�Í(Ç�ÉzÄ"Õ	È Ã-Ã-Í�Ô�ÅBË(È Û Ì Í$Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë�ÕaÅ�ÙBËÚ
Ç-È Ä�ÙBÉ ¶
ÁNÂ�Í�Æ�Ã-Ä�Å�×.õ	È Ð�ß ® à]È�É]Ð�Í*Ã á Ì�Ê"Ã-Æ�Í�Ò"Í*Ð�Í*Ù�È Ù�Ç-Â�Í�Ä�Ù�Í(Ú�Ô�È Ö�Í*ÙBÉ�È Ä�ÙBÊ"Ì�Ë*Ê�É�Í ¶

ÁNÂ�Í*Ã-Í(ÕaÄ�Ã-Í=Î£ÍNÈ Ù9Ç-Ã-Ä�Ô�ÅBË(Í=Ç-Â�Í�É�Å Û Ú�Æ�Ã-Ä�Å�×�Ä"ÕW×�Ã-È ÙBË(È ×BÊ"Ì�Ô�È Ð`È�É�Ä�Ã�É ¶ ÁNÂ�Í Û Í*Ù�Ú
Í(Ó�Ç�È�ÉNÇ-ÂBÊeÇ�Ç-Â�ÍTÕ�Ê�ËÇ-Ä�Ã�Æ�Ã-Ä�Å�×$Ä"Õ]Ê"Ì ÌZÔ�È Ð`È�É�Ä�Ã�É£Ö�Ä�Ô�Å�Ì Ä�×�Ã-È ÙBË(È ×BÊ"Ì�Ô�È Ð`È�É�Ä�Ã�É
È�É;ÓBÙ�È Ç-Í*Ì á Æ�Í*Ù�Í*Ã�ÊeÇ-Í�Ô ¶ ÁNÂ�È�É/Õ�Ê�ËÇ-Ä�Ã]Æ�Ã-Ä�Å�×zÎ�È Ì Ì�×�Ã-ÄeÐ�Í=Ç-Ä Û Í�ÅBÉ�Í(ÕaÅ�Ì�È Ù ú Í�ËÚ
Ç-È Ä�Ù*= Ê�É]Î£Í*Ì Ì ¶ ��Ù�Ä�Ã�Ô�Í*Ã/Ç-Ä Í(Ø�×�Ì�Ê"È Ù�Ç-Â�Í	Ô�Í(ÓBÙ�È Ç-È Ä�Ù�Ä"ÕY×�Ã-È ÙBË(È ×BÊ"ÌBÔ�È Ð`È�É�Ä�Ã�É*Ò
Î£ÍTÙ�Í*Í�Ô$Ç-Â�Í Ù�Ä"Ç-È Ä�Ù�Ä"Õ;Ç-Â�ÍCd'r�ÔsWYrzÄ"Õ]ÊzÕaÅ�ÙBËÇ-È Ä�ÙéÊeÇ�Ê�×WÄ�È Ù9Ç1ó ¶
0 Í(Ç$û Û Í¢Ê�Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë�ÕaÅ�ÙBËÇ-È Ä�ÙJÄ�ÙPÊ"ÙPÄ�×WÍ*ÙPÉ�Í(ÇKë ü ® ¶©0 Í(Ç

ó¾<�ëFÊ"ÙBÔ�Ì Í(ÇBî Û Í Ç-Â�Í Ì Ä�Ë*Ê"ÌZË(Ä"Ú�Ä�Ã�Ô�È ÙBÊeÇ-ÍTÄ�Ù\ëFÉ�ÅBË�Â�Ç-ÂBÊeÇ�óFÈ�É�Æ�È Ð�Í*Ù
Û`á îCÝ^yKÕaÄ�Ã É�Ä�Ö�ÍHyt<\Ñ ¶ ÁNÂ�Í Ä�Ã�Ô�Í*Ã�Ä"Õ=û\ÊeÇ�ó�ÒWÔ�Í*Ù�Ä"Ç-Í�ÔKÄ�Ã�Ô R ß�ûwàÒWÈ�É
Ç-Â�Í Ì�Ê"Ã-Æ�Í�É}ÇNÈ Ù9Ç-Í*Æ�Í*Ã1�S<)>ðÉ�ÅBË�Â$Ç-ÂBÊeÇ�Ì Ä�Ë*Ê"Ì Ì á

û/ß�îYàm3�ß�îCÝoyWà{z nL| ß�îYà
Î�Â�Í*Ã-Í | È�É;Ê�Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë/ÕaÅ�ÙBËÇ-È Ä�ÙzÎ�È Ç-Â | ßQyWà�½3@} ¶/ú È ÙBË(ÍNû�È�ÉZÂ�Ä�Ì Ä�Ö�Ä�Ã�Ú×�Â�È�ËB��È�É=Ù�Ä�Ù�Ù�Í*Æ9ÊeÇ-È Ð�Í ¶=« Ä"Ç-Í�Ç-ÂBÊeÇ£ÕaÄ�ÃEyYø | Ê"Ù á Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�ËNÕaÅ�ÙBËÇ-È Ä�ÙBÉ

Ä�Ã�Ô
R
ß�y | àE3PÄ�Ã�Ô R ß�y�à 8 Ä�Ã�Ô R ß | àq�

Ü Í Î£Ä�Å�Ì�Ô�Ì È Ï�ÍTÇ-Ä�È ÙBË(Ì ÅBÔ�Í Ç-Â�Í�Ë*Ê�É�Í�É�Î�Â�Í*ÙKÄ�Ã�Ô
R
ß�ûwà£È�É�Ù�Í*Æ9ÊeÇ-È Ð�Í ¶ ÁZÄ

Ô�ÄzÉ�ÄzÎ£Í�ÂBÊ�Ð�Í�Ç-ÄzÈ ÙBË(Ì ÅBÔ�Í	Î�ÂBÊeÇNÊ"Ã-Í�Ï`Ù�ÄeÎ�Ù�Ê�É1o.WYr�d'o.d'rM�pVxceam]"^`_baYUMced'_Xf ¶
â ÕaÅ�ÙBËÇ-È Ä�Ù$û�Ä�Ù ® È�É�Ë*Ê"Ì Ì Í�Ô�Ê¬o.WYr�d'o.d'rM�pVxcea=]"^`_baYUMced'_$È ÕYÈ Ç=Ë*Ê"Ù Û Í�Î�Ã-È Ç�Ú
Ç-Í*Ù�Ì Ä�Ë*Ê"Ì Ì á Ê�É;Ê	Ã�ÊeÇ-È Ä |} Ò"Î�Â�Í*Ã-Ímy-½3@} Ê"ÙBÔ | Ê"Ã-Í=Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë]ÕaÅ�ÙBËÇ-È Ä�ÙBÉÎ�Â�È�Ë�ÂéÔ�Ä�Ù�Ä"Ç�ÂBÊ�Ð�Í Ê�Ë(Ä�Ö�Ö�Ä�Ù)i*Í*Ã-Ä ¶ ÁNÂ�Í*Ù�Ò Û`á ÅBÉ�È Ù�Æ�Ê 0 Ê"Å�Ã-Í*Ù9Ç�É�Í*Ã-È Í�É
Í(Ø�×BÊ"ÙBÉ�È Ä�Ù�ÕaÄ�Ã�û¢ÊeÇ1ó�Ò�Î£Í É�Í*Í Ç-ÂBÊeÇ�Ä�Ã�Ô

R
ß�ûwàm3PÄ�Ã�Ô

R
ß�y�à¸Ý\Ä�Ã�Ô

R
ß | à ¶=ú ÄÄ�Ã�Ô

R
ß�ûwà£È�É�Ù�Í*Æ9ÊeÇ-È Ð�Í È Õ/Ä�Ã�Ô

R
ß�y�à�~ðÄ�Ã�Ô R ß | à ¶u Ä�Ì Ì Í�ËÇ-È Ù�ÆKi*Í*Ã-Ä9É�Ê"ÙBÔð×WÄ�Ì Í�É�Ä"Õ Ê7Æ�Ì Ä Û Ê"Ì�Ö�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�Ë$ÕaÅ�ÙBËÇ-È Ä�Ùåû

Æ�È Ð�Í�É£ÅBÉ�Ê�ÙBÊeÇ-Å�Ã�Ê"ÌwÎNÊ á Ç-Ä�Ê�É-É�Ä�Ë(È�ÊeÇ-Í�Ô$Ê�Ô�È Ð`È�É�Ä�ÃNÇ-Ä�È Ç ¶e �Nfhg�iVjLi���gC�l¬0 Í(Ç$û Û ÍéÊ�o.WYr�d'o.d'rM�pVxcea�]"^`_baYUMced'_JÄ�Ù u	¶ ÁNÂ�Í*Ù�Ç-Â�Í
Ô�È Ð`È�É�Ä�ÃNÄ"Õ�û;Ò�Ë*Ê"Ì Ì Í�ÔKÊ:�brqc�_baYc �pZ'¯=Ô'c�°lcþf�d'r�Ê"ÙBÔ�Ô�Í*Ù�Ä"Ç-Í�Ô7ß�ûwàÒ�È�ÉNÆ�È Ð�Í*Ù Û`á

ß�ûwàE3¢µR 2M� Ä�Ã�Ô
R
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u Ä�ÙBÉ�È�Ô�Í*Ã Ý ó ÒwÇ-Â�ÍS	�È Í*Ö�Ê"Ù�Ù¹É�×�Â�Í*Ã-Í�Î�È Ç-Â�Â�Ä�Ö�Ä�Æ�Í*Ù�Í*Ä�ÅBÉ
Ë(Ä"Ú�Ä�Ã�Ô�È ÙBÊeÇ-Í�É�ße l¤�î�  ó à ¶ ÁNÂ�Í*ÙêÊ"Ù á Ã�ÊeÇ-È Ä�û@3 |} Ò]Î�Â�Í*Ã-ÍSy7Ê"ÙBÔ | Ê"Ã-ÍÂ�Ä�Ö�Ä�Æ�Í*Ù�Í*Ä�ÅBÉ�×WÄ�Ì á Ù�Ä�Ö�È�Ê"Ì�ÉzÄ"Õ�Ç-Â�ÍKÉ-Ê"Ö�Í�Ô�Í*Æ�Ã-Í*Í�BÒ�È�É�Ê¢Æ�Ì Ä Û Ê"Ì£Ö�Í*Ã-Ä"Ú
Ö�Ä�Ã-×�Â�È�Ë7ÕaÅ�ÙBËÇ-È Ä�Ù ¶ ú ÄJÕaÄ�Ã�È ÙBÉ}Ç�Ê"ÙBË(Í�È ÕKû¢3 À7Ã ÊÀ"É Ê � À7Ã7À"É Ç-Â�Í*Ù ß�ûwà¡3
L n ó¸¤�ÝÚó ó ÝÚó + Î�Â�Í*Ã-ÍCó¸¤�3 ße}�î µ àø�ó ó 3 ß µ î�}9àø�ó + 3 ß µ î�Ý µ à ¶
« Ä"Ç-ÍTÇ-ÂBÊeÇ�Ô�Í*ÆYß�ûwàE3@} ¶
« ÄeÎ Î£Í�Ô�ÄêÇ-Â�Í7É-Ê"Ö�Í¢Ç-Â�È Ù�ÆêÕaÄ�ÃKË(Å�Ã-Ð�Í�É$È ÙåÝ +e¶ â Ö�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�Ë

ÕaÅ�ÙBËÇ-È Ä�Ù�û¹Ä�Ù�Ý + Ã-Í�É}Ç-Ã-È�ËÇ�É Ç-ÄéÊ�Ö�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�Ë�ÕaÅ�ÙBËÇ-È Ä�Ù7Ä�Ù\Ç-Â�Í�Ë(Å�Ã-Ð�Í
® È Õ=Ç-Â�Í�Ô�Í*Ù�Ä�Ö�È ÙBÊeÇ-Ä�ÃTÈ Ù�Ç-Â�Í�Ì Ä�Ë*Ê"Ì]Í(Ø�×�Ã-Í�É-É�È Ä�Ù¢ÕaÄ�Ãzû�Ô�Ä`Í�ÉTÙ�Ä"Ç ÐeÊ"Ù�È�É�Â
È�Ô�Í*Ù9Ç-È�Ë*Ê"Ì Ì á Ä�ÙJÇ-Â�Í�Ë(Å�Ã-Ð�Í ¶ ��Ç�É�Ê�É-É�Ä�Ë(È�ÊeÇ-Í�ÔJÔ�È Ð`È�É�Ä�Ã�ß�ûwà�Ã-Í�É}Ç-Ã-È�ËÇ�É�Ç-ÄðÊ
Ô�È Ð`È�É�Ä�Ã�Ä�Ù ® ¶ â É	Ê"ÙKÍ(Ø�Ê"Ö�×�Ì ÍTÌ Í(Ç�É�Ç�Ê"Ï�Í Ç-Â�Í ÕaÅ�ÙBËÇ-È Ä�Ù\û)3 À7Ã Ê � À"É Ê � À7Ê ÊÀ"É ÊÊ"ÙBÔ�Ç-Â�Í Ì È Ù�Í:§E¤�354T  + 3@}`? ¶ ÁNÂ�Í*ÙKÊ�Ì Ä�Ë*Ê"Ì�Ë(Ä�Ö�×�Å�Ç�ÊeÇ-È Ä�ÙKÉ�Â�ÄeÎ�É=Ç-ÂBÊeÇ

ß�ûwàE3�ß µ î�O}à 8 ß µ îXÝAO}à,ÝKL n ß µ îs}9àq�� È Ð�Í*Ù�Ê"Ù á Ë(Å�Ã-Ð�Í ® üðÝ + Ê"ÙBÔ�Ê"Ù á Ô�È Ð`È�É�Ä�Ãsm Ä�Ù ® Ò�Ê ÙBÊeÇ-Å�Ã�Ê"Ì��9Å�Í�É}Ç-È Ä�Ù
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u Ä�ÙBÉ�È�Ô�Í*ÃTÇ-Â�Í�Ì È Ù�ÍS§ + 3 4`ße l¤�îP  ó îP  + à 9   + 3¾}`?�È Ù7Ý +e¶ß�É�Í*Ít# %T& ú Í�ËÇ-È Ä�ÙK(9à Ê"ÙBÔKò Ç-Â�Í�×WÄ�È Ù9Ç�ße}\î µ î�}9à ¶ ÁNÂ�Í*Ù^mð3¼L n ò È�É
Ê$Ô�È Ð`È�É�Ä�Ã	Ä�Ù�§ + ¶ ��Õ�m¨3 ß�ûwà�ÕaÄ�ÃTÉ�Ä�Ö�ÍzÖ�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�ËTÕaÅ�ÙBËÇ-È Ä�Ù\Ä�Ù�§ + ÒÇ-Â�Í*Ù¹û¹ÂBÊ�ÉTÊCi*Í*Ã-Ä�Ä"Õ£Ä�Ã�Ô�Í*Ã�L$ÊeÇ�ò Ê"ÙBÔ¢È�ÉTÂ�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�ËzÊ"ÙBÔ\Ù�Ä�ÙXi*Í*Ã-Ä
Í*Ð�Í*Ã á Î�Â�Í*Ã-ÍKÍ*Ì�É�Í ¶ ú È ÙBË(Í�§ + È�É�È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë�Ç-Ä�Ý ó Ç-Â�Í*Ã-Í¢Ê"Ã-ÍéÙ�Ä�Ù�Ä�Ù�ÚË(Ä�ÙBÉ}Ç�Ê"Ù9Ç�Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë�ÕaÅ�ÙBËÇ-È Ä�ÙBÉ�Ä�Ù�Ý ó Ò�m¢½3 ß�ûwà=ÕaÄ�Ã�Ê"Ù á û ¶
��Ù�Ç-Â�Í Ë*Ê�É�Í	Ä"Õ�Ý ó Ç-Â�ÍTÊ"ÙBÉ�Î£Í*Ã=Ç-Ä�Ç-Â�ÍTÊ Û ÄeÐ�Í��9Å�Í�É}Ç-È Ä�Ù�È�É£Ð�Í*Ã á É�È Ö�×�Ì Í ¶

â Ô�È Ð`È�É�Ä�Ãrm 3�ß�ûwà=È Õ/Ê"ÙBÔ$Ä�Ù�Ì á È Õ/Ô�Í*Æ�m 3¡} ¶Eh Ä�Ã�Ê�Ë(Å Û È�ËTË(Å�Ã-Ð�Í ± Ç-Â�Í
Ê"ÙBÉ�Î£Í*Ã=È�É£Ù�Ä"ÇNÉ�Ä�É�È Ö�×�Ì Í ¶Eh Ä�Ã£È ÙBÉ}Ç�Ê"ÙBË(Í�Ç-Â�Í*Ã-Í Í(Ø�È�É}ÇNÔ�È Ð`È�É�Ä�Ã�É=Ä"ÕZÔ�Í*Æ�Ã-Í*Í�}
Î�Â�È�Ë�Â�Ê"Ã-Í�Ù�Ä"Ç£Ê�É-É�Ä�Ë(È�ÊeÇ-Í�ÔzÇ-Ä�Ê"Ù á Ö�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�Ë=ÕaÅ�ÙBËÇ-È Ä�Ù ¶ ��Ù�Õ�Ê�ËÇ�Ç-Â�Í*Ã-Í
Ê"Ã-Í Ê�É£Ö�Ê"Ù á É�ÅBË�ÂKÔ�È Ð`È�É�Ä�Ã�ÉNÊ�É£Ç-Â�Í*Ã-Í�Ê"Ã-Í ×WÄ�È Ù9Ç�É�Ä�Ù ± ¶]Ü Í�Ô�È�É-Ë(ÅBÉ-É£Ç-Â�È�É
È ÙKÖ�Ä�Ã-Í Ô�Í(Ç�Ê"È ÌwÈ Ù ú Í�ËÇ-È Ä�Ù�= ¶�ú Í*Í�Ê"Ì�É�ÄzÇ-Â�Í�Ê"Ã�Ç-È�Ë(Ì Í Û`á u	¶ õ Ê"Ì á # �'& ¶

j ¶1ê=»&º�å���à�º�¿Z¾wåBÀ
õ	È Ð`È�É�Ä�Ã�É£Ê"Ã-Í Ë(Ì Ä9É�Í*Ì á Ç-È Í�Ô�Ç-Ä�Æ�Í(Ç-Â�Í*Ã=Ç-Ä�Ê"Ù�Ä"Ç-Â�Í*Ã£Æ�Í*Ä�Ö�Í(Ç-Ã-È�Ë�Ù�Ä"Ç-È Ä�Ù$Î�Â�È�Ë�Â
È�É�Ç-ÂBÊeÇKÄ"Õ�Ê@¯ c�_bWKÓY^`_bÔx¯ W ¶ â Ì È Ù�Í Û Å�ÙBÔ�Ì Í�È�É�Ê�Ã�Ê"Ù�Ï µ Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë
Ð�Í�ËÇ-Ä�Ã Û Å�ÙBÔ�Ì Í�ßeõ	Í(ÓBÙ�È Ç-È Ä�Ù µ }9à ¶ ��ÙzÇ-Â�È�É]É�Í�ËÇ-È Ä�ÙzÎ£ÍNÔ�È�É-Ë(ÅBÉ-É;Ç-Â�ÍNÃ-Í*Ì�ÊeÇ-È Ä�ÙBÉ
Û Í(Ç}Î£Í*Í*Ù�Ì È Ù�Í Û Å�ÙBÔ�Ì Í�É�Ê"ÙBÔKÔ�È Ð`È�É�Ä�Ã�É ¶
0 Í(Ç�ÅBÉzÕaÄ�ÃzÇ-Â�Í$Ö�Ä�Ö�Í*Ù9Ç�Ã-Í(ÕaÍ*Ã Û Ê�Ë�Ï\Ç-Ä$�]Ø�Ê"Ö�×�Ì ÍCñ ¶ ÁNÂ�Í$Â�Ä�Ö�Ä�Æ�Í(Ú

Ù�Í*Ä�ÅBÉ�Ë(Ä`Ä�Ã�Ô�È ÙBÊeÇ-Í�ÉA l¤�ø�  ó Ä"Õ/Ý + Ê"Ã-Í Ê"Ì�É�Ä�ÙBÊeÇ-Å�Ã�Ê"ÌwÂ�Ä�Ö�Ä�Æ�Í*Ù�Í*Ä�ÅBÉNË(Ä`Ä�Ã�Ô�È ÚÙBÊeÇ-Í�ÉNÄ�Ù-§ + ÒBÉ�È ÙBË(Í�§ + 354`ße l¤ îw  ó îs}9à�<KÝ + ? ¶ � Å�Ã�Ê"È Ö È�É£Ç-Ä�Ê�É-É�Ä�Ë(È�ÊeÇ-Í



Í � � h��������"h����"h� "! �
Ç-Ä�ÊzÂ�Ä�Ö�Ä�Æ�Í*Ù�Í*Ä�ÅBÉ=×WÄ�Ì á Ù�Ä�Ö�È�Ê"ÌwÈ Ù$Ç-Â�ÍTÃ-È Ù�Æ�Ñ�#  l¤Wø�  ó &�È Ç�É¬²-Ô�È Ð`È�É�Ä�Ã£Ä"Õ,i*Í(ÚÃ-Ä`Í�É�³ ¶=h Ä�Ã£Í(Ø�Ê"Ö�×�Ì Í Ë(Ä�ÙBÉ�È�Ô�Í*Ã=Ç-Â�Í Â�Ä�Ö�Ä�Æ�Í*Ù�Í*Ä�ÅBÉm�9ÅBÊ�Ô�Ã�ÊeÇ-È�Ë�×WÄ�Ì á Ù�Ä�Ö�È�Ê"Ì
  +¤ ¶�ú È ÙBË(Í	È Ç£È�É£Ê Â�Ä�Ö�Ä�Æ�Í*Ù�Í*Ä�ÅBÉ]×WÄ�Ì á Ù�Ä�Ö�È�Ê"ÌBÈ Ç£È�É�È Ù`ÐeÊ"Ã-È�Ê"Ù9Ç=Å�ÙBÔ�Í*Ã£É-Ë*Ê"Ì�Ê"Ã
ÖzÅ�Ì Ç-È ×�Ì È�Ë*ÊeÇ-È Ä�ÙéÊ"ÙBÔ�É�Ä*m î 354T  +¤ 3¡}`? È�É�Ê�Î£Í*Ì Ì�Ô�Í(ÓBÙ�Í�ÔKÉ�Å Û É�Í(Ç�Ä"Õ=§ + ¶ÁNÂ�È�É¸i*Í*Ã-Ä	É�Í(Ç;ÂBÊ�É;Ê�Ì Ä�Ë*Ê"Ì`Ô�Í�É-Ë(Ã-È ×�Ç-È Ä�Ù ¶ 	�Í�Ë*Ê"Ì Ì�ÕaÃ-Ä�Ö¼# %'& ú Í�ËÇ-È Ä�Ù�(�Ç-ÂBÊeÇ
§ + È�É�Ë(ÄeÐ�Í*Ã-Í�Ô Û`á Ç}Î£Ä�Ä�×WÍ*ÙéË�ÂBÊ"Ã�Ç�É1�X¤�354T l¤¬½3@}`?�Ê"ÙBÔ-� ó 354T  ó ½3@}`? ¶ÁNÂ�Í�Ê ¿ Ù�Í�Ë(Ä`Ä�Ã�Ô�È ÙBÊeÇ-ÍzÄ�ÙK�X¤�È�É� )3¢À"ÉÀ7Ã Ê"ÙBÔéÇ-Â�Í�Ê ¿ Ù�Í�Ë(Ä`Ä�Ã�Ô�È ÙBÊeÇ-ÍzÄ�Ù� ó È�É,�©3 À7ÃÀ"É ¶ � Ù-�X¤Nõ�� ó Î£ÍTÂBÊ�Ð�Í	Ç-Â�Í È�Ô�Í*Ù9Ç-È ÓWË*ÊeÇ-È Ä�ÙKÖ�Ê"×) 
3 ó� ¶u Ä�ÙBÉ�È�Ô�Í*ÃJm�õ-� ó 3Õ4`ße l¤ îw  ó à�<t� ó 9   +¤ 3©}`? ¶ ��Õ�ße l¤�îw  ó à�<�m õ)� óÇ-Â�Í*Ù�Ë(Í*Ã�Ç�Ê"È Ù�Ì á ßQyp l¤�î�yp  ó à�<�m?õt� ó ÒwÉ�Ä$Î£Í�Ô�È Ð`È�Ô�Í Û`á   ó Ç-Ä�Æ�Í(Ç	Ç-ÂBÊeÇmFõ-� ó 3~4`ß�À7ÃÀ"É î µ à 9 À ÊÃÀ ÊÉ 3Ù}`? ¶ ��ÙéÇ-Í*Ã-Ö�É�Ä"Õ/Ç-Â�Í�Ë(Ä`Ä�Ã�Ô�È ÙBÊeÇ-Í Ä�Ù�� ó Ç-Â�È�ÉÈ�É � ÅBÉ}Ç:4L�5<-� ó 9 � + 3@}`? ¶ú È Ö�È Ì�Ê"Ã-Ì á m õ$�X¤t3¨4`ße l¤\î=  ó à.<Ù�X¤ 9   +¤ 3Æ}`? ¶ ��Ù¹Ç-Í*Ã-Ö�É�Ä"Õ�Ç-Â�Í
Ë(Ä`Ä�Ã�Ô�È ÙBÊeÇ-Í�Ä�ÙQ�X¤�Ç-Â�È�É�Ë(Ä�Ã-Ã-Í�É�×WÄ�ÙBÔ�É	Ç-ÄÛ4`ß µ î� `à 9 À ÊÃÀ ÊÃ 3 µ 3 }`?�Î�Â�È�Ë�Â
È�É � ÅBÉ}Ç�Ç-Â�ÍKÍ*Ö�×�Ç á É�Í(Ç ¶Jú ÄBÒ£Ì Ä�Ë*Ê"Ì Ì á m Ë(Ä�Ã-Ã-Í�É�×WÄ�ÙBÔ�É�Ç-Ä�Ç-Â�ÍKÕaÄ�Ì Ì ÄeÎ�È Ù�Æ
É�Å Û É�Í(Ç�É m�õ)�X¤ 3 4T ¬<t�X¤ 9 µ 3@}`?9øm�õ)� ó 3 4L�Õ<-� ó 9 � + 3@}`?w�
ú Í(Ç�ûT¤�î 3 µ Ò/û ó î 3�� + Ò�Ç-Â�Í*Ù�4`ßM�X¤9ø�ûT¤�àø�ßM� ó ø�û ó à"?$Ê"Ã-Í)¯ dla"Z'¯�ÔsW��E_pc�_xv]"^`_baYUMced'_Xf ÕaÄ�ÃJm ¶E« Ä"Ç-È�Ë(ÍTÇ-ÂBÊeÇ�Ä�Ù-�X¤£õ)� ó Ò�Î£ÍTÂBÊ�Ð�Í�� + 3 óÀ Ê ½3@}�Ê"ÙBÔ

ûT¤9ße `àE3�û ó ße `à n   + �
ú È Ö�È Ì�Ê"Ã-Ì á û ó ßV� à�3�ûT¤9ßV� à n � + Ä�Ù
�X¤`õ�� ó Ò"É�Ä�Ç-Â�Í=Ì Ä�Ë*Ê"Ì`Ô�Í(ÓBÙ�È Ù�Æ�ÕaÅ�ÙBËÇ-È Ä�ÙBÉÊ"Ã-Í Ã-Í*Ì�ÊeÇ-Í�Ô Û`á Ê�Ù�ÄeÎ�Â�Í*Ã-Í ÐeÊ"Ù�È�É�Â�È Ù�Æ�Õ�Ê�ËÇ-Ä�Ã ¶
« ÄeÎ�m õ$�X¤-3��éÊ"ÙBÔom õÛ� ó È�É Ç-Â�Í$Ä�Ã-È Æ�È Ù�� 3 }¢Ë(Ä�Å�Ù9Ç-Í�Ô7Î�È Ç-Â

ÖzÅ�Ì Ç-È ×�Ì È�Ë(È Ç á L ¶ ÁNÂ�Í�×WÄ�È Ù9Ç��¾3´}$È Ù$� ó Ë(Ä�Ã-Ã-Í�É�×WÄ�ÙBÔ�É�Ç-Ä7ße}Kî µ îp}9à�Ä�Ù§ + ¶]ú È ÙBË(Í�Ç-Â�È�É�Ä�Ë*Ë(Å�Ã�É/Î�È Ç-Â�ÖzÅ�Ì Ç-È ×�Ì È�Ë(È Ç á L�ÒNmþÈ�É/Ç-Â�Í	Ô�È Ð`È�É�Ä�Ã�L n òåÎ�Â�Í*Ã-ÍòÕ3�ße}�î µ îs}9àÒ�Ê�É Û Í(ÕaÄ�Ã-Í ¶
ÁNÂ�Í�È Ù9Ç-Í*Ã-Í�É}Ç-È Ù�Æ�Ç-Â�È Ù�ÆéÈ�ÉTÇ-ÂBÊeÇ ÕaÃ-Ä�ÖýÇ-Â�Í�É�Í�Ì Ä�Ë*Ê"Ì�Ô�Í(ÓBÙ�È Ù�ÆKÕaÅ�ÙBËÇ-È Ä�ÙBÉ

Ä"Õam Î£Í�Ë(Ä�ÙBÉ}Ç-Ã-ÅBËÇ Ê�Ù�Í*ÎäÖ�Ê"Ù�È ÕaÄ�Ì�Ô-§JË*Ê"Ì Ì Í�ÔéÊ)¯ c�_bW¬ÓY^`_bÔx¯ W ¶ ÁNÂ�Í�Ù�Ä�Ù�Ú
ÐeÊ"Ù�È�É�Â�È Ù�Æ¢Õ�Ê�ËÇ-Ä�ÃzÇ-ÂBÊeÇ�Ã-Í*Ì�ÊeÇ-Í�É�Ç-Â�Í�É�Í$Ì Ä�Ë*Ê"ÌNÔ�Í(ÓBÙ�È Ù�Æ\ÕaÅ�ÙBËÇ-È Ä�ÙBÉ�Ä"ÕPm È�É
Ï`Ù�ÄeÎ�Ù7Ê�É�Ê$UMr�Z'_Xfqc�UMced'_�]"^`_baYUMced'_ ¶�Ü Í�Æ�È Ð�Í�Ä�Ù�Í�Ö�Ä�Ã-Í�Í(Ø�Ê"Ö�×�Ì Í Û Í(ÕaÄ�Ã-Í
É}Ç�ÊeÇ-È Ù�Æ�Ç-Â�Í�Ô�Í(ÓBÙ�È Ç-È Ä�ÙBÉ ¶�P� u<
o�h�����l ú Í(Ç

§Pî 3©�X¤ R Ñ$»)� ó R ÑED {
Î�Â�Í*Ã-Í-�X¤ R Ñ Ê"ÙBÔ�� ó R Ñ Ê"Ã-Í$Ä�×WÍ*ÙðË�ÂBÊ"Ã�Ç�ÉzÄ"Õ�§ ¶ ÁNÂ�Í�Íl�9Å�È ÐeÊ"Ì Í*ÙBË(Í
Ã-Í*Ì�ÊeÇ-È Ä�Ù { Æ�È Ð�Í�É�Ç-Â�Í
²�×BÊeÇ�Ë�Â�È Ù�Æw³	Ë(Ä�ÙBÔ�È Ç-È Ä�ÙzÄ�Ù�Ç-Â�Í£ÄeÐ�Í*Ã-Ì�Ê"×�ßM�X¤�õ1� ó à R Ñ



� g'�����B�`h"������fT�����b�"cT! i:�b�"g��s� öY�
Ê"ÙBÔ�È�É�Ô�Í(ÓBÙ�Í�ÔéÊ�É£ÕaÄ�Ì Ì ÄeÎ�É ¶Eh Ä�Ã,�Ù3 óÀ <-�X¤Nõ)� ó Ê"ÙBÔ7ßV��ø�yWàA<t� ó R Ñ£Òße Bø{�Zà�<-�X¤ R ÑåÎ£Í Ô�Í(ÓBÙ�Í

ßV��ø�yWà { ße Bø{�Zà ��� �t3¡  + y��
« Ä"Ç-Í Ç-ÂBÊeÇ�Î£Í Ô�Í(ÓBÙ�Í Ç-Â�Í-²�×BÊeÇ�Ë�Â�È Ù�Æw³zË(Ä�ÙBÔ�È Ç-È Ä�Ù�ÅBÉ�È Ù�Æ.  + Ò`Ç-Â�Í Ù�ÄeÎ�Â�Í*Ã-Í
ÐeÊ"Ù�È�É�Â�È Ù�Æ�ÕaÅ�ÙBËÇ-È Ä�Ù�Ä�ÙÛ�X¤�õt� ó Ã-Í*Ì�ÊeÇ-È Ù�Æ�Ç-Â�Í�Ç}Î£Ä$Ì Ä�Ë*Ê"Ì/Ô�Í�É-Ë(Ã-È ×�Ç-È Ä�ÙBÉ	Ä"Õm Ê Û ÄeÐ�Í ¶
ÁNÂ�È�É]Ù�Í*ÎðÖ�Ê"Ù�È ÕaÄ�Ì�Ô.§�È�É=Ê"Ù�Í(Ø�Ê"Ö�×�Ì Í�Ä"ÕwÊ¬¯ c�_bW�ÓY^`_bÔx¯ Wzßeõ	Í(ÓBÙ�È Ç-È Ä�Ù µ }

Û Í*Ì ÄeÎ	à/Ê"ÙBÔ�È�É]Ä"Õ&Ç-Í*Ù�Ô�Í*Ù�Ä"Ç-Í�Ô���ß�m$à ¶ ÁNÂ�Í�Ë(Ä�Ì Ì Í�ËÇ-È Ä�Ù�4`ß�ûT¤"ø"�X¤eàø�ß�û ó ø"� ó à"?Ä"ÕYÌ Ä�Ë*Ê"ÌBÔ�Í(ÓBÙ�È Ù�Æ ÕaÅ�ÙBËÇ-È Ä�ÙBÉ/ÕaÄ�Ãsm 3©L n òäÔ�Í(ÓBÙ�Í�É�Ê
f�W"aYUMced'_�ß�É�Í*Í�É�Å Û É�Í�ËÚÇ-È Ä�Ù�j ¶ L�à£Ä"Õ���ß�m$à�Ê"ÙBÔ$Ç-Â�Í�ÕaÅ�ÙBËÇ-È Ä�Ùt  + Ã-Í*Ì�ÊeÇ-È Ù�Æ�Ç-Â�Í�É�Í�Ì Ä�Ë*Ê"ÌwÕaÅ�ÙBËÇ-È Ä�ÙBÉ
Ä�Ù$Ç-Â�Í ÄeÐ�Í*Ã-Ì�Ê"×)�X¤£õ)� ó È�É�Ê)UMr�Z'_Xfqc�UMced'_�]"^`_baYUMced'_¢Ä"Õs��ß�m$à ¶
Ü ÍTÙ�ÄeÎåÆ�È Ð�Í Ç-Â�Í Æ�Í*Ù�Í*Ã�Ê"ÌwÔ�Í(ÓBÙ�È Ç-È Ä�ÙKÄ"Õ]Ê�Ì È Ù�Í Û Å�ÙBÔ�Ì Í ¶e �Nfhg�iVjLi���g��$�lE0 Í(Ç g Û Í=Ê�Ë(Ä�Ö�×�Ì Í(ØTÖ�Ê"Ù�È ÕaÄ�Ì�Ô ¶ â ¯ c�_bW1ÓY^`_bÔx¯ W�§��ï æ

È�É�Ê�Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë	Ð�Í�ËÇ-Ä�Ã Û Å�ÙBÔ�Ì Í Ä"Õ/Ã�Ê"Ù�Ï µ�¶ ÁNÂBÊeÇ�È�É
ß µ à 0 È�É£ÊzË(Ä�Ö�×�Ì Í(Ø�Ö�Ê"Ù�È ÕaÄ�Ì�Ô$É�ÅBË�Â�Ç-ÂBÊeÇ£ÕaÄ�ÃNÊ"Ù á ît<éæäømN ò�ó ß�îYàm3

§ E È�É�Íl�9Å�È ×�×WÍ�Ô�Î�È Ç-Â�Ç-Â�Í É}Ç-Ã-ÅBËÇ-Å�Ã-Í�Ä"Õ�Ê Ä�Ù�Í	Ô�È Ö�Í*ÙBÉ�È Ä�ÙBÊ"ÌBË(Ä�Ö�Ú×�Ì Í(Ø$Ð�Í�ËÇ-Ä�Ã�É�×BÊ�Ë(Í ¶
ßML�à�ÁNÂ�ÍT×�Ã-Ä � Í�ËÇ-È Ä�Ù�Ö�Ê"×�×�È Ù�Æ¬N7îs§�ï æñÈ�ÉNÂ�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë ¶
ße(9à�ÁNÂ�Í*Ã-Í�È�É=Ê"Ù�Ä�×WÍ*Ù$Ë(ÄeÐ�Í*Ã�4"ë�ìb?	Ä"ÕZæ Ê"ÙBÔ Û È Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�ËNÖ�Ê"×BÉ*Ò

íYì�î=N ò�ó ß�ë�ìWà�ïöë�ì R Ñ£Ò	Ë(Ä�Ö�×BÊeÇ-È Û Ì Í$Î�È Ç-Â¹Ç-Â�Í�×�Ã-Ä � Í�ËÇ-È Ä�ÙBÉ
Ä�Ù9Ç-Ä7ë�ìwÒ=É�ÅBË�Â�Ç-ÂBÊeÇzÇ-Â�Í�Ã-Í�É}Ç-Ã-È�ËÇ-È Ä�Ù¹Ç-Ä\Ç-Â�Í$Ó Û Ã-ÍKíYìåîE§ E ï4lî�? R ÑåÈ�É�Ì È Ù�Í�Ê"Ã�ÕaÄ�Ã	Ê"Ì Ì�î�<�ë�ì ¶ ÁNÂ�Í�×BÊ"È Ãzß�íYì�øë�ìBàNÈ�É�Ë*Ê"Ì Ì Í�Ô
Ê�UMrqc�°lceZ'¯ cþf�Z'UMced'_�Ä"Õ�§ðÄeÐ�Í*Ã	ë�ì ¶

N î ë�ì�üJæ

§r¡�¢$üÚ§§ E
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ú È ÙBË(Í�§PÈ�É	Ê�Ë(Ä�Ö�×�Ì Í(ØKÖ�Ê"Ù�È ÕaÄ�Ì�ÔwÒ�ÕaÄ�Ã	Ê"Ù á ×BÊ"È Ã	Ä"Õ;Ç-Ã-È Ð`È�Ê"Ì È�É-ÊeÇ-È Ä�ÙBÉ	íYìwø�í ô
Ç-Â�Í Ö�Ê"×Cy9ì ô î`ë�ì�õKë ô ï Ñ _ Æ�È Ð�Í*Ù Û`á

íYìW£�í�ò�óô ß�îZø � à�¤-3 ß�îZø y9ì ô ß�îYà n � à
È�ÉTÂ�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë ¶ ÁNÂ�Í�Ö�Ê"×BÉ�y9ì ô Ê"Ã-Í�Ë*Ê"Ì Ì Í�ÔQUMr�Z'_Xfqc�UMced'_C]"^`_baYUMced'_Xf�Ä"Õ�§
Î�È Ç-ÂPÃ-Í�É�×WÍ�ËÇ�Ç-Ä�Ç-Â�ÍKUMrqc�°lceZ'¯ cþf�Z'UMced'_Xfêß�íYì�øë�ìBàø�ß�í ô øë ô à ¶ ÁNÂ�Í á Ô�Í(Ç-Í*Ã�Ú
Ö�È Ù�ÍTÇ-Â�Í Ì È Ù�Í Û Å�ÙBÔ�Ì Í:§PÊ"ÙBÔ�É-ÊeÇ-È�É}Õ á Ç-Â�ÍTÕaÄ�Ì Ì ÄeÎ�È Ù�Æ�Ë(Ä�ÙBÔ�È Ç-È Ä�ÙBÉ

ß µ àSy9ì ô ß�îYà n y ô ì�ß�îYàm3 µ ÕaÄ�Ã�Ê"Ì ÌPî-<\ë�ì õéë ôl¥
ßML�àSy9ì ô ß�îYà n y ô [ ß�îYà n y [ ìwß�îYàm3 µ ÕaÄ�Ã�Ê"Ì Ì�î-<\ë�ì õéë ô õKë [ ¶u Ä�ÙBÔ�È Ç-È Ä�Ù7ßML�à£È�É�Ï`Ù�ÄeÎ�Ù�Ê�É£Ç-Â�ÍCa"dlaY�saY¯ W¬a"d'_bÔ'c�UMced'_ ¶
u Ä�Ù`Ð�Í*Ã�É�Í*Ì á Ò*Æ�È Ð�Í*Ù Ê"Ù Ä�×WÍ*ÙzË(ÄeÐ�Í*Ã=4"ë�ìb?=Ä"ÕBæ Ê"ÙBÔTÂ�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë/Ö�Ê"×BÉ

y9ì ô î�ë�ìBõ�ë ô ï Ñ _ ÒeÉ-ÊeÇ-È�É}Õ á È Ù�ÆNÇ-Â�Í=Ë(Ä�ÙBÔ�È Ç-È Ä�ÙBÉ�Ê Û ÄeÐ�Í�Ò*Î£Í�Ë*Ê"Ù Ë(Ä�ÙBÉ}Ç-Ã-ÅBËÇ
Ê�Ì È Ù�Í Û Å�ÙBÔ�Ì Í�§�Î�È Ç-Â�Ç-Ã�Ê"ÙBÉ�È Ç-È Ä�Ù�ÕaÅ�ÙBËÇ-È Ä�ÙBÉmy9ì ô ¶ õ	Í(ÓBÙ�ÍTÊ"Ù�Íl�9Å�È ÐeÊ"Ì Í*ÙBË(Í
Ã-Í*Ì�ÊeÇ-È Ä�Ù { Ä�Ù7Ç-Â�Í$Å�Ù�È Ä�Ù�ÄeÐ�Í*ÃzÊ"Ì Ì£÷äÄ"Õ ë�ì R Ñ Ê�É ÕaÄ�Ì Ì ÄeÎ�É ¶th Ä�Ã�î©<
ë�ìzõ\ë ô Ò]ß�îZø�yWà�<�ë ô R Ñ Ê"ÙBÔ�ß�îZø{�Zà�<êë ô R Ñ É�Í(Ç�ß�îZø�yWà { ß�îZø{�Zà	È Õ
Ê"ÙBÔ$Ä�Ù�Ì á È Õh�t3�y9ì ô ß�îYà n y ¶ ÁNÂ�Í*Ù

§�3x¦
ì
ë�ì R ÑED {

È�É�Ê�Ì È Ù�Í Û Å�ÙBÔ�Ì Í�Î�È Ç-Â�Ç-Ã�Ê"ÙBÉ�È Ç-È Ä�Ù$ÕaÅ�ÙBËÇ-È Ä�ÙBÉ�y9ì ô ¶h Ä�ÃNÍ�Ê�É�ÍTÄ"Õ/Ù�Ä"Ç�ÊeÇ-È Ä�Ù$ÕaÃ-Ä�Ö Ù�ÄeÎåÄ�Ù�Î£Í�É�Í(Ç1§r¡Û3¡N ò�ó ß�ë à ¶� È Ð�Í*Ù$§çÊ�É Ê Û ÄeÐ�Í�ÒwÕaÄ�Ã�Ê"Ù á Ë(Ä�Ì Ì Í�ËÇ-È Ä�Ù�Ä"ÕNÙ�ÄeÎ�Â�Í*Ã-Í�ÐeÊ"Ù�È�É�Â�È Ù�ÆéÂ�Ä�Ì Ä"Ú
Ö�Ä�Ã-×�Â�È�Ë\ÕaÅ�ÙBËÇ-È Ä�ÙBÉ�û"ìäÄ�ÙFë�ìäÎ£Í�Ë*Ê"ÙçÔ�Í(ÓBÙ�Í�Ê"Ì Ç-Í*Ã-ÙBÊeÇ-È Ð�Í�Ç-Ã-È Ð`È�Ê"Ì È�É-ÊeÚ
Ç-È Ä�ÙBÉ�í�Ü ì Ä"Õ.§ ÄeÐ�Í*Ã�ë�ì Û`á ÖzÅ�Ì Ç-È ×�Ì á È Ù�ÆJÇ-Â�ÍðÉ�Í�Ë(Ä�ÙBÔçË(Ä�Ö�×WÄ�Ù�Í*Ù9Ç\Ä"Õ
íYìZß�îYà�<¢ë�ì R Ñ�Î�È Ç-Â¢û"ì�ß�îYà ¶ ��ÙéÊ�Ö�Ä�Ã-Í É�Ì Ä�×�× á ÎNÊ á Î£ÍTÎ�Ã-È Ç-Í

í Ü ì 3åû"ìBíYì�� ße(9à
ÁNÂ�ÍTÇ-Ã�Ê"ÙBÉ�È Ç-È Ä�Ù�ÕaÅ�ÙBËÇ-È Ä�ÙBÉ�Ã-Í*Ì�ÊeÇ-È Ð�Í Ç-Äéß�í�Ü ì øë�ìBàNÊ"Ã-Í

y Üì ô 3 û"ì
û ô
y9ì ô �

â Ù á Ä"Ç-Â�Í*Ã�Ç-Ã-È Ð`È�Ê"Ì È�É-ÊeÇ-È Ä�Ù�Ä"ÕE§JË*Ê"Ù Û Í�Ä Û Ç�Ê"È Ù�Í�Ô�È ÙKÇ-Â�È�É	ÎNÊ á ÒBÉ�Ä�Î£Í�É�Í*Í
Ç-ÂBÊeÇ	Ç-Â�Í�Ë(Ä�Ì Ì Í�ËÇ-È Ä�ÙBÉ�4�y`Üì ô ?�Ê"ÙBÔ$4�y9ì ô ?�Ô�Í(ÓBÙ�Í�Ç-Â�Í�É-Ê"Ö�Í�Ì È Ù�Í Û Å�ÙBÔ�Ì Í�c ]Z'_bÔCd'_p¯ �.c ]�Ç-Â�Í*Ã-ÍTÍ(Ø�È�É}Ç�Ù�ÄeÎ�Â�Í*Ã-Í ÐeÊ"Ù�È�É�Â�È Ù�Æ�Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë�ÕaÅ�ÙBËÇ-È Ä�ÙBÉ	û"ì
Ä�Ù¢ë�ìKÉ-ÊeÇ-È�É}Õ á È Ù�Æéße(9àNÊ Û ÄeÐ�Í ¶�P� u<
o�h�������� ÁNÂ�ÍTÉ�È Ö�×�Ì Í�É}Ç�Í(Ø�Ê"Ö�×�Ì Í Ä"Õ;ÊzÌ È Ù�Í Û Å�ÙBÔ�Ì ÍTÄ�Ù�ÊzÖ�Ê"Ù�È ÕaÄ�Ì�Ô
È�É�æ R ÑäÊ"Ì�É�Ä�Ï`Ù�ÄeÎ�Ù�Ê�É£Ç-Â�Í.UMrqc�°lceZ'¯=ÓY^`_bÔx¯ W��¨§ ¶�P� u<
o�h���>�<') ÁNÂ�Í$Ì È Ù�Í Û Å�ÙBÔ�Ì Í�Ç-ÂBÊeÇ�Î£Í$Ë(Ä�ÙBÉ}Ç-Ã-ÅBËÇ-Í�Ô7È Ù��]Ø�Ê"Ö�×�Ì ÍS%
È�ÉTÏ`Ù�ÄeÎ�Ù7Ê�ÉH�J© É ßML�à ¶ â Ì Ì�Ì È Ù�Í Û Å�ÙBÔ�Ì Í�É�Ë(Ä�ÙBÉ}Ç-Ã-ÅBËÇ-Í�Ô¢È Ù�Ç-Â�È�É ÎNÊ á ÕaÃ-Ä�Ö



� g'�����B�`h"������fT�����b�"cT! i:�b�"g��s� ª'÷
Ê�Ô�È Ð`È�É�Ä�Ã�Ô�Í(ÓBÙ�Í�Ô Û`á Ê�Â�Ä�Ö�Ä�Æ�Í*Ù�Í*Ä�ÅBÉ��9ÅBÊ�Ô�Ã�ÊeÇ-È�Ë	×WÄ�Ì á Ù�Ä�Ö�È�Ê"ÌYÄ�Ù�Ý ó Ê"Ã-Í
È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë Û Í�Ë*Ê"ÅBÉ�ÍNÕaÄ�Ã£Ê"Ù á Ç}Î£Ä�É�ÅBË�Â�×WÄ�Ì á Ù�Ä�Ö�È�Ê"Ì�É/Ç-Â�Í*Ã-Í�È�É�Ê"Ù�È�É�Ä�Ö�Ä�Ã�Ú
×�Â�È�É�Ö Ä"Õ;Ý ó Î�Â�È�Ë�ÂKÖ�Ê"×BÉNÄ�Ù�Í Ç-Ä�Ç-Â�Í Ä"Ç-Â�Í*Ã ¶t ��
^u$�cvC�$kl ��Ù�Õ�Ê�ËÇ�Æ�È Ð�Í*ÙêÊ"Ù á ã~<Ù> � Ê"Ì ÌNÌ È Ù�Í Û Å�ÙBÔ�Ì Í�É�Ä Û Ç�Ê"È Ù�Í�Ô
ÕaÃ-Ä�Ö Ô�È Ð`È�É�Ä�Ã�É£Ë(Ä�Ã-Ã-Í�É�×WÄ�ÙBÔ�È Ù�Æ�Ç-Ä�ÊzÂ�Ä�Ö�Ä�Æ�Í*Ù�Í*Ä�ÅBÉ=×WÄ�Ì á Ù�Ä�Ö�È�Ê"ÌWÄ"Õ/Ô�Í*Æ�Ã-Í*Í
ã\Ä�ÙKÝ ó Ê"Ã-ÍTÈ�É�Ä�Ö�Ä�Ã-×�Â�È�Ë Ê"ÙBÔKÔ�Í*Ù�Ä"Ç-Í�Ô Û`á �J© É ßaãZà ¶�P� u<
o�h���-��q" 	�Í�Ë*Ê"Ì Ì Ç-ÂBÊeÇ\Ý ó 3 ß�Ñ +¬« 4T}`?eà�D { Î�Â�Í*Ã-ÍJße l¤9ø�  ó à {ßQyp l¤�ø�yp  ó à�ÕaÄ�Ã�Ê"Ì ÌJy´<�Ñ _ ¶ ÁNÂ�È�É�Ö�Í�Ê"ÙBÉ*Ò=Í�Ê�Ë�ÂêÌ È Ù�Í-��ü Ñ + Ç-Â�Ã-Ä�Å�Æ�Â
Ç-Â�Í Ä�Ã-È Æ�È Ù�Ë(Ä�Ã-Ã-Í�É�×WÄ�ÙBÔ�É=Ç-Ä�Ê�×WÄ�È Ù9Ç:# ��&¸<�Ý ó ¶E0 Í(Ç

§�354`ß�ße l¤ îs  ó àø � à�<KÝ ó R Ñ + 9 � <KÑ n ße l¤�ø�  ó à"?354`ß7# ��&�ø � àm<KÝ ó R Ñ + 9 � <)�[?
Ê"ÙBÔKÔ�Í*Ù�Ä"Ç-Í�×�Ã-Ä � Í�ËÇ-È Ä�Ù�Ä�Ù9Ç-Ä�Ç-Â�Í ÓBÃ�É}Ç�Õ�Ê�ËÇ-Ä�Ã Û`á N¹îw§ðï Ý ó ¶ ÁNÂ�Í*Ù�ÒBÈ Ù
Ç-Í*Ã-Ö�ÉNÄ"Õ/Ì Ä�Ë*Ê"Ì�Ë(Ä"Ú�Ä�Ã�Ô�È ÙBÊeÇ-Í�É=Ä�Ù\ë=¤ Ê"ÙBÔ¢ë ó Ê�É Û Í(ÕaÄ�Ã-Í�Ò�Î£ÍTÄ Û Ç�Ê"È Ù§r¡ Ã 3Ù4`ße Bø�ßaù�ø�ù¸ `à�à 9 ùK<KÑm?§r¡ É 3Ù4`ßV��ø�ßV���ø{�à�à 9 C<éÑE?
Î�È Ç-Â�Ç-Ã-È Ð`È�Ê"Ì È�É-ÊeÇ-È Ä�ÙBÉ

íp¤�îs§r¡ Ã ï ë=¤ R Ñ í ó îw§r¡ É ï ë ó R Ñ
ße Bø�ßaù�ø�ù¸ `à�à Jï ße Bø�ù;à ßV��ø�ßV���ø{�à�à Jï ßV��ø{�à

ÁNÂ�Í Ã-Í�Ê�Ô�Í*Ã�Ë*Ê"ÙKË�Â�Í�Ë�Ï�Ç-ÂBÊeÇNÇ-Â�ÍTÇ-Ã�Ê"ÙBÉ�È Ç-È Ä�Ù$ÕaÅ�ÙBËÇ-È Ä�Ù)y�¤ ó È�É*î
y�¤ ó ße `àE3�íp¤eí�ò�óó 3 µ

  �
ÁNÂ�È�É�Ð�Í�ËÇ-Ä�Ã Û Å�ÙBÔ�Ì ÍzÈ�É Ê"Ì�É�Ä�Ï`Ù�ÄeÎ�Ù¢Ê�ÉNÇ-Â�ÍC^`_pc�°'WYr"f�Z'¯�ÓY^`_bÔx¯ WzÄ�ÙéÝ ó Ô�Í(Ú
Ù�Ä"Ç-Í�Ô®�J© É ß Ý µ à£Ê"ÙBÔ$È�É�Ê"Ù�È Ö�×WÄ�Ã�Ç�Ê"Ù9Ç�Í(Ø�Ê"Ö�×�Ì Í ¶
â Ù�È�Ë(Í	×�Ã-Ä�×WÍ*Ã�Ç á Ä"ÕwÌ È Ù�Í Û Å�ÙBÔ�Ì Í�É=È�É]Ç-ÂBÊeÇ=Ç-Â�Í á Ë*Ê"Ù Û ÍC²�×�Å�Ì Ì Í�Ô Û Ê�Ë�Ï`³ ¶

ú Å�×�×WÄ9É�Í$û�î;æ ï � È�ÉzÊKÂ�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë�Ö�Ê"×7Ä"Õ�Ë(Ä�Ö�×�Ì Í(Ø�Ö�Ê"Ù�È ÕaÄ�Ì�Ô�É*Ò
Ê"ÙBÔ�N¹îw§ðïð� È�É	Ê�Ì È Ù�Í Û Å�ÙBÔ�Ì Í�Ä�Ù-� ¶ ÁNÂ�Í*ÙKÎ£Í�Ô�Í(ÓBÙ�Í Ç-Â�Í��b^`¯�¯=Ó"Zsa�+
ÓY^`_bÔx¯ Wzû _ § Û`á É�Í(Ç�Ç-È Ù�Æéß�û _ §£à E 3¡§ Å�Ç E Ë ¶ g Ä�Ã-ÍT×�Ã-Í�Ë(È�É�Í*Ì á Ò

û _ §�3Ù4`ß Y ø � à 9 û/ß Y àE3ÚN�ß � à"?züJæ R §1�
��Õ£í¹îX§r¡êïCë R ÑçÈ�É Ê�Ç-Ã-È Ð`È�Ê"Ì È�É-ÊeÇ-È Ä�ÙKÄ"Õm§�È Ù\Ê�Ù�Í*È Æ�Â Û Ä�Å�Ã-Â�Ä`Ä�Ô\ë?Ä"Õ
û/ß�îYàÒ�Ç-Â�Í*ÙKÎ£Í Ä Û Ç�Ê"È ÙKÊzÇ-Ã-È Ð`È�Ê"Ì È�É-ÊeÇ-È Ä�Ù

û _ íéîBß�û _ §£à Å4¯ É Ç ¡ Ë ï û ò�ó ß�ë à R Ñ
Î�Â�È�Ë�Â�È�ÉNÇ-Â�Í�Ë(Ä�Ö�×WÄ9É�È Ç-È Ä�Ù
ß�û _ §£à Å ¯ É Ç ¡ Ë üPû ò�ó ß�ë à R §r¡�°²±@³<´ÝYï û ò�ó ß�ë à R ë R Ñ¶µ�·ÝYï û ò�ó ß�ë à R Ñ��



� + � h��������"h����"h� "! �
ÁNÂ�È�É]Æ�È Ð�Í�É�û _ §�È Ç�É]Ö�Ê"Ù�È ÕaÄ�Ì�Ô�É}Ç-Ã-ÅBËÇ-Å�Ã-ÍNÄeÐ�Í*Ã;Ç-Â�Í�Ä�×WÍ*Ù�É�Í(Ç£û ò�ó ß�ë à ¶ ÁNÂ�Í
Ç-Ã�Ê"ÙBÉ�È Ç-È Ä�Ù�ÕaÅ�ÙBËÇ-È Ä�ÙBÉ£ÕaÄ�Ã�û _ §êÊ"Ã-Í	Ç-Â�Í ×�Å�Ì Ì Û Ê�Ë�Ï�ÉNû _ ß�y9ì ô à£î 3Úy9ì ô �=ûKÄ"Õ
Ç-Â�ÍTÇ-Ã�Ê"ÙBÉ�È Ç-È Ä�Ù$ÕaÅ�ÙBËÇ-È Ä�ÙBÉ�y9ì ô Ä"Õ=§ ¶t ��
^u$�cvC�<w) ��Õ�m È�É�Ê\Ô�È Ð`È�É�Ä�Ã�Ä�Ù « Î�È Ç-ÂêÌ Ä�Ë*Ê"ÌNÔ�Í(ÓBÙ�È Ù�Æ¢ÕaÅ�ÙBËÇ-È Ä�ÙBÉ
4`ß | ìwøë�ìBà"?9Ò/Î£Í�Ë*Ê"Ù¹×�Å�Ì Ì£È Ç Û Ê�Ë�Ï\Ç-Ä\Ê¢Ô�È Ð`È�É�Ä�Ã�û _ m Ä�ÙêæÿÎ�È Ç-Â¹Ì Ä�Ë*Ê"Ì
Ô�Í(ÓBÙ�È Ù�Æ�ÕaÅ�ÙBËÇ-È Ä�ÙBÉ:4`ß | ì���ûWø�û ò�ó ß�ë�ìBà�à"? ¶ ��Õm§Ú3¸��ß�m$àÒWÇ-Â�Í*Ù\û _ ße§£à�3��ß�û _ m$à ¶
j ¶ µ�¶P¹W�	��º"�¼»�j��	º�½4jLº"�	����g¾jL����»L�Nj���¿Ju<������i�g��¬Àhº�g�Á�����»M ÁNÂ�ÍTÇ-Í*Ù�Ú
É�Ä�Ã	×�Ã-Ä�Ô�ÅBËÇ Ä"Õ£ÑçÎ�È Ç-Â\È Ç�É�Í*Ì Õ}ÒwÑ&ÂêÑ�È�É Ñ�Ê"Æ9Ê"È Ù ¶Tú È Ö�È Ì�Ê"Ã-Ì á Æ�È Ð�Í*ÙKÇ}Î£Ä
Ì È Ù�Í Û Å�ÙBÔ�Ì Í�É=§ ó Ê"ÙBÔ�§ + Î�È Ç-ÂzÇ-Ã�Ê"ÙBÉ�È Ç-È Ä�Ù�ÕaÅ�ÙBËÇ-È Ä�ÙBÉ,y9ì ô Ê"ÙBÔ | ì ô Ã-Í�É�×WÍ�ËÚÇ-È Ð�Í*Ì á Ò�Î£Í�Ë*Ê"ÙéÔ�Í(ÓBÙ�ÍTÇ-Â�Í Ç-Í*ÙBÉ�Ä�Ã�×�Ã-Ä�Ô�ÅBËÇB§ ó ÂQ§ + Ê"ÙBÔ�Æ�Í(Ç	Ê�Ù�Í*ÎäÌ È Ù�ÍÛ Å�ÙBÔ�Ì Í�§ ¶ ÁNÂ�Í	Ó Û Ã-Í�É£Ä"Õ=§ðÊ"Ã-Í � ÅBÉ}ÇNÇ-Â�Í Ç-Í*ÙBÉ�Ä�ÃN×�Ã-Ä�Ô�ÅBËÇNÄ"ÕZÓ Û Ã-Í�É=Ä"Õ=§ óÊ"ÙBÔ�§ + ¶ ÁNÂ�ÍTÇ-Ã�Ê"ÙBÉ�È Ç-È Ä�Ù�ÕaÅ�ÙBËÇ-È Ä�ÙBÉ,U�ì ô Ä"Õ=§PÊ"Ã-Í	Ç-Â�Í*Ã-Í(ÕaÄ�Ã-Í	Ç-Â�Í ×�Ã-Ä�Ô�ÅBËÇ
Ä"ÕZÇ-Â�ÍTÇ-Ã�Ê"ÙBÉ�È Ç-È Ä�Ù$ÕaÅ�ÙBËÇ-È Ä�ÙBÉ�Ä"Õ�§ ó Ê"ÙBÔ)§ + Ò�È ¶ Í ¶ ÕaÄ�Ã�Ê"Ì ÌPît<¢ë�ì�õéë ôU�ì ô ß�îYàm3�y9ì ô ß�îYà | ì ô ß�îYàq�
ÁNÂ�È�É=Ô�Í(ÓBÙ�Í�É=Ê Û È ÙBÊ"Ã á Ä�×WÍ*Ã�ÊeÇ-È Ä�Ù�Ä�Ù�Ç-Â�Í É�Í(Ç=Ä"ÕwÌ È Ù�Í Û Å�ÙBÔ�Ì Í�É ¶ ÁZÍ*ÙBÉ�Ä�Ã-È Ù�Æ
Î�È Ç-Â7Ç-Â�Í�Ç-Ã-È Ð`È�Ê"Ì Û Å�ÙBÔ�Ì Í¬� Æ�È Ð�Í�ÉTÇ-Â�Í$É-Ê"Ö�Í Û Å�ÙBÔ�Ì Í Û Ê�Ë�ÏYÒ;É�ÄéÈ Ç�È�ÉTÇ-Â�Í
_bWY^`UMr�Z'¯bWY¯ WYo.WY_pU�Ä"ÕwÇ-Â�Í	Æ�Ã-Ä�Å�×�É}Ç-Ã-ÅBËÇ-Å�Ã-Í ¶ â É-É�Ä�Ë(È�ÊeÇ-Í�Ô�Ç-ÄzÍ�Ê�Ë�Â�Ì È Ù�Í Û Å�Ù�Ú
Ô�Ì Í�§PÎ�È Ç-ÂKÇ-Ã�Ê"ÙBÉ�È Ç-È Ä�Ù�ÕaÅ�ÙBËÇ-È Ä�ÙBÉ�y9ì ô Ò�Ç-Â�Í*Ã-Í È�É	Ê"Ù�Ä"Ç-Â�Í*Ã�Ì È Ù�Í Û Å�ÙBÔ�Ì Í�§ _
Î�Â�Ä9É�Í�Ç-Ã�Ê"ÙBÉ�È Ç-È Ä�Ù�ÕaÅ�ÙBËÇ-È Ä�ÙBÉ£Ê"Ã-ÍAy ò�óì ô ¶ ��Ç£È�É£Ë*Ê"Ì Ì Í�Ô�Ç-Â�Í.Ô'^pZ'¯�ÓY^`_bÔx¯ W	Ä"Õ¸§ ¶ú È ÙBË(Í¬§�Â�§ _ 3���ÒYÇ-Â�Í�Ô�ÅBÊ"Ì Û Å�ÙBÔ�Ì Í�È�É	Ì È Ï�ÍzÇ-Â�Í�c�_p°'WYr"f�W�Ä"Õ�§ ¶¨I Í*ÙBË(Í
Î£ÍTÆ�Í(Ç�Ê�Æ�Ã-Ä�Å�×KÉ}Ç-Ã-ÅBËÇ-Å�Ã-ÍTÄ�Ù$Ç-Â�Í È�É�Ä�Ö�Ä�Ã-×�Â�È�É�Ö Ë(Ì�Ê�É-É�Í�É£Ä"Õ/Ì È Ù�Í Û Å�ÙBÔ�Ì Í�É
Ä�Ùéæ ¶ ÁNÂ�È�ÉNÆ�Ã-Ä�Å�×$È�É�Ë*Ê"Ì Ì Í�Ô�Ç-Â�Í�Ã�cea"Z'r�Ô�v�r�d'^l�\Ä"Õ]æñÔ�Í*Ù�Ä"Ç-Í�ÔÅÄ�È�Ë"ß�æ�à ¶
��ÙéÇ-Â�Í�Ù�Í(Ø`Ç É�Í�ËÇ-È Ä�Ù¢Î£Í�Ô�Í�É-Ë(Ã-È Û Í�Ä�È�Ë"ß ± à�ÕaÄ�Ã ± Ê$É�Ö�Ä`Ä"Ç-Â\Ë(Å Û È�Ë�Ë(Å�Ã-Ð�Í
È ÙKÝ +e¶
j ¶ L ¶PÆl��½4jLi���g�»¨��¿@u���i�g���Àhº�g�Á����� â f�W"aYUMced'_�Ç�Ä"ÕZÊTÌ È Ù�Í Û Å�ÙBÔ�Ì ÍB§¹È�É=Ê
Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë=Ö�Ê"×*Ç î9æ ïÿ§7É�ÅBË�ÂzÇ-ÂBÊeÇ�N,�4Ç�3¡�}Ô ¶=0 Ä�Ë*Ê"Ì Ì á Ç-Â�È�É/Ö�Í�Ê"ÙBÉ
Î£Í	ÂBÊ�Ð�Í Ê"Ù$Ä�×WÍ*Ù�Ë(ÄeÐ�Í*Ã�ë�ì$Ê"ÙBÔ�Ê�Ë(Ä�Ì Ì Í�ËÇ-È Ä�Ù�Ä"ÕZÂ�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�ËNÕaÅ�ÙBËÇ-È Ä�ÙBÉÇ�ì�î`ë�ì�ï ÑäÉ�ÅBË�Â$Ç-ÂBÊeÇÇ�ì�ß�îYàm3Úy9ì ô ß�îYà n Ç ô ß�îYàÉÈtî-<\ë�ì õéë ô �
â Ù¢Í(Ø�Ê"Ö�×�Ì ÍzÄ"Õ=Ê�É�Í�ËÇ-È Ä�Ù¢È�É	Æ�È Ð�Í*ÙéÈ Ù��]Ø�Ê"Ö�×�Ì Í�% ¶ ��ÇTÖ�Ê á�Û Í�Ç-Â�Í�Ë*Ê�É�Í
Ç-ÂBÊeÇéÊ�Ì È Ù�Í Û Å�ÙBÔ�Ì Í7Ô�Ä`Í�É�Ù�Ä"Ç�ÂBÊ�Ð�Í�Ê"Ù á Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë¢É�Í�ËÇ-È Ä�ÙBÉ ¶¼0 Ä"Ú
Ë*Ê"Ì/Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�ËzÉ�Í�ËÇ-È Ä�ÙBÉTÊ"Ì ÎNÊ á É	Í(Ø�È�É}Ç Û Å�ÇTÇ-Â�Í á Ö�Ê á Ù�Ä"Ç É-ÊeÇ-È�É}Õ á Ç-Â�Í
×BÊeÇ�Ë�Â�È Ù�Æ�Ë(Ä�ÙBÔ�È Ç-È Ä�Ù�Ä�ÙKÄeÐ�Í*Ã-Ì�Ê"×BÉ ¶
h Ä�Ã�È ÙBÉ}Ç�Ê"ÙBË(Í Ë(Ä�ÙBÉ�È�Ô�Í*ÃNÇ-Â�Í�Ì È Ù�Í Û Å�ÙBÔ�Ì Í��J© É ß Ý µ àNÊ�ÉNÈ Ù-�]Ø�Ê"Ö�×�Ì Í µ � ¶

ú Å�×�×WÄ9É�Í	È ÇNÂBÊ�É=Ê�Ì Ä�Ë*Ê"ÌBÂ�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë�É�Í�ËÇ-È Ä�ÙÅÇ ó ßV� à=Ä�Ù�ë ó Î�Â�Í*Ã-Í�Ç ó ßV� àÈ�É£Ê Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë£ÕaÅ�ÙBËÇ-È Ä�Ù ¶ ÁNÂ�Í*Ù�Ä�Ù�ë=¤Zõ�ë ó È Ç=Ç-Ã�Ê"ÙBÉ}ÕaÄ�Ã-Ö�É/Ç-Ä�Ç�¤9ße `àE3



� g'�����B�`h"������fT�����b�"cT! i:�b�"g��s� ª�DÇ ó ß óÀ à n óÀ Î�Â�È�Ë�Â\È�ÉTÊ$Ö�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�Ë ÕaÅ�ÙBËÇ-È Ä�Ù\Ä�Ù¹ë=¤�Ê"ÙBÔ\Ë(Í*Ã�Ç�Ê"È Ù�Ì á Ù�Ä"ÇÂ�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë ¶ ÁNÂ�È�É�É�Â�ÄeÎ�ÉzÇ-ÂBÊeÇ¬�J© É ß Ý µ à�Ô�Ä`Í�É�Ù�Ä"Ç�ÂBÊ�Ð�Í�Ê"Ù á Æ�Ì Ä Û Ê"Ì
Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë�É�Í�ËÇ-È Ä�ÙBÉ�Ê"ÙBÔ�Ç-Â�Í*Ã-Í(ÕaÄ�Ã-Í�Î£Í�Í(Ø`Ç-Í*ÙBÔ7Ä�Å�Ã�Ô�Í(ÓBÙ�È Ç-È Ä�Ù7Ç-Ä\Ê"Ì Ú
Ì ÄeÎ o.WYr�d'o.d'rM�pVxceaCf�W"aYUMced'_Xf�Ä"Õ�§ ¶ â Ë(Ä�Ì Ì Í�ËÇ-È Ä�Ù�Ä"Õ£Ì Ä�Ë*Ê"Ì]Ö�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�Ë
ÕaÅ�ÙBËÇ-È Ä�ÙBÉ�4	Ç�ì$î�ë�ì�ï Ñm?zÉ�ÅBË�ÂzÇ-ÂBÊeÇsÇ�ìC3�y9ì ô Ç ô Î�È Ì Ì Û Í�Ë*Ê"Ì Ì Í�Ô�Ê
o.WYr�d'\o.d'rM�pVxcea¬f�W"aYUMced'_¹Ä"Õ�§ ¶ ÁNÂ�Í�É�Í�ËÇ-È Ä�Ù�Ç ó ßV� àB3 µ ø�Ç�¤9ße `à13 óÀ È�É Ê$Æ�Ì Ä Û Ê"ÌÖ�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�Ë É�Í�ËÇ-È Ä�Ù�Ä"Õs�J© É ß Ý µ à=Î�È Ç-ÂéÊ�É�È Ö�×�Ì ÍT×WÄ�Ì Í�ÊeÇ�ß µ îs}9à ¶h È ÙBÊ"Ì Ì á Î£Í�Ë(Ä�Ö�Í Ç-Ä�Ç-Â�Í�Ë(Ä�Ã-Ã-Í�É�×WÄ�ÙBÔ�Í*ÙBË(Í Û Í(Ç}Î£Í*Í*ÙKÔ�È Ð`È�É�Ä�Ã�É�Ê"ÙBÔ$Ì È Ù�Í
Û Å�ÙBÔ�Ì Í�É ¶
j ¶ ( ¶ e iVÊli�»L���	»�u<g�ÁC��i�g��&Àhº�g�Á�����»M�0 Í(Ç�m Û ÍKÊ\Ô�È Ð`È�É�Ä�ÃzÄ�ÙðÊ\Ë(Å�Ã-Ð�Í
® Ê"ÙBÔ�Ì Í(Ç�4`ß�û"ìwøë�ìBà"? Û ÍKÌ Ä�Ë*Ê"ÌNÔ�Í(ÓBÙ�È Ù�Æ\ÕaÅ�ÙBËÇ-È Ä�ÙBÉzÕaÄ�Ã�m ¶ ÁNÂ�Í*Ù�Ç-Â�Í
ÕaÅ�ÙBËÇ-È Ä�ÙBÉEy9ì ô 3 Å ¢Å Ë Ê"Ã-Í�Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�Ë�Ê"ÙBÔ�Ù�Ä�ÙSi*Í*Ã-Ä Ä�ÙKë�ì�õ�ë ô ¶ ÁNÂ�Í áÊ"Ì�É�Ä�É-ÊeÇ-È�É}Õ á Ç-Â�Í�Ë(Ä�Ë á Ë(Ì Í Ë(Ä�ÙBÔ�È Ç-È Ä�Ù�Ä�Ù¢ë�ì�õKë ô õéë [ É�È ÙBË(Í

y9ì ô y ô [ y [ ìS3 û"ì
û ô
û ô
û [ û [û"ì 3 µ Ä�Ù¢ë�ì�õéë ô õKë [ �

ú Ä�Ç-Â�Í Ë(Ä�Ì Ì Í�ËÇ-È Ä�Ù-4�y9ì ô ? Ô�Í(ÓBÙ�Í�ÉNÊ�Ì È Ù�Í Û Å�ÙBÔ�Ì Í Ë*Ê"Ì Ì Í�Ô�Ç-Â�Í.ZTf"f�dlaYceZ'U[W"Ô¯ c�_bW
ÓY^`_bÔx¯ W
d ]PÌ�Ò�Ê"ÙBÔKÔ�Í*Ù�Ä"Ç-Í�Ô���ß�m$à ß�É�Í*Í�Ê"Ì�É�Ä¬�]Ø�Ê"Ö�×�Ì Í�% ¶ à
u Ä�Ù`Ð�Í*Ã�É�Í*Ì á É�È ÙBË(ÍéÊ"Ù á Ë(Å�Ã-Ð�Í ® Í*Ö Û Í�Ô�É�È ÙPÉ�Ä�Ö�Í�×�Ã-Ä � Í�ËÇ-È Ð�Í�É�×BÊ�Ë(Í

Ý;ÞWø"Æ�È Ð�Í*Ù�Ê Ì È Ù�Í Û Å�ÙBÔ�Ì Í1§7ÄeÐ�Í*Ã]ÊTË(Å�Ã-Ð�Í ® Ò"Ç-Â�Í*Ã-Í�Í(Ø�È�É}Ç�É�Ê Ö�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�Ë
É�Í�ËÇ-È Ä�ÙHÇ�Ä"Õp§�ß&ÕaÄ�Ã;Ê�×�Ã-Ä`Ä"Õ�É�Í*ÍB# .�& u ÂBÊ"×�Ç-Í*Ã µ Ò ú Í�ËÇ-È Ä�Ù�L�Ò�Ç-Â�Í=×�Ã-Ä�×WÄ9É�È Ç-È Ä�Ù
Ô�È Ã-Í�ËÇ-Ì áKÛ Í(ÕaÄ�Ã-ÍzÇ-Â�Í 0 Í(Õ�É-Ë�Â�Í(Ç�i�Ç-Â�Í*Ä�Ã-Í*Ö Ä�Ùêß µ ø µ à	Ë(Ì�Ê�É-É�Í�É ¶ à u Ä�ÙBÉ�È�Ô�Í*ÃTÊ
Ì Ä�Ë*Ê"Ì�Ã-Í*×�Ã-Í�É�Í*Ù9Ç�ÊeÇ-È Ä�Ù�4	Ç�ìYøë�ìb?�Ä"ÕPÇ ¶ ÁNÂ�Í*Ù¹Æ�È Ð�Í*Ù¹Ê"Ù á ó¢< ® Î£Í�Ë*Ê"Ù
Ô�Í(ÓBÙ�ÍTÇ-Â�ÍCd'r�ÔsWYr�d ]�f:Z'U=ó?Ê�É

Ä�Ã�Ô
R
ßQÇ�àE3JÄ�Ã�Ô R ßQÇ�ìWà

Ü Â�Í*Ã-Í$÷åÈ�ÉzÊ"Ã Û È Ç-Ã�Ê"Ã á Î�È Ç-Â�óÿ<åë�ì ¶ ÁNÂ�È�É�Ô�Ä`Í�É�Ù�Ä"Ç�Ô�Í*×WÍ*ÙBÔ¹Ä�Ù7Ç-Â�Í
Ë�Â�Ä�È�Ë(Í�Ä"ÕN÷=Ò;É�È ÙBË(Í^Í ¢ Ç E ËÍÎËxÇ E Ë 3´y9ì ô ß�îYà�<êÑ _ ÕaÄ�Ã�Ê"Ì Ì�î�<Pë�ì�õ�ë ô Ê"ÙBÔ�É�Ä
Ä�Ã�Ô

R Ç�ìC3PÄ�Ã�Ô R Ç ô Ò9È Õ¸ó~<¢ë�ì�õ�ë ô ¶/Ü Í	Ç�Ê"Ï�ÍNÇ-Â�ÍTÔ�È Ð`È�É�Ä�Ã	ßQÇ�à]Ä"Õ�Ç�Ç-Ä Û Í
ßQÇ�àE3¢µR 2M� Ä�Ã�Ô

R
ßQÇ�à n ó��

��ÕNÎ£Í�Î£Í*Ã-Í�Ç-ÄKÇ�Ê"Ï�Í�Ç-Â�Í�Ì È Ù�Í Û Å�ÙBÔ�Ì Í�Ê�É-É�Ä�Ë(È�ÊeÇ-Í�Ô¢Ç-ÄKÇ-Â�Í�Ô�È Ð`È�É�Ä�Ã�ßQÇ�àTÎ£Í
Î£Ä�Å�Ì�Ô$Ã-Í�Ë(ÄeÐ�Í*Ã�§ðÄ�Å�Ã�Ä�Ã-È Æ�È ÙBÊ"ÌYÌ È Ù�Í Û Å�ÙBÔ�Ì Í ¶=ú Ä�Î£ÍTÆ�Í(Ç�Ê�Ö�Ê"×

õ	È Ð�ß ® à ï Ä�È�Ë�ß ® à ß��`àm Jï ��ß�m$à ßMj�àt ��
^u$�cv>�$�l ÁNÂ�È�É�Ë(Ä�Ã-Ã-Í�É�×WÄ�ÙBÔ�Í*ÙBË(Í É}Ç-È Ì Ì�Â�Ä�Ì�Ô�É�È Õ]Î£ÍTÃ-Í*×�Ì�Ê�Ë(Í ® Û`á Ê"Ù
Ê"Ì Æ�Í Û Ã�Ê"È�Ë Ë(Ä�Ö�×�Ì Í(Ø$Ö�Ê"Ù�È ÕaÄ�Ì�ÔKæ ¶



� ? � h��������"h����"h� "! �
��ÙåÕ�Ê�ËÇ�ß��`à�È�ÉéÊðÆ�Ã-Ä�Å�×åÂ�Ä�Ö�Ä�Ö�Ä�Ã-×�Â�È�É�Ö ¶ â Æ�Ä`Ä�Ô�Í(Ø�Í*Ã�Ë(È�É�Í7È�É�Ç-Ä

Ë�Â�Í�Ë�ÏéÈ Ç È�É Î£Í*Ì Ì�Ô�Í(ÓBÙ�Í�Ô ¶�ú Å�×�×WÄ9É�Í*m ó Òlm + Ê"Ã-ÍzÇ}Î£Ä�Ô�È Ð`È�É�Ä�Ã�É ¶�Ü Í�Ë*Ê"ÙË�Â�Ä`Ä9É�Í�Ê"Ù�Ä�×WÍ*ÙðË(ÄeÐ�Í*Ã�ÓBÙ�Í�Í*Ù�Ä�Å�Æ�ÂðÉ�Ä¢Ç-ÂBÊeÇ�Ç-Â�Í á Ê"Ã-Í$Ì Ä�Ë*Ê"Ì Ì á Ô�Í(ÓBÙ�Í�Ô
Û`á 4eû"ìb?9øY4 | ì�? ¶ ÁNÂ�Í*Ù�m ó�8 m + ÂBÊ�É	Ì Ä�Ë*Ê"Ì/Ô�Í(ÓBÙ�È Ù�Æ$ÕaÅ�ÙBËÇ-È Ä�ÙBÉ:4eû"ì | ìb? ¶ÁNÂ�Í Ë(Ä�Ã-Ã-Í�É�×WÄ�ÙBÔ�È Ù�ÆzÌ È Ù�Í Û Å�ÙBÔ�Ì ÍH��ß�m ó�8 m + à=ÂBÊ�É=Ç-Ã�Ê"ÙBÉ�È Ç-È Ä�Ù�ÕaÅ�ÙBËÇ-È Ä�ÙBÉU�ì ô 3 Å ¢ } ¢Å Ë } Ë ¶ ÁNÂ�ÍKÌ È Ù�Í Û Å�ÙBÔ�Ì Í�ÉW��ß�m ó à�Ê"ÙBÔ¼��ß�m + àzÂBÊ�Ð�Í�Ç-Ã�Ê"ÙBÉ�È Ç-È Ä�Ù
ÕaÅ�ÙBËÇ-È Ä�ÙBÉSy9ì ô 3 Å ¢Å Ë Ê"ÙBÔ©í�ì ô 3

} ¢} Ë Ã-Í�É�×WÍ�ËÇ-È Ð�Í*Ì á ¶ ��ÇKÈ�É�Ë(Ì Í�Ê"Ã�Ç-ÂBÊeÇU�ì ô 3¾y9ì ô í�ì ô Ò/É�Ä���ß�m óA8 m + à:3���ß�m ó àaÂÏ��ß�m + à ¶ ��Ù7Ä"Ç-Â�Í*Ã�Î£Ä�Ã�Ô�ÉZsÔsÔ'c�UMced'_¡d ]CÔ'c�°lcþf�d'r"fSc�_Ûõ	È Ð�ß ® àSo.Z���f.U[d-U[WY_Xf�d'rB�br�dlÔ'^paYU�d ]¬¯ c�_bW�ÓY^`_p\
Ôx¯ WqfSc�_�Ä�È�Ë�ß ® à��-��ÕJm 3ýß�ûwà ÕaÄ�ÃzÉ�Ä�Ö�Í�Æ�Ì Ä Û Ê"Ì�Ö�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�ËzÕaÅ�ÙBËÇ-È Ä�Ù
Ç-Â�Í*Ù\û"ì)3çû ô É�Ä.y9ì ô 3 µ Ê"ÙBÔKÂ�Í*ÙBË(Í���ß�m$à�È�É�Ç-Â�Í Ç-Ã-È Ð`È�Ê"ÌZÌ È Ù�Í Û Å�ÙBÔ�Ì Í ¶
Ü Í�É-Ê á m ó cþfC¯ c�_bW"Z'rq¯ �KW��Y^`c�°'Z'¯ WY_pU�U[d�m + Ò�Ô�Í*Ù�Ä"Ç-Í�Ô^m ó { m + ÒAc ]�Z'_bÔd'_p¯ �
c ]$Ç-Â�Í*Ã-Í	Í(Ø�È�É}Ç�É£Ê Æ�Ì Ä Û Ê"ÌWÖ�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�Ë£ÕaÅ�ÙBËÇ-È Ä�ÙKû�Ä�Ù ® É�ÅBË�Â�Ç-ÂBÊeÇm ó 3>m + 8 ß�ûwà ¶Ð ��
^
^u��<�)Å� WYU ® Ó"WÛZ�aY^`rq°'WL� � WYU�õ	È Ð�ß ® à$ÔsWY_bd'U[W�U�VXW)v�r�d'^l�~d ]
Ô'c�°lcþf�d'r"fSZ'_bÔ�Ä�È�Ë�ß ® à
U�VXW�v�r�d'^l��d ]�¯ c�_bW.ÓY^`_bÔx¯ Wqf.d'_ ® ���bVXWY_���ß�m$à
cþf
UMrqc�°lceZ'¯¸c ]:Z'_bÔ�d'_p¯ �.c ],m 3�ß�ûwàE]Yd'r�f�d'o.W:o.WYr�d'o.d'rM�pVxcea�]"^`_baYUMced'_$d'_ ® �c���WL��õ	È Ð�ß ® à�D { {3 Ä�È�Ë�ß ® à��Ã�r�dld ]9� Ü Í�ÂBÊ�Ð�Í�É�Í*Í*Ù�Ç-ÂBÊeÇ�ß�ûwà�Ë(Ä�Ã-Ã-Í�É�×WÄ�ÙBÔ�É£Ç-Ä�Ç-Â�Í Ç-Ã-È Ð`È�Ê"Ì�Ì È Ù�Í Û Å�ÙBÔ�Ì Í
É�ÄéÎ£Í � ÅBÉ}ÇzÙ�Í*Í�Ô7Ç-Ä¢É�Â�ÄeÎ?Ç-ÂBÊeÇzÈ Õ���ß�m$à È�ÉzÊKÇ-Ã-È Ð`È�Ê"Ì�Ì È Ù�Í Û Å�ÙBÔ�Ì Í�Ç-Â�Í*Ùm 3 ß�ûwà ¶Û0 Í(ÇC4`ß�û"ìwøë�ìBà"? Û Í$Ì Ä�Ë*Ê"ÌNÔ�Í(ÓBÙ�È Ù�Æ¢ÕaÅ�ÙBËÇ-È Ä�ÙBÉ�ÕaÄ�Ã�m ¶ ÁNÂ�Í*Ù��ß�m$à£Ç-Ã-È Ð`È�Ê"ÌwÈ Ö�×�Ì È Í�É£Ç-Â�Í*Ã-Í Í(Ø�È�É}ÇNÕaÅ�ÙBËÇ-È Ä�ÙBÉ | ì�î�ë�ì�ï Ñ _ É�ÅBË�Â�Ç-ÂBÊeÇ

û"ì
û ô
3�y9ì ô 3 | ì| ô 3 µ �I Í*ÙBË(Í�Ò

û�3 û"ì| ì 3 y9ì ô û ôy9ì ô | ô 3 û ô| ô
È�É�Ê�Æ�Ì Ä Û Ê"ÌYÖ�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�Ë�ÕaÅ�ÙBËÇ-È Ä�ÙKÄ�Ù ® Î�È Ç-ÂéÔ�È Ð`È�É�Ä�Ã,m ¶ Ñ
0 Í(Ç=§ Û Í£Ê�Ì È Ù�Í Û Å�ÙBÔ�Ì Í£Ä�Ù ® Ê"ÙBÔHÇ£Ê�Ö�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�Ë�É�Í�ËÇ-È Ä�Ù�Ä"Õp§ ¶,h Ä�Ã

Ç-Â�ÍTÃ-Í�Ê�Ô�Í*Ã=Õ�Ê"Ö�È Ì È�Ê"ÃNÎ�È Ç-ÂKÉ�Ä�Ö�Í Ô�È GYÍ*Ã-Í*Ù9Ç-È�Ê"ÌwÆ�Í*Ä�Ö�Í(Ç-Ã á Î£Í Ù�ÄeÎ�Ö�Í*Ù9Ç-È Ä�Ù
Ê�Ù�È�Ë(ÍzÃ-Í*Ì�ÊeÇ-È Ä�Ù Û Í(Ç}Î£Í*Í*ÙéÇ-Â�Í�ÓBÃ�É}Ç Ë�Â�Í*Ã-Ù¢Ë(Ì�Ê�É-É�Ä"Õr��ß�m$à	Ê"ÙBÔ�m ¶ � È Ð�Í*Ù
Ê�Ô�È Ð`È�É�Ä�Ã�mþÄ�Ù ® Ì Í(Ç�MÒJÔ�Í*Ù�Ä"Ç-Í�È Ç�É�Ä/Ä�È ÙBË*Ê"Ã-Í�Ô�ÅBÊ"ÌWÈ Ù z +�ß ® ø�> à ¶b0 Í(Ç�§
Û ÍzÊ"Ù á Ì È Ù�Í Û Å�ÙBÔ�Ì Í ¶ ÁNÂ�Í*Ùt§JÊ�Ô�Ö�È Ç�É	Ê�Â�Í*Ã-Ö�È Ç-È�Ê"ÙéÖ�Í(Ç-Ã-È�Ë�Ê"ÙBÔ$Ç-Â�Í*Ã-Í�È�É
Ê�Å�Ù�Èþ�9Å�Í�Ë(Ä�Ù�Ù�Í�ËÇ-È Ä�Ù¢Ä�Ù�§åË(Ä�Ö�×BÊeÇ-È Û Ì ÍzÎ�È Ç-Â¢Ç-Â�Í�Ö�Í(Ç-Ã-È�Ë�Ê"ÙBÔ¢Ë(Ä�Ö�×�Ì Í(Ø
É}Ç-Ã-ÅBËÇ-Å�Ã-Í ¶Ú0 Í(ÇÅÓ Û Í�Ç-Â�Í¢Ë(Å�Ã-ÐeÊeÇ-Å�Ã-Í$ÕaÄ�Ã-Ö Ê�É-É�Ä�Ë(È�ÊeÇ-Í�Ô7Ç-Ä�Ç-Â�È�É�Ö�Í(Ç-Ã-È�Ë
Ë(Ä�Ù�Ù�Í�ËÇ-È Ä�Ù ¶



� g'�����B�`h"������fT�����b�"cT! i:�b�"g��s� ª�\���������	��
Ô�$�l�� WYU�§Õ3Õ��ß�m$àCÓ"W�Z-¯ c�_bW�ÓY^`_bÔx¯ WL� � WYU,Ó Ó"W.U�VXW�aY^`rq\
°'Z'UM^`r�W�]Yd'rqo ZTf"f�dlaYceZ'U[W"Ô$U[d$Z�o.WYUMrqcea-a"d'_p_bW"aYUMced'_�� � WYU,MÒ ÔsWY_bd'U[W�U�VXWÃAd'c�_ba"Z'rhÖW
Ô'^pZ'¯¸d ],m c�_ zt+Ò@× ß ® à:Z'_bÔ¬¯ WYU,� ó ße§£à:ÔsWY_bd'U[W�U�VXW@�Er"fqUJØ¸VXWYrq_
aY¯ ZTf"f�d ]1§����bVXWY_

� ó ße§£àE3SÙ ÓBOL'NrÚ 3ÛMÒ©< z +Ò@× ß ® àq�
h Ä�Ã�Ê�×�Ã-Ä`Ä"Õ/É�Í*Í.# .�& u ÂBÊ"×�Ç-Í*Ã µ Ò ú Í�ËÇ-È Ä�Ù µ�¶ ÁNÂ�È�ÉNÈ Ö�×�Ì È Í�É

O
L'N

F � ÓÙ3ÝÜVMÒ øl# ® &VÞm3JÔ�Í*Æ�m-�t ��
^u$�cv��$�l â Ì Ì�Ç-Â�Í£Ã-Í�É�Å�Ì Ç�ÉZÄ"Õ�Ç-Â�È�É;É�Í�ËÇ-È Ä�ÙzÊ"Ì�É�Ä�Â�Ä�Ì�Ô Î�Â�Í*Ù�Î£Í=Ã-Í*×�Ì�Ê�Ë(Í
® Û`á Ê�Ë(Ä�Ö�×�Ì Í(Ø�Ö�Ê"Ù�È ÕaÄ�Ì�ÔKæ ¶= ¶,ßT½Z»&º¸âB¸¸ã¨àå���à�º�¿Z¾wå
« ÄeÎçÎ£ÍzÃ-Í�É}Ç-Ã-È�ËÇ ÊeÇ�Ç-Í*Ù9Ç-È Ä�ÙéÇ-Ä�Ç-Â�Í�Ë*Ê�É�Í�Ä"Õ=Ê�×�Ì�Ê"Ù�Í�Ë(Å Û È�ËzË(Å�Ã-Ð�Í ± Ê"ÙBÔ
Ê�É�Ï�Ä�Å�Ã�É�Í*Ì Ð�Í�É�Ç-Â�Í�ÕaÄ�Ì Ì ÄeÎ�È Ù�ÆC�9Å�Í�É}Ç-È Ä�Ù ¶ Ü ÂBÊeÇTÔ�Ä`Í�É�Ç-Â�Í�É�Í(Ç�Ä�È�Ë ¤ ß ± à�Ä"Õ
Ê"Ì Ì�Ô�Í*Æ�Ã-Í*Í�i*Í*Ã-Ä�Ì È Ù�Í Û Å�ÙBÔ�Ì Í�É�Ä�Ù ± Ì Ä`Ä�Ï�Ì È Ï�ÍcbI Í*Ã-Í Û`á Ô�Í*Æ�Ã-Í*ÍTÄ"Õ/Ê�Ì È Ù�Í Û Å�ÙBÔ�Ì Í Î£Í Ö�Í�Ê"Ù$Ç-Â�Í�Ô�Í*Æ�Ã-Í*ÍTÄ"Õ;È Ç�É�Ê�É-É�Ä�Ë(È Ú
ÊeÇ-Í�ÔzÔ�È Ð`È�É�Ä�ÃNßeõ	Í(ÓBÙ�È Ç-È Ä�Ù
�`à ¶ ��Ù�Ç-Â�Í�Ë*Ê�É�Í=Ä"ÕBÝ ó Å�×�Ç-Ä È�É�Ä�Ö�Ä�Ã-×�Â�È�É�ÖäÇ-Â�Í*Ã-Í
È�ÉNÄ�Ù�Ì á Ä�Ù�Í Ì È Ù�Í Û Å�ÙBÔ�Ì Í Ä"Õ]Ô�Í*Æ�Ã-Í*Í�i*Í*Ã-Ä�Ê"ÙBÔ�Ç-ÂBÊeÇ�È�É£Ç-Â�ÍTÇ-Ã-È Ð`È�Ê"Ì Û Å�ÙBÔ�Ì Í ¶I ÄeÎ£Í*Ð�Í*Ã]Ä�Ù ± Ç-Â�Í*Ã-Í	Ê"Ã-Í�Ö�Ê"Ù á Ù�Ä�Ù�Ú�Ç-Ã-È Ð`È�Ê"Ì�Ì È Ù�Í Û Å�ÙBÔ�Ì Í�É�ÂBÊ�Ð`È Ù�ÆzÔ�Í*Æ�Ã-Í*Í
i*Í*Ã-ÄKÊ�É Î£Í�É�ÂBÊ"Ì Ì�É�Ä`Ä�Ù�É�Í*Í ¶ ��Ù\Õ�Ê�ËÇTÇ-Â�Í á ÕaÄ�Ã-Ö Ê�Õ�Ê"Ö�È Ì á ×BÊ"Ã�Ê"Ö�Í(Ç-Ã-È�É�Í�Ô
Û`áC± ¶
h È Ã�É}Ç Ì Í(ÇLG ÉTÇ�Ê"Ï�Í�Ê�×WÄ�È Ù9Ç�ó¨< ± ¶ ÁNÂ�È�ÉTÈ�É�ÊéÔ�È Ð`È�É�Ä�Ã Ä"Õ�Ô�Í*Æ�Ã-Í*Í µ Ä�Ù

± ÒYÊ"ÙBÔKÈ ÇTÔ�Í(ÓBÙ�Í�É Ê�Ì È Ù�Í Û Å�ÙBÔ�Ì Í*��ßeó�à ¶B« ÄeÎ�Ë�Â�Ä`Ä9É�ÍzÊ"Ù�Ä"Ç-Â�Í*Ã�×WÄ�È Ù9Ç�ô
Ô�È�É}Ç-È ÙBËÇ�ÕaÃ-Ä�Ö¢ó Ê"ÙBÔ\Ç�Ê"Ï�Í�Ç-Â�Í�Ô�È Ð`È�É�Ä�Ã:ó´ÝÚô ¶ ÁNÂ�È�É ÂBÊ�É�Ô�Í*Æ�Ã-Í*Í¬i*Í*Ã-Ä
Ê"ÙBÔ$Ë(Ä�Ã-Ã-Í�É�×WÄ�ÙBÔ�È Ù�Æ�Ì á Ô�Í(ÓBÙ�Í�É�ÊzÌ È Ù�Í Û Å�ÙBÔ�Ì ÍH��ßeó¡ÝÛô�à ¶ � Ù�ÍTË(Ä�Å�Ì�Ô�Ê�É�Ï
È�ÉP��ßeóÙÝKô�à£È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë�Ç-Ä�Ç-Â�ÍTÇ-Ã-È Ð`È�Ê"Ì Û Å�ÙBÔ�Ì Ícb
��Õ]É�Ä�Ç-Â�Í*Ù Û`á 0 Í*Ö�Ö�Ê µ . Ç-Â�Í*Ã-Í Î£Ä�Å�Ì�Ô�Í(Ø�È�É}Ç	É�Ä�Ö�Í Æ�Ì Ä Û Ê"ÌwÖ�Í*Ã-Ä�Ö�Ä�Ã�Ú

×�Â�È�Ë�ÕaÅ�ÙBËÇ-È Ä�ÙêûêÄ�Ù ± É�ÅBË�Â�Ç-ÂBÊeÇ
ó~ÝÚôª3ýß�ûwà ¶ ÁNÂ�È�É�Ö�Í�Ê"ÙBÉTÇ-ÂBÊeÇ�û
ÂBÊ�É=Í(Ø�Ê�ËÇ-Ì á Ê�×WÄ�Ì Í Ä"ÕZÄ�Ã�Ô�Í*Ã µ ÊeÇ1ô�Ê"ÙBÔ$Ê�i*Í*Ã-ÄzÄ"Õ�Ä�Ã�Ô�Í*Ã µ ÊeÇ�ó Ê"ÙBÔ�Ù�Ä
Ä"Ç-Â�Í*Ã�×WÄ�Ì Í�ÉNÄ�ÃAi*Í*Ã-Ä`Í�É ¶�* Å�Ç�Ç-Â�Í*ÙKÎ£Í Ë*Ê"ÙKÔ�Í(ÓBÙ�Í�Ê Û È � Í�ËÇ-È Ð�Í Ö�Ê"×

± ï Ý ó
î Jï ß�û/ß�îYàNî µ àá�ÙBÔ�Í*Ã/Ç-Â�È�É/Ö�Ê"×�×�È Ù�Æ:ô�Ö�Ê"×BÉ;Ç-Ä Ç-Â�ÍN×WÄ�È Ù9Ç=ÊeÇ�âÁ3 ß µ îs}9à;Ä�ÙzÝ ó ¶]ú È ÙBË(Í

û¢È�É�Ö�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�Ë Î�È Ç-ÂéÍ(Ø�Ê�ËÇ-Ì á Ä�Ù�Í ×WÄ�Ì ÍzÊ"ÙBÔ�Â�Ä�Ì Ä�Ö�Ä�Ã-×�Â�È�ËTÍ*Ì�É�Í*Î�Â�Í*Ã-Í
È ÇzÈ�ÉzÊ"Ù7È�É�Ä�Ö�Ä�Ã-×�Â�È�É�Ö ¶)* Å�Ç ± ÂBÊ�É Æ�Í*Ù`ÅBÉ µ Î�Â�È Ì Í�Ý ó ÂBÊ�É Æ�Í*Ù`ÅBÉ:}éÉ�Ä
Ç-Â�Í á Ë*Ê"Ù�Ù�Ä"Ç Û ÍKÈ�É�Ä�Ö�Ä�Ã-×�Â�È�Ë ¶ ÁNÂ�Í*Ã-Í(ÕaÄ�Ã-Í�ó¾Ý@ôSãª}�Ò�È ¶ Í ¶ ó�Ò�ôýÊ"Ã-Í



��� � h��������"h����"h� "! �
È Ù�Íl�9Å�È ÐeÊ"Ì Í*Ù9Ç�Ô�È Ð`È�É�Ä�Ã�ÉzÊ"ÙBÔ¹Ô�Í(ÓBÙ�Í$Ù�Ä�Ù¹È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë�Ì È Ù�Í Û Å�ÙBÔ�Ì Í�É ¶ ÁNÂ�Í
ÕaÄ�Ì Ì ÄeÎ�È Ù�Æ�Ç-Â�Í*Ä�Ã-Í*Ö�É-Ê á ÉwÇ-ÂBÊeÇ/È Ù Õ�Ê�ËÇ;Ç-Â�Í=Õ�Ê"Ö�È Ì á Ä"ÕBÔ�Í*Æ�Ã-Í*Í�}�Ì È Ù�Í Û Å�ÙBÔ�Ì Í�É
Ä�Ù ± È�ÉNÈ Ç�É�Í*Ì Õ�Ê�Ö�Ê"Ù�È ÕaÄ�Ì�Ô ¶���������	��
S'��l�� WYU ± Ó"WAZ�aY^pÓYceaAaY^`rq°'W�c�_ Ý + �H�bVXWY_¬U�VXWYr�W�cþfAZ�ÓYc ä�W"aYUMced'_
±´{3 Ä�È�Ë ¤ ß ± à��Ã�r�dld ]9� Ü Í � ÅBÉ}ÇzÉ�Â�ÄeÎ Ç-ÂBÊeÇ Ç-Â�Í*Ã-Í�È�É�Ê"Ù�È Ù � Í�ËÇ-È Ä�Ù�ÕaÃ-Ä�Ö ± Ç-Ä�Ä�È�Ë ¤ ß ± à ¶
h Ä�Ã�Ê�×�Ã-Ä`Ä"Õ;Ä"Õ]É�Å�Ã � Í�ËÇ-È Ð`È Ç á É�Í*Í.# ='& u ÂBÊ"×�Ç-Í*ÃJ= ¶
h È Ø�ÊT×WÄ�È Ù9Ç�È Ù ± ß�Ô�Ä`Í�É�ÙlG Ç=Ö�ÊeÇ�Ç-Í*Ã�Î�Â�È�Ë�Â�Ä�Ù�Í�à;ÕaÄ�Ã]È ÙBÉ}Ç�Ê"ÙBË(ÍBò ¶ ÁNÂ�Í*Ù

Æ�È Ð�Í*Ù�Ê"Ù á Ä"Ç-Â�Í*Ã]×WÄ�È Ù9ÇEó~< ± Î£ÍNÆ�Í(Ç�ÊTÔ�Í*Æ�Ã-Í*Í�} Ì È Ù�Í Û Å�ÙBÔ�Ì Í���ßeó�Ý.ò à ¶
ÁNÂ�È�É Ô�Í(ÓBÙ�Í�É Ê�Ö�Ê"× ± ïåÄ�È�Ë ¤ ß ± à ¶�h Ä�Ã�ó Ê"ÙBÔ�ô Ô�È�É}Ç-È ÙBËÇ ×WÄ�È Ù9Ç�É�Ç-Â�Í
Ì È Ù�Í Û Å�ÙBÔ�Ì Í�É���ßeó5ÝKò à�Ê"ÙBÔ®��ßMôÙÝKò à�Ê"Ã-ÍTÙ�Ä�ÙKÈ�É�Ä�Ö�Ä�Ã-×�Â�È�Ë ¶E* Í�Ë*Ê"ÅBÉ�Í
È ÕZÇ-Â�Í á Î£Í*Ã-Í È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë�Ç-Â�Í*Ù Û`á 0 Í*Ö�Ö�Ê µ . Ç-Â�Í Ô�È Ð`È�É�Ä�Ã�ó¡ÝÛò�Î£Ä�Å�Ì�Ô
Û ÍTÌ È Ù�Í�Ê"Ã-Ì á Íl�9Å�È ÐeÊ"Ì Í*Ù9Ç£Ç-Ä.ô¡Ý�ò�Î�Â�È�Ë�Â�È Ö�×�Ì È Í�É�ó¡ÝÛô { ß�ûwà]ÕaÄ�Ã�É�Ä�Ö�Í
Ö�Í*Ã-Ä�Ö�Ä�Ã-×�Â�È�Ë�ÕaÅ�ÙBËÇ-È Ä�Ù�û ¶=* Å�Ç=Ê�É;Î£ÍNÂBÊ�Ð�ÍNÊ"Ì Ã-Í�Ê�Ô á É�Í*Í*Ù�Ò"È ÙzÇ-ÂBÊeÇ=Ë*Ê�É�Í�û
Ô�Í(ÓBÙ�Í�É�Ê"Ù�È�É�Ä�Ö�Ä�Ã-×�Â�È�É�Ö Û Í(Ç}Î£Í*Í*Ù ± Ê"ÙBÔ�Ý ó Î�Â�È�Ë�ÂKÈ�É�Ê�Ë(Ä�Ù9Ç-Ã�Ê�Ô�È�ËÇ-È Ä�Ù ¶I Í*ÙBË(Í Ä�Å�ÃNÖ�Ê"×KÈ�É Û È � Í�ËÇ-È Ð�Í ¶ Ñ
��Ù$Õ�Ê�ËÇ�Ç-Â�Í*Ã-ÍTÈ�É�Ê�Ö�Ä�Ã-ÍTÆ�Í*Ù�Í*Ã�Ê"ÌWÇ-Â�Í*Ä�Ã-Í*Ö ¶���������	��
É')���� WYU ± Ó"W�ZSaY^pÓYcea�aY^`rq°'W�c�_�Ý + ���bVXWY_
]Yd'r:Z'¯�¯�ãÛ<)> � WVXZ'°'W�Ä�È�Ë Þ ß ± à {3 ± �
ÁNÂ�Í È�Ô�Í�Ê�È�ÉNÇ-ÂBÊeÇ	È Õ]Î£ÍTÓ�ØKÊ�×WÄ�È Ù9Ç�òFÄ�Ù ± Ç-Â�Í*Ù¢Ê"Ù á Ì È Ù�Í Û Å�ÙBÔ�Ì Í�§

Ä"Õ�Ô�Í*Æ�Ã-Í*Í�ã]Ò9Ë*Ê"Ù Û Í�Ö�Ê"×�×WÍ�Ô�Ç-ÄzÊTÌ È Ù�Í Û Å�ÙBÔ�Ì Í	Ä"Õ�Ô�Í*Æ�Ã-Í*ÍAi*Í*Ã-Ä Û`á Ç�Ê"Ï`È Ù�Æ
Ç-Â�ÍTÇ-Í*ÙBÉ�Ä�Ã�×�Ã-Ä�Ô�ÅBËÇ1§�Â&��ß Ý�ã¸ò à�Ê"ÙBÔ$Ð`È�Ë(Í Ð�Í*Ã�É-Ê ¶
ÁNÂ�Í*Ã-Í	È�ÉNÊ�É�×WÍ�Ë(È�Ê"ÌYÌ È Ù�Í Û Å�ÙBÔ�Ì ÍTÄ�Ù ± R Ä�È�Ë ¤ ß ± àm{3 ± R ± Ë*Ê"Ì Ì Í�Ô�Ç-Â�ÍÃAd'c�_ba"Z'rhÖW�ÓY^`_bÔx¯ W�æ ¶ ��ÇNÂBÊ�É=Ç-Â�Í ×�Ã-Ä�×WÍ*Ã�Ç á Ç-ÂBÊeÇ�æ¨ç è�é4ê ëNìB{3 ��í�ßeóÚÝ�ò à ¶

Ü Í�Ë(Ä�ÙBÉ}Ç-Ã-ÅBËÇ�Ç-Â�È�É	Ì È Ù�Í Û Å�ÙBÔ�Ì Í�Ê�É�ÕaÄ�Ì Ì ÄeÎ�É ¶A0 Í(Ç�ß�îZø7ï�à Û Í�Ç-Â�ÍzÌ Ä�Ë*Ê"ÌZË(Ä"Ú
Ä�Ã�Ô�È ÙBÊeÇ-Í�É�Ä�Ù ± R ± ¶Bu Ä�ÙBÉ�È�Ô�Í*Ã�Ç-Â�ÍzÉ�Å Û É�Í(Ç¨î¼3~4`ß�îZø7ï�à 9 ît3Ùï�?zË*Ê"Ì Ì Í�ÔÇ-Â�ÍQÔ'ceZ�vwd'_bZ'¯ ����Ç�È�É�Ê�Ô�È Ð`È�É�Ä�Ã�É�È ÙBË(Í�È Ç�È�É�Æ�È Ð�Í*Ù Û`á Ç-Â�Í�i*Í*Ã-Ä�Ì Ä�Ë(ÅBÉ�Ä"Õ
Ê7É�È Ù�Æ�Ì ÍéÍl�9ÅBÊeÇ-È Ä�Ù ¶ ��Ç�É�Ê�É-É�Ä�Ë(È�ÊeÇ-Í�Ô�Ì È Ù�Í Û Å�ÙBÔ�Ì Í���ßQî�à�ÂBÊ�É�Ç-Â�Í¢×�Ã-Ä�×�Ú
Í*Ã�Ç á Ç-ÂBÊeÇH��ßQî�à9ç è�é4ê ë$ì:{3 ��í�ßeó�à ¶ ÁNÂ�ÍzÈ�Ô�Í�Ê�È�É É�È Ö�×�Ì Í�Ò Û`á 	�Í*Ö�Ê"Ã-Ï µ j��ßQî�à9ç è�é4ê ë$ìQ3ï��ßQîÅç è�é4ê ë$ì*à9ç è�é4ê ë�ì ¶Õ0 Í(Ç�Ï ó øeÏ + Ô�Í*Ù�Ä"Ç-Í¢×�Ã-Ä � Í�ËÇ-È Ä�ÙPÄ"Õ± R Ä�È�Ë ¤ ß ± à {3 ± R ± Ä�Ù9Ç-Ä�Ç-Â�Í�ÓBÃ�É}Ç Ê"ÙBÔéÉ�Í�Ë(Ä�ÙBÔ�Õ�Ê�ËÇ-Ä�Ã�Ã-Í�É�×WÍ�ËÇ-È Ð�Í*Ì á ¶
u Ä�ÙBÉ�È�Ô�Í*Ã£Ç-Â�ÍTÌ È Ù�Í Û Å�ÙBÔ�Ì Í�æþî 3x��ßQî�à)Â�Ï _ó ��ß ÝBò à ¶ ÁNÂ�Í*Ù
Ï _ó ��ß ÝBò à£È�É� ÅBÉ}ÇNÇ-Â�ÍTÌ È Ù�Í Û Å�ÙBÔ�Ì Í Ê�É-É�Ä�Ë(È�ÊeÇ-Í�Ô�Ç-ÄzÇ-Â�Í Ô�È Ð`È�É�Ä�Ã�Ý�ß[4'ò�? R ± à£È Ù ± R ± ¶æ¨ç è�é4ê�ð7ì 3ñ��ßQî�à"Â-Ï ó _ ��ß ÝBò à ç è�é4ê ëNì

3ñ��ßQî�à9ç è�é4ê ë$ìsÂ&��ß Ý�ßMò R ± à�à ç è�é4ê ë�ì
{3 ��í�ßeó�à"Â&��í�ß ÝBò àm3Ï��í	ßeó©ÝKò à



� g'�����B�`h"������fT�����b�"cT! i:�b�"g��s� ªlö
ÁNÂ�Í�×WÄ�È Ù9Ç�óäÈ Ù�Ç-Â�Í	É�Í�Ë(Ä�ÙBÔzÕ�Ê�ËÇ-Ä�Ã�Ä"Õ ± R ± Ã-Í*×�Ã-Í�É�Í*Ù9Ç�É/Ç-Â�Í�Ì È Ù�Í Û Å�ÙBÔ�Ì Í��ßeóÚÝ�ò à=Î�Â�Í*Ù$Ð`È Í*Î�È Ù�Æ ± R ± Ê�É ± R Ä�È�Ë ¤ ß ± à�Ð`È�Ê�Ç-Â�Í È�É�Ä�Ö�Ä�Ã-×�Â�È�É�Ö

± ï Ä�È�Ë ¤ ß ± à
ó Jï ��ßeóÙÝKò à

ú Ä�Î£Í�É�Í*ÍzÇ-ÂBÊeÇ�æ¨ç è�é4ê ë�ìzÈ�É È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë Ç-Ä�Ç-Â�Í�Ë(Ä�Ã-Ã-Í�É�×WÄ�ÙBÔ�È Ù�Æ$Í*Ì Í*Ö�Í*Ù9Ç��í�ßeó@ÝÛò à£È ÙÅÄ�È�Ë ¤ ß ± à ¶ ÁNÂ�È�ÉNÈ�É�Ê"Ù$Í(Ø�Ê"Ö�×�Ì Í Ä"Õ/Ê 
^�lÁ�º���ia»��hu<½M� Ê"ÙBÔ
È Ç�É º�g�iVÊ��N�	»Lu<�hÀhº�g�Á����� ÁNÂ�Í:o.dlÔ'^`¯ c¸fM�pZsa"W�Ä"Õ�Ô�Í*Æ�Ã-Í*ÍAi*Í*Ã-Ä Ì È Ù�Í Û Å�ÙBÔ�Ì Í�É
Ä�Ù ± È�É;È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë�Ç-Ä ± ¶ ÁNÂ�Í�^`_pc�°'WYr"f�Z'¯X¯ c�_bW�ÓY^`_bÔx¯ WNÄ�Ù ± R Ä�È�Ë ¤ ß ± à;È�É
Æ�È Ð�Í*Ù Û`á æþË�ÂBÊ"Ã�Ê�ËÇ-Í*Ã-È�É�Í�Ô Û`á Ç-Â�ÍT×�Ã-Ä�×WÍ*Ã�Ç á Ç-ÂBÊeÇ�ÕaÄ�Ã�Ê"Ù á ó~<¬Ä�È�Ë ¤ ß ± àÒæ¨ç è�é4ê ëNì�È�É=Ê Ì È Ù�Í Û Å�ÙBÔ�Ì Í	Ä"Õ�Ô�Í*Æ�Ã-Í*ÍAi*Í*Ã-Ä Û Í*Ì Ä�Ù�Æ�È Ù�ÆTÇ-Ä Ç-Â�Í	È�É�Ä�Ö�Ä�Ã-×�Â�È�É�Ö
Ë(Ì�Ê�É-É;Ä"Õbó~<�Ä�È�Ë ¤ ß ± à ¶�h Ä�Ã]Ö�Ä�Ã-ÍNÔ�Í(Ç�Ê"È Ì�É]Ê Û Ä�Å�Ç]Ö�Ä�Ô�Å�Ì ÈBÉ�×BÊ�Ë(Í�É;Ä"ÕWÐ�Í�ËÇ-Ä�Ã
Û Å�ÙBÔ�Ì Í�É�Ä�Ù�Í*Ì Ì È ×�Ç-È�Ë Ë(Å�Ã-Ð�Í�É�É�Í*Í Ç-Â�Í�Ê"Ã�Ç-È�Ë(Ì Í Û`á u	¶ õ Ê"Ì á # ��& ¶. ¶Jò
á�å�¾Mó À�%�ç�åB½¸ãPå<!Hô�è¬ãY½¸à�éÛê�¸wëöõ:åxä;»aÀ*»þæPå�¿
��Ù ú Í�ËÇ-È Ä�Ù$($Î£Í�É�Â�ÄeÎ£Í�ÔéÇ-ÂBÊeÇ�Ê�Ë(Å Û È�Ë�Ë(Å�Ã-Ð�Í ± È�É È�É�Ä�Ö�Ä�Ã-×�Â�È�Ë�Ç-ÄéÊ

Ë(Ä�Ö�×�Ì Í(Ø¢Ç-Ä�Ã-ÅBÉ ÑED'2 ¶éÜ Í�Ù�ÄeÎFÂBÊ�Ð�Í�Ê"Ì Ì/Ç-Â�Í�×�È Í�Ë(Í�ÉTÇ-ÄK×�Å�Ç Ç-Ä�Æ�Í(Ç-Â�Í*Ã�Ê
×�Ã-Ä`Ä"ÕBÄ"ÕWÇ-Â�Í£Õ�Ê�ËÇ]Ç-ÂBÊeÇ/Ç-Â�Í�Æ�Í*Ä�Ö�Í(Ç-Ã-È�Ë=Æ�Ã-Ä�Å�×�É}Ç-Ã-ÅBËÇ-Å�Ã-Í£Ä�Ù ± È�É;Ç-Â�Í�É-Ê"Ö�Í
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Theta Functions

MARINA FRANZ

Abstract. On our analytic way to the group structure of

an elliptic function we meet so called theta functions. These
complex functions are entire and quasi-periodic with respect

to a lattice Λ. In the proof of Abel’s theorem we use their
properties to characterise all meromorphic functions f from

C/Λ to C. Finally we have a closer look at a very special and

interesting Λ-periodic meromorphic function, the Weierstraß
℘-function. This function delivers an analytic way to give a

group structure to an algebraic variety.

1. Introduction

First of all, we want to analyse periodic complex functions f : C → C
with respect to a lattice Λ. So let us fix once and for all a complex
number τ ∈ C, Im τ > 0 and consider the lattice Λ := Z⊕ τZ ⊂ C.
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Figure 1. The lattice Λ = Z ⊕ τZ and its funda-
mental parallelogram V = {z = t1 + t2τ ∈ C : 0 ≤
t1, t2 < 1}.

Lemma 1. An entire doubly-periodic complex function is constant.

To prove this lemma we need Liouville’s Theorem, which we know
from complex analysis. It states that each entire and bounded com-
plex function f : C → C is constant.
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Proof. The values of a doubly-periodic function are completely deter-
mined by the values on the closure of the fundamental parallelogram
V = {z ∈ C : z = t1 + t2τ for some 0 ≤ t1, t2 ≤ 1} which is a com-
pact set. But a continuous function on a compact set is bounded.
Hence our function is entire and bounded. Therefore it is constant
by Liouville’s Theorem. �

As we have seen, entire doubly-periodic functions are not very
interesting, so in the following we will consider entire quasi-periodic
functions and use them to prove Abel’s Theorem which says what
meromorphic doubly-periodic functions look like.

2. Theta Functions and Abel’s Theorem

Definition. The basic theta function is defined to be the function
θ : C → C given by

θ(z) := θ(τ)(z) :=
∑

n∈Z
exp(πin2τ) exp(2πinz)

Note. The function θ depends on τ . So for each τ ∈ C with Im τ > 0
we get a (not necessarily different) basic theta function. Hence there
is a whole family of basic theta functions {θ(τ)}τ∈C,Im τ>0. But here
we assume τ to be fixed, so we have only one basic theta function.

Remark. As the series in the definition above is locally uniformly
unordered convergent (without proof) our basic theta function is an
entire function.

Lemma 2. The basic theta function is quasi-periodic.

Proof. Consider θ(z + λ) for λ ∈ Λ, i.e. λ = pτ + q for p, q ∈ Z.
For λ = 1, i.e. for p = 0 and q = 1 we have

θ(z + 1)
def
=
∑

n∈Z
exp(πin2τ) exp(2πin(z + 1))

=
∑

n∈Z
exp(πin2τ + 2πinz + 2πin)

=
∑

n∈Z
exp(πin2τ) exp(2πinz) exp(2πin)︸ ︷︷ ︸

=1 for all n∈Z
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=
∑

n∈Z
exp(πin2τ) exp(2πinz)

def
= θ(z)

Hence the basic theta function is periodic with respect to the x-
direction.

For λ = τ , i.e., for p = 1 and q = 0 we have

θ(z + τ)
def
=
∑

n∈Z
exp(πin2τ) exp(2πin(z + τ))

=
∑

n∈Z
exp(πin2τ + 2πinz + 2πinτ)

if we complete the square and rearrange the summands then

=
∑

n∈Z
exp

(
πin2τ + 2πinτ + πiτ − πiτ

+2πinz + 2πiz − 2πiz)

= exp(−πiτ − 2πiz)
∑

n∈Z
exp(πi(n+ 1)2τ) exp(2πi(n+ 1)z)

if we make a simple index shift m = n+ 1 then

= exp(−πiτ − 2πiz)
∑

m∈Z
exp(πim2τ) exp(2πimz)

def
= exp(−πiτ − 2πiz)θ(z)

Hence the basic theta function is not periodic with respect to the
τ -direction as in general exp(−πiτ − 2πiz) 6= 1.

In the general case we obtain

θ(z + λ) = θ(z + pτ + q)

def
=
∑

n∈Z
exp(πin2τ) exp(2πin(z + pτ + q))

=
∑

n∈Z
exp(πin2τ + 2πinz + 2πinpτ + 2πinq)
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if we complete the square and rearrange the summands then

=
∑

n∈Z
exp

(
πin2τ + 2πinpτ + πip2τ − πip2τ

+2πinz + 2πipz − 2πipz + 2πinq)

= exp(−πip2τ − 2πipz)

·
∑

n∈Z

[
exp(πi(n+ p)2τ) exp(2πi(n+ p)z)

exp(2πinq)︸ ︷︷ ︸
=1 for all n∈Z

]

= exp(−πip2τ − 2πipz)

·
∑

n∈Z
exp(πi(n+ p)2τ) exp(2πi(n+ p)z)

if we make a simple index shift m = n+ p then

= exp(−πip2τ − 2πipz)
∑

m∈Z
exp(πim2τ) exp(2πimz)

def
= exp(−πip2τ − 2πipz)θ(z)

Hence the basic theta function θ is quasi-periodic with

θ(z + λ) = θ(z + pτ + q)

= exp(−πip2τ − 2πipz)θ(z)

for all λ = pτ + q ∈ Λ and z ∈ C. �

Definition. We define

e(λ, z) := exp(−πip2τ − 2πipz)

and call this the automorphy factor.

Remark. We have e(λ1 + λ2, z) = e(λ1, z + λ2)e(λ2, z) for all λ1,
λ2 ∈ Λ.
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Let λ1, λ2 ∈ Λ, i.e. λ1 = p1τ + q1 and λ2 = p2τ + q2 for some p1,
p2, q1, q2 ∈ Z, and thus λ1 + λ2 = (p1 + p2)τ + (q1 + q2) ∈ Λ. Then

e(λ1 + λ2, z) = e((p1 + p2)τ + (q1 + q2), z)

def
= exp(−πi(p1 + p2)

2τ − 2πi(p1 + p2)z))

= exp(−πip21τ − 2πip1p2τ − πip22τ − 2πip1z − 2πip2z)

def
= exp(−πip21τ − 2πip1p2τ − 2πip1z)e(λ2, z)

= exp(−πip21τ − 2πip1z − 2πip1p2τ − 2πip1q2︸ ︷︷ ︸
exp(2πip1q2)=1

)

· e(λ2, z)

= exp(−πip21τ − 2πip1(z + λ2))e(λ2, z)

def
= e(λ1, z + λ2)e(λ2, z)

Summary. The basic theta function θ : C → C is entire and quasi-
periodic with automorphy factor e, i.e., we have

θ(z + λ) = e(λ, z)θ(z) = exp(−πip2τ − 2πipz)θ(z) (1)

for all λ = pτ + q ∈ Λ and all z ∈ C.

Now we want to enlarge our category of theta functions. So far
we have only one (basic) theta function corresponding to the point
0 ∈ C (and each point q ∈ Z ⊂ C). Now, for our fixed τ , we will
define a new theta function for each point in C. Therefore let’s start
with our old theta function and translate z by a fixed ξ, i.e. consider
θ(z + ξ) for ξ = aτ + b for some fixed a, b ∈ R:

θ(z + ξ) = θ(z + aτ + b)

def
=
∑

n∈Z
exp(πin2τ) exp(2πin(z + aτ + b))

=
∑

n∈Z
exp(πin2τ + 2πinz + 2πinaτ + 2πinb)

If we complete the square and rearrange the summands then we
obtain



96 Marina Franz

θ(z + ξ) =
∑

n∈Z
exp

(
πin2τ + 2πinaτ + πia2τ − πia2τ

+2πin(z + b) + 2πia(z + b)− 2πia(z + b))

= exp(−πia2τ − 2πia(z + b))

·
∑

n∈Z
exp(πi(n+ a)2τ) exp(2πi(n+ a)(z + b))

Note that the sum
∑

n∈Z exp(πi(n+ a)2τ) exp(2πi(n+ a)(z + b))
looks very similar to the sum in the definition of our basic theta
function above.

Definition. For ξ = aτ + b and a, b ∈ R the modified theta function
is defined to be the function θξ : C → C given by

θξ(z) := θξ(τ)(z) :=
∑

n∈Z
exp(πi(n+ a)2τ) exp(2πi(n+ a)(z + b))

and ξ is called theta characteristic.

Note. From the calculation above we obtain a relation between the
basic theta function and the modified theta function with character-
istic ξ = aτ + b for some fixed a, b ∈ R:

θξ(z) =
∑

n∈Z
exp(πi(n+ a)2τ) exp(2πi(n+ a)(z + b)) (2)

= exp(πia2τ + 2πia(z + b))θ(z + ξ) (3)

for all z ∈ C.

Remark. As the series in the definition is locally uniformly un-
ordered convergent (without proof) the modified theta functions are
entire functions.

Lemma 3. Modified theta functions are quasi-periodic functions.
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Proof. Let a, b ∈ R such that ξ = aτ + b is the characteristic of the
modified theta function θξ. Consider θξ(z + λ) for λ = pτ + q ∈ Λ.

θξ(z + λ)
(3)
= exp(πia2τ + 2πia(z + λ+ b))θ(z + λ+ ξ)

(1)
= exp(πia2τ + 2πia(z + λ+ b))e(λ, z + ξ)θ(z + ξ)

(3)
= exp(πia2τ + 2πia(z + λ+ b))e(λ, z + ξ)

· exp(−πia2τ − 2πia(z + b))θξ(z)

= exp(2πiaλ) exp(−πip2τ − 2πip(z + ξ))θξ(z)

= exp(2πiaλ− πip2τ − 2πip(z + ξ))θξ(z)

Hence the modified theta function θξ is quasi-periodic with

θξ(z + λ) = θaτ+b(z + pτ + q)

= exp(2πiaλ− πip2τ − 2πip(z + ξ))θξ(z)

for all λ = pτ + q ∈ Λ and z ∈ C. �

Definition. Let a, b ∈ R be fixed and let ξ = aτ + b. We define

eξ(λ, z) := exp(2πiaλ− πip2τ − 2πip(z + ξ))

and call this the automorphy factor.

Remark. Let a, b ∈ R be fixed and let ξ = aτ + b. We have
eξ(λ1 + λ2, z) = eξ(λ1, z + λ2)eξ(λ2, z) for all λ1, λ2 ∈ Λ.

Let λ1, λ2 ∈ Λ, i.e. λ1 = p1τ + q1 and λ2 = p2τ + q2 for some p1,
p2, q1, q2 ∈ Z, and λ1 + λ2 = (p1 + p2)τ + (q1 + q2) ∈ Λ. Then

eξ(λ1 + λ2, z) = eξ((p1 + p2)τ + (q1 + q2), z)

def
= exp

(
2πia(λ1 + λ2)− πi(p1 + p2)

2τ

−2πi(p1 + p2)(z + ξ))

= exp
(
2πiaλ1 + 2πiaλ2 − πip21τ − 2πip1p2τ − πip22τ

−2πip1(z + ξ)− 2πip2(z + ξ))



98 Marina Franz

def
= exp(2πiaλ1 − πip21τ − 2πip1p2τ − 2πip1(z + ξ))

eξ(λ2, z)

= exp
(
2πiaλ1 − πip21τ − 2πip1p2τ− 2πip1q2︸ ︷︷ ︸

exp(2πip1q2)=1

−2πip1(z + ξ)) eξ(λ2, z)

= exp(2πiaλ1 − πip21τ − 2πip1(z + λ2 + ξ))eξ(λ2, z)

def
= eξ(λ1, z + λ2)eξ(λ2, z)

Summary. Let ξ = aτ + b with a, b ∈ R fixed. The modified
theta function with characteristic ξ is entire and quasi-periodic with
automorphy factor eξ, i.e. we have

θξ(z + λ) = eξ(λ, z)θξ(z) (4)

= exp(2πiaλ− πip2τ − 2πip(z + ξ))θξ(z) (5)

for all λ = pτ + q ∈ Λ and all z ∈ C.

Now we want to determine all zeros of all theta functions. There-
fore we consider a special modified theta function, the theta function
with characteristic σ := 1

2τ + 1
2 . In this case the determination of

zeros is very simple because the zeros are easy to describe.

Lemma 4. θσ is an odd function, i.e. θσ(−z) = −θσ(z) for all
z ∈ C. In particular we have θσ(0) = 0.

Proof. We have

θσ(−z) = θ 1
2 τ+

1
2
(−z)

def
=
∑

n∈Z

[
exp

(
πi

(
n+

1

2

)2

τ

)

exp

(
2πi

(
n+

1

2

)(
−z +

1

2

))]
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if we make a simple index shift m = −n− 1 then

=
∑

m∈Z

[
exp

(
πi

(
−m− 1

2

)2

τ

)

exp

(
2πi

(
−m− 1

2

)(
−z +

1

2

))]

=
∑

m∈Z

[
exp

(
πi

(
m+

1

2

)2

τ

)

exp

(
2πi

(
m+

1

2

)(
z +

1

2

)
− 2πi

(
m+

1

2

))]

=
∑

m∈Z

[
exp

(
πi

(
m+

1

2

)2

τ

)

exp

(
2πi

(
m+

1

2

)(
z +

1

2

))
def
= −θσ(z).

�

From complex analysis we know a simple way to count zeros and
poles of a meromorphic function f : C → C:

1

2πi

∫

γ

f ′

f
(z) dz = total number of zeros - total number of poles

where γ is a piecewise smooth path that runs around each zero and
each pole exactly one time. We will use this integral to determine
all zeros of the theta functions θσ with σ = 1

2τ + 1
2 .

Lemma 5. We have θσ(z) = 0 precisely for all z ∈ Λ and all zeros
are simple zeros.

Proof. Consider the fundamental parallelogram V := {z ∈ C : z =
t1τ+t2 for some 0 ≤ t1, t2 < 1}. Choose w ∈ C such that the border
of Vw := w + V contains no zeros of θσ and 0 ∈ Vw.

Further consider the following paths along the border of Vw:

α : [0, 1] → C; t 7→ w + t

β : [0, 1] → C; t 7→ w + 1 + tτ

γ : [0, 1] → C; t 7→ w + (1− t) + τ

δ : [0, 1] → C; t 7→ w + (1− t)τ
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w w + 1

w + 1 + τw + τ

α

β

γ

δ
×0

Figure 2

In the above figure w ∈ C is chosen such that the border of the
parallelogram Vw = w + V contains no zeros of f and such that
0 ∈ Vw. The paths α, β, γ and δ run along the border of Vw. Note
that

γ(t) = w + (1− t) + τ = α(1− t) + τ

and

δ(t) = w + (1− t)τ = β(1− t)− 1.

We want to show that
1

2πi

∫

∂Vw

θ′σ
θσ

(z) dz = 1.

Therefore we will show that

1

2πi

∫

γ

θ′σ
θσ

(z) dz = 1− 1

2πi

∫

α

θ′σ
θσ

(z) dz

and
1

2πi

∫

δ

θ′σ
θσ

(z) dz = − 1

2πi

∫

β

θ′σ
θσ

(z) dz.

1

2πi

∫

γ

θ′σ
θσ

(z) dz =
1

2πi

∫ 1

0

θ′σ
θσ

(γ(t))γ′(t) dt

=
1

2πi

∫ 1

0

θ′σ
θσ

(α(1− t) + τ)(−1) dt

= − 1

2πi

∫

α

θ′σ
θσ

(z + τ) dz

= − 1

2πi

∫

α

e′σ(τ, z)θσ(z) + eσ(τ, z)θ
′
σ(z)

eσ(τ, z)θσ(z)
dz

= − 1

2πi

∫

α

e′σ(τ, z)
eσ(τ, z)

dz − 1

2πi

∫

α

θ′σ
θσ

(z) dz
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when we use eσ(τ, z) = exp(2πi12τ−πiτ−2πi(z+σ)) then the above
expression becomes

− 1

2πi

∫

α

exp′(−2πi(z + σ))

exp(−2πi(z + σ))
dz − 1

2πi

∫

α

θ′σ
θσ

(z) dz

= − 1

2πi

∫

α

−2πi dz − 1

2πi

∫

α

θ′σ
θσ

(z) dz

= 1− 1

2πi

∫

α

θ′σ
θσ

(z) dz

1

2πi

∫

δ

θ′σ
θσ

(z) dz =
1

2πi

∫ 1

0

θ′σ
θσ

(δ(t))δ′(t) dt

=
1

2πi

∫ 1

0

θ′σ
θσ

(β(1− t)− 1)(−τ) dt

= − 1

2πi

∫

β

θ′σ
θσ

(z − 1) dz

= − 1

2πi

∫

β

e′σ(−1, z)θσ(z) + eσ(−1, z)θ′σ(z)
eσ(−1, z)θσ(z)

dz

= − 1

2πi

∫

β

e′σ(−1, z)

eσ(−1, z)
dz − 1

2πi

∫

β

θ′σ(z)
θσ(z)

dz

when we use

eσ(−1, z) = exp(−2πi
1

2
)

then

= − 1

2πi

∫

β

exp′(−πi)

exp(−πi)
dz − 1

2πi

∫

β

θ′σ(z)
θσ(z)

dz

= − 1

2πi

∫

β

θ′σ(z)
θσ(z)

dz

Then we have

1

2πi

∫

∂Vw

θ′σ
θσ

(z) dz =
1

2πi

∫

α

θ′σ
θσ

(z) dz +
1

2πi

∫

β

θ′σ
θσ

(z) dz

+
1

2πi

∫

γ

θ′σ
θσ

(z) dz +
1

2πi

∫

δ

θ′σ
θσ

(z) dz

= 1.
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As θσ is holomorphic in Vw, i.e. it doesn’t have any poles, we know
that θσ has a single zero. And by Lemma 4 this zero is in 0. Now con-
sider V w + λ = V w+λ for some λ ∈ Λ. As θσ(z + λ) = eσ(λ, z)θσ(z)
we obtain that θσ has the only zero 0+ λ = λ in V w+λ and this is a
simple zero. But C = ∪λ∈ΛV w+λ. Hence θσ has zeros exactly in Λ
and all zeros are simple. �

Corollary 6. Let ξ = aτ + b with a, b ∈ R. We have θξ(z) = 0
precisely for all z ∈ σ − ξ + Λ and all its zeros are simple.

Proof. We know θσ(z) = 0 if and only if z ∈ Λ and all the zeros are
simple. Hence

θξ(z) = 0
(3)⇔ exp(πia2τ + 2πia(z + b))θ(z + ξ) = 0

(3)⇔ exp
(
πia2τ + 2πia(z + b)

)

· exp
(
−πi

(1
2

)2
τ − 2πi

1

2

(
z + ξ − 1

2
τ − 1

2
+

1

2

))

· θσ(z + ξ − σ) = 0

⇔ z + ξ − σ ∈ Λ

⇔ z ∈ σ − ξ + Λ

In particular we have θ(z) = 0 if and only if z ∈ σ + Λ. �

So far we have considered entire quasi-periodic functions. Now
we want to use our knowledge about them to see what meromorphic
doubly-periodic functions with given zeros ai and poles bj of given
order ni resp. mj and number n resp. m look like. Furthermore we
will decide whether such a function exists or not and whether it is
unique or not.

Abel’s Theorem 7. There is a meromorphic function on C/Λ with
zeros [ai] of order ni for 1 ≤ i ≤ n and poles [bj ] of order mj for
1 ≤ j ≤ m if and only if

∑n
i=1 ni =

∑m
j=1 mj and

∑n
i=1 ni[ai] =∑m

j=1 mj [bj ].
Moreover, such a function is unique up to a constant factor.

Proof. “⇒” Let f : C/Λ → C be a meromorphic function with zeros
[ai] of order ni and poles [bj ] of order mj . Choose w ∈ C such that
Vw = {w + z ∈ C : z = t1τ + t2 for some 0 ≤ t1, t2 < 1} contains
a representative ai resp. bj for every zero resp. pole of f . Further
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consider the paths

α : [0, 1] → C; t 7→ w + t

β : [0, 1] → C; t 7→ w + 1 + tτ

γ : [0, 1] → C; t 7→ w + (1− t) + τ

δ : [0, 1] → C; t 7→ w + (1− t)τ

along the border of Vw and the paths

αi : [0, 1] → C; t 7→ ai + rie
2πit

βj : [0, 1] → C; t 7→ bj + sje
2πit

around the zeros resp. poles of f where ri resp. sj is chosen small
enough that Di = {z ∈ C : |z − ai| < ri} resp. D′

j = {z ∈ C :
|z − bj | < sj} contains no other zeros or poles of f .

�
�
�
�
�
�
��

�
�
�
�
�
�
��

- �
�
���

�
�

�
���

w w + 1

w + 1 + τw + τ

α

β

γ

δ

×����
6ai0Di0 αi0

×����
6bj0D′

j0
βj0

×bj1

×ai1

×ai2

Figure 3

Here, w ∈ C is chosen such that the parallelogram Vw = w + V
contains a representative ai resp. bj for every zero resp. pole of f .
The paths α, β, γ and δ run along the border of Vw, the paths αi0

around the zero ai0 of f and the path βj0 around the pole bj0 of f .

First we show that
∑n

i=1 niai −
∑m

j=1 mjbj ∈ Λ as follows:

n∑

i=1

niai −
m∑

j=1

mjbj =

n∑

i=1

1

2πi

∫

αi

z
f ′

f
(z) dz +

m∑

j=1

1

2πi

∫

βj

z
f ′

f
(z) dz

=
1

2πi

∫

∂Vw

z
f ′

f
(z) dz ∈ Λ
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To establish the first equality note that we can write

f(z) = ci(z − ai)
nihi(z)

for a constant ci and with hi(ai) = 1 around ai and hence

f ′(z) = cini(z − ai)
ni−1hi(z)

with hi(ai) = 1. We obtain

z
f ′

f
(z) = z

ni

z − ai

hi

hi
(z)

with hi

hi
(ai) = 1. Hence we have

1

2πi

∫

αi

z
f ′

f
(z) dz = niai

by Cauchy’s integral formula for discs. The same holds for the poles
of f .

The second equality is clear since Vw contains a representative for
every zero and pole of f in C/Λ.

To see, that
1

2πi

∫

∂Vw

z
f ′

f
(z) dz is an element of Λ, note that

1

2πi

∫

γ

z
f ′

f
(z) dz =

1

2πi

∫ 1

0

γ(t)
f ′

f
(γ(t))γ′(t) dt

=
1

2πi

∫ 1

0

(α(1− t) + τ)
f ′

f
((α(1− t) + τ))(−1) dt

= − 1

2πi

∫ 1

0

α(1− t)
f ′

f
(α(1− t)) dt

− 1

2πi

∫ 1

0

τ
f ′

f
(α(1− t)) dt

= − 1

2πi

∫

α

z
f ′

f
(z) dz − τ

1

2πi

∫

α

f ′

f
(z) dz
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and

1

2πi

∫

δ

z
f ′

f
(z) dz =

1

2πi

∫ 1

0

δ(t)
f ′

f
(δ(t))δ′(t) dt

=
1

2πi

∫ 1

0

(β(1− t)− 1)
f ′

f
((β(1− t)− 1))(−τ) dt

= − 1

2πi

∫ 1

0

β(1− t)
f ′

f
(β(1− t))τ dt

+
1

2πi

∫ 1

0

f ′

f
(β(1− t))τ dt

= − 1

2πi

∫

β

z
f ′

f
(z) dz +

1

2πi

∫

β

f ′

f
(z) dz

hence

1

2πi

∫

∂Vw

z
f ′

f
(z) dz =

1

2πi

∫

α

z
f ′

f
(z) dz +

1

2πi

∫

β

z
f ′

f
(z) dz

+
1

2πi

∫

γ

z
f ′

f
(z) dz +

1

2πi

∫

δ

z
f ′

f
(z) dz

= −τ
1

2πi

∫

α

f ′

f
(z) dz +

1

2πi

∫

β

f ′

f
(z) dz ∈ Λ

since 1
2πi

∫
β

f ′

f (z) dz, 1
2πi

∫
α

f ′

f (z) dz ∈ Z.

Secondly we show that

n∑

i=1

ni −
m∑

j=1

mj =
1

2πi

∫

∂Vw

f ′

f
(z) dz

= 0

Again the first equality is clear, since Vw contains a representative
for every zero and pole of f in C/Λ.
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The second equality follows from:

1

2πi

∫

γ

f ′

f
(z) dz =

1

2πi

∫ 1

0

f ′

f
(γ(t))γ′(t) dt

=
1

2πi

∫ 1

0

f ′

f
(α(1− t) + τ)(−1) dt

= − 1

2πi

∫ 1

0

f ′

f
(α(1− t)) dt

= − 1

2πi

∫

α

f ′

f
(z) dz

and

1

2πi

∫

δ

f ′

f
(z) dz =

1

2πi

∫ 1

0

f ′

f
(δ(t))δ′(t) dt

=
1

2πi

∫ 1

0

f ′

f
(β(1− t)− 1)(−τ) dt

= − 1

2πi

∫ 1

0

f ′

f
(β(1− t))τ dt

= − 1

2πi

∫

β

f ′

f
(z) dz

hence

1

2πi

∫

∂Vw

f ′

f
(z) dz =

1

2πi

∫

α

f ′

f
(z) dz +

1

2πi

∫

β

f ′

f
(z) dz

+
1

2πi

∫

γ

f ′

f
(z) dz +

1

2πi

∫

δ

f ′

f
(z) dz

= 0.

“⇐” Now let [ai], [bj ] ∈ C/Λ and ni, mj ∈ N for 1 ≤ i ≤ n and
1 ≤ j ≤ m be such that

∑n
i=n ni =

∑m
j=m mj and

∑n
i=1 ni[ai] =∑m

j=1 mj [bj ]. We will construct a meromorphic function f : C/Λ →
C with zeros [ai] of order ni and poles [bj ] of order mj . We choose
representatives ai, bj ∈ C for [ai] resp. [bj ] such that

∑n
i=1 niai =∑m

j=1 mjbj and define the function

g : C → C; z 7→
∏n

i=1 θσ(z − ai)
ni

∏m
j=1 θσ(z − bj)mj
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where θσ is the theta function with characteristic 1
2τ +

1
2 . Obviously

g is a meromorphic function with zeros in ai+Λ of order ni and poles
in bj+Λ of order mj . We have to show that g is doubly-periodic with
respect to Λ. Therefore we have to show that g(z+ λ) = g(z) for all
λ ∈ Λ. It suffices to show that g(z + 1) = g(z) and g(z + τ) = g(z).

g(z + 1) =

∏n
i=1 θσ(z + 1− ai)

ni

∏m
j=1 θσ(z + 1− bj)mj

=

∏n
i=1 θσ(z − ai)

ni

∏m
j=1 θσ(z − bj)mj

= g(z)

and

g(z + τ) =

∏n
i=1 θσ(z + τ − ai)

ni

∏m
j=1 θσ(z + τ − bj)mj

=

∏n
i=1(eσ(τ, z − ai)θσ(z − ai))

ni

∏m
j=1(eσ(τ, z − bj)θσ(z − bj))mj

=

∏n
i=1 eσ(τ, z − ai)

ni

∏m
j=1 eσ(τ, z − bj)mj

∏n
i=1 θσ(z − ai)

ni

∏m
j=1 θσ(z − bj)mj

=

∏n
i=1 eσ(τ, z − ai)

ni

∏m
j=1 eσ(τ, z − bj)mj

· g(z)

but
∏n

i=1 eσ(τ, z − ai)
ni

∏m
j=1 eσ(τ, z − bj)mj

=

∏n
i=1 exp(−2πi(z − ai + σ))ni

∏m
j=1 exp(−2πi(z − bj + σ))mj

=

∏n
i=1 exp(−2πi(z + σ))ni

∏m
j=1 exp(−2πi(z + σ))mj

·
∏n

i=1 exp(2πiai)
ni

∏m
j=1 exp(2πibj)

mj

=
exp(−2πi(z + σ))

∑n
i=1 ni

exp(−2πi(z + σ))
∑m

j=1 mj

· exp(2πi
∑n

i=1 niai)

exp(2πi
∑m

j=1 mjbj)

= 1.

So g(z + τ) = g(z) as well. Hence g is doubly periodic w.r.t. Λ and
the function f : C/Λ → C with f([z]) = g(z) is well-defined and a
solution.
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Now suppose we are given two meromorphic functions f , g :
C/Λ → C with zeros [ai] of order ni and poles [bj ] of order mj .

Then f
g has no zeros or poles. Hence it is constant. �

3. Weierstraß ℘-function

Now we want to capitalize on our work above. Therefore we consider
a very special periodic function, the Weierstraß ℘-function.

Definition. The Weierstraß ℘ − function is defined to be the
function ℘ : C → C given by

℘(z) =
1

z2
+
∑

0 6=λ∈Λ

(
1

(z − λ)2
− 1

λ2

)

Proposition 8. (Without proof) ℘ is a Λ-periodic meromorphic
function with poles of order 2 exactly in Λ.

The following lemma gives a connection between the Weierstraß
℘-function and our well known theta function with characteristic
σ = 1

2 + 1
2τ .

Lemma 9. There is a constant c ∈ C such that

℘(z) = −
(
θ′σ
θσ

)′
(z) + c

Note. The quotient
θ′
σ

θσ
isn’t doubly-periodic, but the derivative(

θ′
σ

θσ

)′
is doubly-periodic.

To see this consider
θ′
σ

θσ
(z + λ) for some λ = pτ + q ∈ Λ.

θ′σ
θσ

(z + λ)
(5)
=

(eσ(λ, z)θσ(z))
′

eσ(λ, z)θσ(z)
=

e′σ(λ, z)θσ(z) + eσ(λ, z)θ
′
σ(z)

eσ(λ, z)θσ(z)

def
=

exp′(πiλ− πip2τ − 2πip(z + σ))θσ(z) + eσ(λ, z)θ
′
σ(z)

eσ(λ, z)θσ(z)

=
−2πipeσ(λ, z)θσ(z) + eσ(λ, z)θ

′
σ(z)

eσ(λ, z)θσ(z)

= −2πip+
θ′σ
θσ

(z) 6= θ′σ
θσ

(z)

as in general p 6= 0. From the equation
θ′
σ

θσ
(z + λ) = −2πip +

θ′
σ

θσ
(z)

above it follows directly that
(

θ′
σ

θσ

)′
is doubly-periodic.
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Proof. We know that θσ is holomorphic and has its zeros precisely

in the lattice points λ ∈ Λ. That means that the expansion of
θ′
σ

θσ
in

a Laurent series around 0 looks like

θ′σ
θσ

(z) = a−1
1

z
+ a0 + a1z + a2z

2 + a3z
3 + terms of higher order

for some constants ai ∈ C. We can choose a neighborhood U of 0
such that 0 is the only zero of θσ in U . As 0 is a single zero we know
that

a−1 = Res0

(
θ′σ
θσ

)
=

∫

α

θ′σ
θσ

(z) dz = 1

where α : [0, 1] → C; t 7→ re2πit for some suitable r. We conclude

θ′σ
θσ

(z) =
1

z
+ a0 + a1z + a2z

2 + a3z
3 + terms of higher order

and calculate
(
θ′σ
θσ

)′
(z) = − 1

z2
+ a1 + 2a2z + 3a3z

2 + terms of higher order

If we add ℘ and
(

θ′
σ

θσ

)′
then we obtain

℘(z)+

(
θ′σ
θσ

)′
(z) =

∑

0 6=λ∈Λ

(
1

(z − λ)2
− 1

λ2

)
+a1+2a2z+3a3z

2+ . . .

From this sum we see directly that ℘+
(

θ′
σ

θσ

)′
doesn’t have any poles

in U . Hence ℘ +
(

θ′
σ

θσ

)′
is holomorphic in a neighborhood of 0 and

thus holomorphic everywhere. As it is in addition doubly-periodic

(since ℘ is as well as
(

θ′
σ

θσ

)′
doubly-periodic) we know from our very

first lemma that it must be constant. �

The Weierstraß ℘-function satisfies a number of equations and
differential equation. This feature makes the Weierstraß ℘-function
to be of interest. The most important differential equation that is
satisfied by the Weierstraß ℘-function is the following:

Theorem 10. The Weierstraß ℘ -function satisfies the differential
equation

℘′(z)2 = c3℘(z)
3 + c2℘(z)

2 + c1℘(z) + c0
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where the constants

c3 = 4 , c2 = 0 , c1 = −60
∑

0 6=λ∈Λ

1

λ4
and c0 = −140

∑

0 6=λ∈Λ

1

λ6

depend on the lattice Λ.

Proof. Consider ℘(z)− 1
z2 =

∑
0 6=λ∈Λ

(
1

(z−λ)2 − 1
λ2

)
. This function

is holomorphic in a neighborhood of 0. We can expand the sum-
mands 1

(z−λ)2 − 1
λ2 :

1

(z − λ)2
− 1

λ2
=

1

λ2

(
1

(
1− z

λ

)2 − 1

)

=
1

λ2



( ∞∑

n=0

( z
λ

)n
)2

− 1




=
1

λ2

(
2
z

λ
+ 3

z2

λ2
+ 4

z3

λ3
+ 5

z4

λ4
+ . . .

)

= 2
z

λ3
+ 3

z2

λ4
+ 4

z3

λ5
+ 5

z4

λ6
+ . . .

This sum is absolutely convergent for all z ∈ C with |z| < |λ|; in
particular in a neighbourhood of 0.
To simplify the big sum from above we define sn :=

∑
0 6=λ∈Λ

1
λn+2

for n ∈ N. Note that sn = 0 for all odd n ∈ N. We obtain

℘(z) =
1

z2
+ 2s1z + 3s2z

2 + 4s3z
3 + 5s4z

4 + . . .

=
1

z2
+ 3s2z

2 + 5s4z
4 + 7s6z

6 . . .

which is true in a neigborhood of 0. With the constants

c3 = 4 , c2 = 0 , c1 = −60
∑

0 6=λ∈Λ

1

λ4
and c0 = −140

∑

0 6=λ∈Λ

1

λ6

we obtain

℘(z) =
1

z2
− c1

20
z2 − c0

28
z4 + terms of higher order

hence

℘′(z) = − 2

z3
− c1

10
z − c0

7
z3 + terms of higher order
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℘′(z)2 =
4

z6
+

2c1
5

1

z2
+

4c0
7

+ terms of higher order

and

℘(z)3 =
1

z6
− 3c1

20

1

z2
− 3c0

28
+ terms of higher order

Now consider

f(z) := ℘′(z)2 − c3℘(z)
3 − c1℘(z)− c0

The series of f has only positive powers of z. Hence f is holomorphic
around 0. Hence it is holomorphic everywhere. And as it is doubly-
periodic, it is constant. But the constant part of the series is 4

7c0 +

4 · 3
28c0 − c0 = 0. Hence f = 0. �
We will mention one more equation that is satisfied by the Weier-

straß ℘-function:

Remark. Remember that our lattice Λ is generated by 1 and τ .
Hence the set of zeros of ℘′ is given by

(
1
2 + Λ

)
∪
(
τ
2 + Λ

)
∪
(
1+τ
2 + Λ

)
.

Set e1 := ℘
(
1
2

)
, e2 := ℘

(
τ
2

)
, e3 := ℘

(
1+τ
2

)
∈ C. Then we have

(℘′)2 = 4(℘− e1)(℘− e2)(℘− e3)

and

e1 + e2 + e3 = 0

e1e2 + e1e3 + e2e3 =
1

4
c1

e1e2e3 = −1

4
c0

where c0 and c1 are the constants from above.

Finally we will see how to use the Weierstraß ℘-function to give
a group structure to an elliptic curve.

Remark. If we consider the elliptic curve

C := {(x, y) ∈ C2 such that y2 = c3x
3 + c2x

2 + c1x+ c0}
for the constants

c3 = 4 , c2 = 0 , c1 = −60
∑

0 6=λ∈Λ

1

λ4
and c0 = −140

∑

0 6=λ∈Λ

1

λ6

from the theorem above then we have a bijection

C/Λ \ {0} → C given by z 7→ (℘(z), ℘′(z))

In particular we can give the variety C the group structure of C/Λ.
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This can be extended to an embedding of C/Λ into the projective
plane. For more details see the article of M. Khalid [2].
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Rank two Vector Bundles on Elliptic Curves

CIARA DALY

Abstract. The aim of this paper is to give an overview of

rank two vector bundles on an elliptic curve. It also aims to
provide an outline of stability of vector bundles to serve as

a motivation for the study of moduli spaces of vector bun-
dles over elliptic curves. The first section outlines basic def-

initions and theorems. We will then study vector bundles

on P1. From here, we go on to classify indecomposable rank
two vector bundles over an elliptic curve. The final section

introduces the notion of stability of vector bundles.

1. Introduction

Nowadays, vector bundles play an important role in many areas of
mathematics such as algebraic geometry, algebraic topology and dif-
ferential geometry, in the theory of partial differential equations.

The theory of vector bundles and the mathematical formalism
developed over the years, for the study of vector bundle related con-
cepts leads to the clarification or solution of many mathematical
problems. Some of the vector bundle related concepts are general-
isations of well-known classical notions. For instance, the notion of
a section of a vector bundle over a space X is a generalization of a
vector valued function on X.

One of the important problems is the problem of classification
of bundles. The problem of classification of vector bundles over an
elliptic curve (i.e. a nonsingular projective curve of arithmetic genus
one) has been completely solved by Atiyah in [1].

2. Preliminaries

For the purpose of this paper, X will denote a complex manifold,
unless otherwise specified. We will be working over C, the field of
complex numbers, throughout this paper.
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Definition 2.1. A complex vector bundle of rank n is a holomorphic
map p : E → X of complex manifolds which satisfy the following
conditions:

(1) For any point x ∈ X, the preimage Ex := p−1(x) (called a
fibre) has a structure of an n-dimensional C-vector space.

(2) The mapping p is locally trivial, i.e. for any point x ∈ X,
there exists an open neighbourhood Ui containing x and a
biholomorphic map ϕi : p−1(Ui) → Ui × Cn such that the
diagram

p−1(Ui)
ϕi //

p
##G

GG
GG

GG
GG

Ui × Cn

pr1
{{wwwwwwwww

Ui

commutes.
Moreover, ϕi takes the vector space Ex isomorphically onto {x}×

Cn for each x ∈ Ui; ϕi is called a trivialisation of E over U . Note
that for any pair of trivialisations ϕi and ϕj , the map

gij : Ui ∩ Vj → GL(n,C)

given by

gij(x) = ϕi ◦ (ϕj |{x}×Cn)−1

is holomorphic; the maps gij are called transition functions for E
relative to the trivialisations ϕi, ϕj . The transition functions of E
necessarily satisfy the identities

gij(x) · gji(x) = I for all x ∈ Ui ∩ Uj

gij(x) · gjk(x) · gki(x) = I for all x ∈ Ui ∩ Uj ∩ Uk.

Conversely, given an open cover {Ui} of X and transition func-
tions gij : Ui ∩ Uj → GL(n,C), for all i, j, then we can define
a vector bundle, E with transition functions gij using the gluing
construction as follows: We glue Ui × Cn together by taking the
union over all i of Ui × Cn to get E :=

⊔
(Ui × Cn)/ ∼, where

(x, v) ∼ (x, gij(x)(v)), for all x ∈ Ui ∩ Uj , v ∈ Cn.
A vector bundle of rank 1 is called a line bundle (See [7] Section 5

for more details).
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Example 2.2. The simplest example is known as the trivial vec-
tor bundle of rank n, i.e. pr1 : X × Cn → X, where pr1 denotes
projection to the first factor.

The trivial line bundle on X, i.e. X ×C → X will be denoted by
OX , (or simply O if it is clear which X we are referring to).

Example 2.3. The set O(−1) ⊂ Pn×Cn+1 that consists of all pairs
(`, z) ∈ Pn×Cn+1 with z ∈ ` forms in a natural way a line bundle over
Pn. To see this, consider the projection p : O(−1) → Pn, where p is
the projection to the first factor. Let Pn =

⋃n
i=0 Ui be the standard

open covering. A canonical trivialisation of O(−1) over Ui is given
by ϕUi : p

−1(Ui) ∼= Ui × C, (`, z) 7→ (`, zi). The transition functions
gij(`) : C → C are given by w 7→ zi

zj
· w, where ` = (z0 : · · · : zn).

Definition 2.4. Let p : E → X and p′ : E′ → X be two complex
vector bundles on X. A holomorphic map f : E → E′ is called a
morphism of vector bundles if the diagram

E
f //

p
  @

@@
@@

@@
@ E′

p′
~~}}

}}
}}

}}

X

commutes and for each point x ∈ X the map f |Ex
: Ex → E′

x is a
homomorphism of vector spaces.

Let E and E′ be vector bundles over X with rank r and r′, re-
spectively and let {Ui} be an open cover of X such that E and E′ are
trivial over Ui for each i. A morphism f : E → E′ can be described
locally by holomorphic functions, fi, as follows. For each i, using
trivialisations of E and E′, f induces maps

Ui × Cr → Ui × Cr′ , (x, v) 7→ (x, fi(x)v)

where fi : Ui → Matr′×r(C). These holomorphic functions necessar-
ily satisfy

fi(x) · gij(x) = g′ij(x) · fj(x) for all x ∈ Ui ∩ Uj

where gij and g′ij are transition functions of E and E′, respectively.
Note that a set of functions {fi} defines an isomorphism of vector
bundles if an only if fi(x) are invertible matrices for all i and x.
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Remark 2.5. It is important to note that this definition of a mor-
phism of vector bundles does not make the category of vector bundles
into an abelian category. For instance, if f : E → E′ is a morphism
of vector bundles and the rank of f is non-constant then dim(ker(fx))
jumps and so ker f cannot form a vector bundle. The same would be
true for coker f . On the contrary if dim(ker(fx)) is constant on x,
then both ker f and coker f are vector bundles. This can be shown
locally by a rank argument. It is necessary to use strict morphisms
if an abelian category is required.

Definition 2.6. Let E be a vector bundle on X and let {Ui} be an
open cover of X. If the transition functions of E are gij , then the
dual bundle, E∗, of E is given by transition functions

hij(x) :=
tgij(x)

−1 ∀x ∈ Ui ∩ Uj

Definition 2.7. A sequence of morphisms of vector spaces

0 −−−−→ A
f−−−−→ B

g−−−−→ C −−−−→ 0

is called a short exact sequence if ker g = im f , and if f is injective
and g is surjective.

Definition 2.8. A sequence of morphisms of vector bundles over X

0 −→ E′ −→ E −→ E′′ −→ 0

is an exact sequence of vector bundles if

0 −→ E′
x −→ Ex −→ E′′

x −→ 0

is an exact sequence of vector spaces for all x ∈ X. The vector
bundle E′ is called a subbundle of E, and E′′ is called a quotient
bundle of E.

We also say that an exact sequence of vector bundles

0 −→ E′ −→ E −→ E′′ −→ 0

is an extension of E′′ by E′. In this case E is called an extension of
E′′ by E′.

Definition 2.9. Let U be an open set in X. A holomorphic map
s : U → E is called a holomorphic section of E over U if p ◦ s = idU .
Sections over X are called global sections of E. Global sections can
be added and multiplied with a scalar, so the space of global sections
is in fact a vector space. It will be denoted by H0(X,E).
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Remark 2.10. Let f : E′ → E be a morphism of vector bundles. This
induces a linear map of spaces of sections H0(f) : H0(E′) → H0(E)
by H0(f)(s′) := f ◦ s′.
2.1. Cohomology: Given a short exact sequence of vector bundles
over X

0 −−−−→ E′ f−−−−→ E
g−−−−→ E′′ −→ 0

we can take global sections to get an exact sequence

0 −−−−→ H0(X,E′)
H0(f)−−−−→ H0(X,E)

H0(g)−−−−→ H0(X,E′′) (1)

in which the last map H0(g) : H0(X,E) → H0(X,E′′) is not in
general surjective. For a counter example to H0(g) being surjective
see [4] Chapter 8.

Since we get the exact sequence (1) above, we say that the global
section functor is left exact. This global section sequence extends to
a long cohomology exact sequence. For any vector bundle E on X,
the natural cohomology groups Hi(X,E) (also denoted Hi(E) if it
is clear which X we are referring to), for all i > 0, can be defined
satisfying the following property. Given a short exact sequence

0 −→ E′ −→ E −→ E′′ −→ 0

of vector bundles, there is an induced long exact sequence of coho-
mology groups

0 → H0(X,E′) → H0(X,E) → H0(X,E′′) → H1(X,E′) → · · ·
I will not define these cohomology groups in this paper, except to
note that they exist and are very useful in computations. The di-
mension of Hi(X,E) will be denoted hi(X,E). In the case of a curve
X the cohomology groups Hi(X,E), vanish for all i > 1, where 1 is
the dimension of X, i.e. only the cohomology groups H0(X,E) and
H1(X,E) are nonzero. (In fact Hi(X,E) vanish for all i > dimX
for a more general X than just a curve though we do not need this
fact in this paper. See [4] Chapter 8 for more details).

2.2. Ext groups: If E and E′ are vector bundles over X, we denote
by HomX(E,E′) (or Hom(E,E′) if it is clear which X we are refer-
ring to) the vector space of vector bundle morphisms. For a fixed
E, Hom(E, ·) is a left exact covariant functor from the category of
vector bundles to the category of vector spaces, i.e. given a short
exact sequence of vector bundles

0 −→ F ′ −→ F −→ F ′′ −→ 0
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we get another exact sequence in which the last map is not surjective
in general

0 −−−−→ Hom(E,F ′) −−−−→ Hom(E,F )
g−−−−→ Hom(E,F ′′)

(2)
And so in a similar fashion to the way we defined cohomology

groups Hi(E), we can define what are called the Ext groups, which
allow us to extend our short exact sequence (2) to a long exact
sequence as follows:

0 −−−−→ Hom(E,F ′) −−−−→ Hom(E,F ) −−−−→ Hom(E,F ′′)

−−−−→ Ext1(E,F ′) −−−−→ Ext1(E,F ) −−−−→ · · ·
We say that Exti(E, ·) are the right derived functors of Hom(E, ·). So
in particular we have Ext0(E, ·) = Hom(E, ·). We have the following
proposition to see the relationship between the cohomology groups
Hi and the Ext groups (for a full proof of this proposition see [5]
Proposition 6.3).

Proposition 2.11. For any vector bundle E on a complex manifold
X we have:

Exti(OX , E) ∼= Hi(E) for all i ≥ 0.
Similarly we have:
Exti(E,OX) ∼= Hi(E∗) for all i ≥ 0.

Proof. Here we will just give a proof of the first statement, where
i = 0. Let f ∈ Hom(O, E), a fibre-wise holomorphic morphism such
that the following diagram commutes

X × C
f //

pr1
##G

GG
GG

GG
GG

E

p
~~~~

~~
~~

~~

X

.

Let s : X → E be a holomorphic section of E, i.e. p◦s = idx. Define
two linear maps

α : Hom(O, E) → H0(E)

and

β : H0(E) → Hom(O, E)

as follows: Define α(f)(x) := f(x, 1) and β(s)(x, λ) := λ · s(x).
We see that β(α(f)) = f as follows:
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β(α(f))(x, λ) = λ · (α(f)(x)) = λ · f(x, 1) = f(x, λ), where the
last equality uses the fact that f is linear on fibres.

Similarly we obtain α(β(s))(x) = β(s)(x, 1) = s(x), so α(β(s)) =
s. Hence α and β are inverses of one another and we get

Hom(O, E) ∼= H0(E).

�

Remark 2.12. Given a vector bundle E, and given that H0(E) 6= 0,
then from Proposition 2.11 we know that Hom(O, E) 6= 0. So we
have f : O → E. We can say that O ⊂ E, though here ‘⊂’ does
not denote a subbundle, but rather a ‘subsheaf’. Vector bundles
can also be described as sheaves (in particular locally free sheaves)
though we have not built up this language in this paper. It suffices
to know that if O ⊂ E as a subsheaf then we can extend this to get
a line subbundle M ⊂ E on X, a smooth curve (See [9] Chapter 10
for more details). This will be useful in proofs later on.

The notion of a degree of a line bundle on a curve was introduced
in [7] (Section 5). We can extend this definition to vector bundles of
arbitrary rank. To do so we must first define the determinant line
bundle.

Definition 2.13. Given a vector bundle E of rank r, it’s deter-
minant line bundle is defined to be the r-th exterior power of E,
denoted:

detE := ∧rE.

where the fibres of X for any x ∈ X are canonically isomorphic to
∧rEx.

For those of you who are unfamiliar with exterior power, we can
reformulate the definition as follows: Given an open cover {Ui} of
X and a vector bundle E over X with transition functions gij , the
determinant line bundle of E is given by transition functions hij

where

hij(x) := det gij(x) ∈ GL(1,C), for all x ∈ Ui ∩ Uj

This now allows us to define the degree of a vector bundle as
follows.

Definition 2.14. The degree degE ∈ Z of a vector bundle is the
degree of its determinant line bundle detE.
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Remark 2.15. Recall from [7] that the degree of a line bundle is the
degree of it’s associated divisor and every line bundle can be written
as O(D), with D a divisor on X.

If E lies in an exact sequence of vector bundles on X as follows:

0 → E′ → E → E′′ → 0

then there is an isomorphism

detE′ ⊗ detE′′ ∼= detE.

Since detE′ and detE′′ are line bundles we get degE = degE′ +
degE′′ (as in general deg(L⊗ L′) = degL+ degL′, where L and L′

line bundles). In other words, degree is additive on exact sequences.
As a special case, if a vector bundle E = L1 ⊕ L2 is the direct sum
of two line bundles L1 and L2, then we have

0 → L1 → E → L2 → 0

with degE = degL1 + degL2.

Remark 2.16. Let E be a vector bundle of rank r over a complex
manifold X. If we tensor E with a line bundle L, then deg(E⊗L) =
degE+ r degL. In particular for E of rank 2 we have deg(E⊗L) =
degE + 2degL. To see this let’s look at an example:

Let E = L1 ⊕ L2 for line bundles L1 and L2. Tensor this with
another line bundle L to get

E ⊗ L = (L1 ⊕ L2)⊗ L = (L1 ⊗ L)⊕ (L2 ⊗ L)

Now

deg(E ⊗ L) = deg(L1 ⊗ L) + deg(L2 ⊗ L)

= degL1 + degL+ degL2 + degL

= degL1 + degL2 + 2degL

= degE + 2degL.

In this way, when considering vector bundles of rank 2, it is enough
to consider vector bundles of degree −1 or 0 (or indeed, any even
and odd degree), then by tensoring with a line bundle of appropriate
degree we get all other degrees. We call this the “tensor product
trick”.

Definition 2.17. An exact sequence of vector bundles

0 → E′ → E → E′′ → 0
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splits if and only if there exists a homomorphism f : E′′ → E for

which the composition E′′ f // E // E′′ is an isomorphism.
In this case, the map f is called a splitting of the sequence.

Now consider, on any curve, a short exact sequence of vector
bundles

E : 0 −−−−→ M
α−−−−→ E

β−−−−→ L −−−−→ 0.

By applying Hom(L,−) to this sequence we get the following mor-
phism:

Hom(L,L)
δ−−−−→ Ext1(L,M)

Definition 2.18. The image under the coboundary map δ of idL ∈
Hom(L,L), which we will denote by

δ(idL) ∈ Ext1(L,M) ∼= H1(L∗ ⊗M),

is called the extension class of E.

By exactness of

Hom(L,E)
ρ−−−−→ Hom(L,L)

δ−−−−→ Ext1(L,M),

if δ(idL) = 0, then there exists a homomorphism f : L → E for
which the idL = β ◦ f : L → L, i.e. the sequence E splits. Moreover,
if E splits, there exists f : L → E such that idL = β ◦ f . Because
the composition, ρ ◦ δ is zero, we have δ(idL) = 0. Hence we have
the following proposition:

Proposition 2.19. The sequence E, i.e.

0 → M → E → L → 0.

splits if and only if Ext1(L,M) = 0. In particular, if Ext1(L,M) ∼=
H1(L∗ ⊗M) = 0, then every exact sequence E splits.

Remark 2.20. For each α ∈ Ext1(E′′, E′) there exists an extension

0 → E′ → Eα → E′′ → 0 (3)

with a vector bundle, Eα, in such a way that α is the extension class
of (3). Moreoever, Eα

∼= Eβ if and only if there exists λ ∈ C∗ such
that α = λβ. (See [10] Section 3.4 for more details)
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2.3. Riemann–Roch Formula for Curves. We have a very useful
tool, called the Riemann–Roch formula, which tells us a lot about the
cohomology groups of a vector bundle E, H0(E) and H1(E), once
we know the rank and degree of E. The Riemann–Roch formula is
as follows: If E is a vector bundle of rank r on a curve of genus g,
then:

h0(E)− h1(E) = degE − r(g − 1).

In addition to the Riemann–Roch formula, one of the other major
tools we have in dealing with cohomology is Serre duality. The fol-
lowing proposition outlines Serre duality, though will not be proved
as the proof is too involved for this paper.

Proposition 2.21. (Serre duality) Let X be a smooth projective
curve. Let E be a vector bundle on X. Let KX be a canonical line
bundle on X. Then there are canonical isomorphisms

H0(X,E) ∼= H1(X,KX ⊗ E∗)∗.

and
H1(X,E) ∼= H0(X,KX ⊗ E∗)∗.

In particular it follows that H0(X,E) and H1(X,KX ⊗E∗) have the
same dimension.

While I have not defined KX , the canonical line bundle, for the
purpose of this paper it will suffice to know what KX is in the case
of a curve. This is outlined below:

X = P1 : KX = OP1(−2), deg(KX) = −2

X = elliptic curve : KX = OX , deg(KX) = 0

X = curve of genus g ≥ 2 : deg(KX) = 2g − 2.

Refer to [5] Section III.7 for more details on Serre duality.

Lemma 2.22. Let L be a line bundle on a curve, C, of genus g.
Then we have the following:

(a) H0(L) = 0 if degL < 0.
(b) H1(L) = 0 if degL > 2g − 2.
(c) L ∼= O if degL = 0 and s ∈ H0(L), s 6= 0.

The proof of (a) and (c) of the lemma above uses the correspon-
dence between line bundles and divisors (see again [7]) and the fact
that the divisor defined by a nonzero holomorphic section of a line
bundle is always positive. The proof of (b) follows from Serre duality
and part (a).
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Lemma 2.23. If E is a vector bundle on a curve C of genus g, then
the degree of its subbundles F ⊂ E is bounded above.
Proof. ([9], Corollary 10.9) Since the global sections functor is left
exact, we get

H0(F ) ⊂ H0(E)

This implies that h0(F ) ≤ h0(E). Now by Riemann–Roch we know

h0(F )− h1(F ) = deg(F ) + rk(F ) · (1− g).

From this we get

deg(F ) + rk(F ) · (1− g) + h1(F ) ≤ h0(E)

and by rearranging we have

deg(F ) ≤ h0(E)− rk(F ) · (1− g)− h1(F )

Now if g = 1, we see that deg(F ) ≤ h0(E) − h1(F ) and since
h1(F ) ≥ 0, we get deg(F ) ≤ h0(E).

If g = 0, then deg(F ) ≤ h0(E)−rk(F )−h1(F ) and since rk(F ) ≥ 0
and h1(F ) ≥ 0, we see that deg(F ) ≤ h0(E).

If g ≥ 2,deg(F ) ≤ h0(E)+rk(F )·(g−1)−h1(F ) ≤ h0(E)+rk(E)·
(g − 1) − h1(F ) (since rk(F ) ≤ rk(E)). Again, since h1(F ) ≥ 0, we
get deg(F ) ≤ h0(E) + rk(E) · (g− 1). Hence we see that in any case
the degree of F ⊂ E is bounded above. �

3. Vector Bundles on P1

Before we move on to vector bundles on an elliptic curve (i.e. a curve
of genus one), it makes sense to look at vector bundles on a curve of
genus zero (P1). Let us now restate Lemma 2.22 in the case of P1,
where genus g = 0, to see how the cohomology of line bundles on P1

is particularly simple.

Lemma 3.1. Let L be a line bundle on P1. Then we have the
following:

(a) H0(L) = 0 if degL ≤ −1.
(b) H1(L) = 0 if degL ≥ −1.

By Riemann–Roch we also have,

h0(L)− h1(L) = degL+ 1.

Remark 3.2. We have seen from [7] that for L a line bundle, L∗ is
the inverse of the line bundle L in the Picard group. We have also
seen that deg : PicX → Z is a homomorphism (where PicX denotes
the set of line bundles over X) and so we get degL∗ = −degL.
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Lemma 3.3. The homomorphism deg : PicP1 → Z is an isomor-
phism.

Proof. See [4] Lemma 6.2.11. �

We have a classification for all vector bundles on P1 as follows:

Lemma 3.4. Every rank 2 vector bundle on P1 is isomorphic to a
direct sum of two line bundles
Proof. ([9], Lemma 10.30) Let E be a rank 2 vector bundle on P1.
Tensoring with a line bundle if necessary, it is enough to assume
that degE = 0 or −1. First, by the Riemann-Roch formula we
note that H0(E) 6= 0, and so from Remark 2.12 above we get a line
bundle M ⊂ E, and M ∼= O(D) for some positive divisor D ≥ 0. In
particular, degM ≥ 0, and denoting the quotient by L := E/M , we
have an exact sequence

0 → M → E → L → 0.

Now degE = degL+degM , hence deg(L∗⊗M) = degM −degL =
−degE + 2degM ≥ −degE ≥ 0. From Lemma 3.1 (b), we get
H1(L∗ ⊗ M) = 0. By Proposition 2.19, therefore, the sequence
splits. �

Grothendieck’s Theorem 3.5. Every vector bundle on P1 is iso-
morphic to a direct sum of line bundles.
Proof. ([9] Theorem 10.31) Let E be a vector bundle of rank r
on P1. Proof is by induction on the rank r ≥ 2 of E, starting with
the previous lemma. Serre’s Theorem ([5] II.5.17) tells us that there
exists a line subbundle in E. Now let M ⊂ E be the line subbundle
whose degree, m = degM , is maximal among line subbundles of E
(Lemma 2.23). Let F := E/M be a vector bundle of rank r − 1.

Claim: Every line subbundle L ⊂ F has degL ≤ m.
Now we have a short exact sequence as follows:

0 → M → E → F → 0

By considering the preimage L̃ ⊂ E of L under the quotient mor-
phism E → F we get a diagram as follows:

0 // M // E // F // 0

0 // M // L̃
?�

OO

// L
?�

OO

// 0



Rank two Vector Bundles on Elliptic Curves 125

Clearly L̃ is a rank 2 vector bundle, and we see deg L̃ = m+ degL.
By Lemma 3.4, we know L̃ ∼= L1 ⊕ L2 for some line bundles L1

and L2. Now deg(L̃) = deg(L1) + deg(L2) so one of L1 or L2 must

have deg at least deg(L̃)/2. Let N denote that line subbundle, of

degree at least deg L̃/2. Because N is a subbundle of E, as well as

our choice of M we get m ≥ degN ≥ (deg L̃)/2 = m+degL
2 and the

claim follows easily from this.
By the inductive hypothesis, we know the quotient bundle F is

isomorphic to a direct sum F = L1 ⊕ · · · ⊕ Lr−1 of line bundles and
the claim gives us degLi ≤ m. Since H1(L∗

i ⊗M) = 0 for each i. It
follows that the exact sequence

0 → M → E →
r−1⊕

i=1

L1 → 0

splits. �

Definition 3.6. A vector bundle, E, is called decomposable if it is
isomorphic to the direct sum E1

⊕
E2 of two nonzero vector bundles;

otherwise, E is called indecomposable.

By definition of decomposability, every vector bundle is the direct
sum of indecomposable ones. Therefore, it suffices to know the inde-
composable vector bundles on a curve in order to know them all. We
have seen that all vector bundles on rational curves are the direct
sum of line bundles. As well as the notion of an indecomposable
vector bundle, we also have the notion of a simple vector bundle.

Definition 3.7. A vector bundle E is simple if its only endomor-
phisms are scalars, EndE = C. Every line bundle is simple.

A simple vector bundle is necessarily indecomposable. To see
this let us start with a decomposable vector bundle E⊕F . Consider
f : E⊕F → E⊕F , where f = idE ⊕0F where idE is the identity map
on E and 0F is the zero map on F . Clearly then End(E ⊕ F ) 6= C,
i.e., F is not simple.

Note that the converse is not true, i.e. an indecomposable vector
bundle is not necessarily simple (This can be seen by a counterex-
ample, Example 4.4 below).
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4. Classification of all Indecomposable Rank two
Vector Bundles on an Elliptic Curve C

We are now ready to look at the case of a nonsingular curve of arith-
metic genus one (i.e. an elliptic curve). Atiyah’s paper of 1957 ([1])
provided us with an answer to this case. We have already seen in
Lemma 3.3 that there is exactly one line bundle on P1 for every de-
gree. In particular Pic0(P1) = {O}, where Pic0(P1) denotes the set
of line bundles of degree 0 on P1. However it turns out ([7] Theo-
rem 20) on an elliptic curve, C, that Pic0(C) is in bijection to C and
so on elliptic curves there are more vector bundles in the sense that
nontrivial extensions appear. For the purpose of this paper we will
be concentrating on rank 2 vector bundles on an elliptic curve. In
this section we will give a classification of all indecomposable rank 2
vector bundles on the elliptic curve C.

First let me return to the Riemann–Roch formula for a vector
bundle E, this time looking at a curve of genus 1, i.e.

h0(E)− h1(E) = degE

Note that every line bundle, L, on C satisfies:

h0(L)− h1(L) = degL

The next lemma follows from the above equation and Lemma 2.22:

Lemma 4.1. Let L be a line bundle on an elliptic curve. Then we
have the following:

(a) H0(L) = 0 if degL < 0.
(b) H1(L) = 0 if degL > 0.
(c) If degL = 0 and L 6∼= O, then H0(L) = H1(L) = 0.

Lemma 4.2. If E is an indecomposable vector bundle of rank 2
on a smooth projective curve, X, then every line subbundle L ⊂ E
satisfies

2 degL ≤ degE + 2g − 2

Proof. Let M be the quotient line bundle E/L. This gives us the
following short exact sequence:

0 → L → E → M → 0

which corresponds to an element in Ext1(M,L) ∼= H1(M∗ ⊗ L).
Now since E is indecomposable, this sequence cannot split and hence
H1(M∗ ⊗L) 6= 0 by Proposition 2.19. By Serre duality, this implies
that 0 6= H0((M∗⊗L)∗⊗KX)∗ = H0(M ⊗L∗⊗KX)∗. This in turn
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implies that deg(M ⊗L∗ ⊗KX) = degM − degL+2g− 2 ≥ 0 from
Lemma 2.22 (a). Now from the short exact sequence above we know
that degE = degM + degL, i.e. degM = degE − degL. Hence we
get

degE − degL− degL+ 2g − 2 ≥ 0

From this, we get the inequality in the lemma. �

Let E(r, d) denote the set of isomorphism classes of indecompos-
able vector bundles of rank r and degree d over X, an elliptic curve.

Theorem 4.3. (a) There exists a vector bundle Er ∈ E(r, 0), unique
up to isomorphism, with H0(Er) 6= 0. Moreover, we have an exact
sequence:

0 → OX → Er → Er−1 → 0

(b) Let E ∈ E(r, 0), then E ∼= Er ⊗ L, where L is a line bundle of
degree zero, unique up to isomorphism.

Proof. See [1] Theorem 5. �

Example 4.4. The bundles Er of Theorem 4.3 are sometimes called
the Atiyah bundles. For r ≥ 2, they are examples of indecomposable
vector bundles which are not simple. Let us prove now that E2 is
not simple.

We know E2 sits in an exact sequence as follows:

0 // OX
f // E2

// OX
// 0

Applying Hom(−, E2) to this sequence, we get

0 // Hom(O, E2) // Hom(E2, E2)
β // Hom(O, E2)

Now Hom(O, E2) ∼= H0(E2) from Proposition 2.11. From our as-
sumption on E2, we know H0(E2) 6= 0, i.e. h0(E2) ≥ 1. Now let
idE2

denote id ∈ Hom(E2, E2). We know, under the morphism β,
that idE2 7→ f ∈ Hom(O, E2) 6= 0, i.e. β(idE2) = f 6= 0. This
implies β 6= 0. So we get the following short exact sequence:

0 → Hom(O, E2) → Hom(E2, E2) → im(β) → 0

Since β 6= 0, we know that dim(im(β)) ≥ 1. Now since dim is addi-
tive on exact sequences, dim(Hom(E2, E2)) = dim(Hom(O, E2)) +
dim(im(β)) ≥ 2. Hence by the definition of a simple vector bundle
(Definition 3.7), we know that E2 is not simple.
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Let us now classify all indecomposable rank 2 vector bundles on
an elliptic curve. We first consider the case of even degree.

Proposition 4.5. On a curve, C, of genus 1 every indecomposable
rank 2 vector bundle, E, of even degree is an extension of the form

0 −→ M −→ E −→ M −→ 0

for some line bundle M on E
Proof. ([9] Proposition 10.48) Using the tensor product trick, it is

enough to consider the case where degE = 2k. If M1 ∈ Pick(C),
i.e. M1 is a line bundle of degree k, then E ⊗ M1 is of degree 0.
In other words, E ⊗ M1 ∈ E(r, 0). By Theorem 4.3, we know that
there exists M2 ∈ Pic0(C) such that E ⊗M1

∼= E2 ⊗M2, where E2

is the so-called Atiyah bundle from Theorem 4.3. Then E2 sits in a
non-split exact sequence as follows

0 → OC → E2 → OC → 0.

IfM := M2⊗M∗
1 , we obtain E ∼= E2⊗M and tensoring this sequence

by M , gives a short exact sequence

0 → M → E → M → 0.

�
The following proposition contains the odd degree case.

Proposition 4.6. On a curve, C, of genus 1, given a line bundle
L of odd degree, there exists, up to isomorphism, a unique indecom-
posable rank 2 vector bundle E with detE ∼= L.

We refer to [9] Proposition 10.47 for the proof.

Theorem 4.7. For each integer n, there is a one-to-one correspon-
dence between the set of isomorphism classes of indecomposable vec-
tor bundles of rank 2 and degree n on the elliptic curve C, and the
set of points on C.

Sketch of correspondence We will denote by Picn(C), the set of
degree n line bundles on C. Recall from [7], Theorem 20, that there is
an isomorphism of manifolds C ∼= Pic0(C) and in fact ([7], Theorem
21) there is an isomorphism C ∼= Picn(C) for all n ∈ Z.

Now let E be an indecomposable rank 2 vector bundle of degree
n on C. If n is odd, from Proposition 4.6, we know that there is
a unique indecomposable rank 2 vector bundle E of degree n, with
detE ∼= L. Hence use Picn(C) ∼= C to obtain the result.
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If n is even from Theorem 4.3 we know there exists, L, a line
bundle of degree zero, unique up to isomorphism such that E ⊗L is
isomorphic to the unique nontrivial extenstion of OC by OC . Since
Pic0(C) ∼= C again we obtain the result.

5. Stability

The notion of stability comes from the theory of moduli spaces. The
variety, Pic0(C) with the Poincaré bundle, of degree 0 line bundles
on an elliptic curve (See [7] Section 6) is an example of a mod-
uli space. Loosely described a moduli space is an algebraic variety
which parametrises the set of equivalence classes of some objects.
For example we could consider the moduli space of rank two vector
bundles on an elliptic curve, C. It turns out that the set of isomor-
phism classes of vector bundles of rank 2 and degree d on an elliptic
curve is unbounded (briefly, this means that we can find families of
arbitrarily high dimension which gives us vector bundles of rank 2
and degree d. See [6] Chapter 1), which poses a problem when con-
structing the corresponding moduli space. To overcome this problem
we restrict our study of vector bundles. One form of restriction is to
study ‘stable’ vector bundles. Using stable bundles, one to construct
the moduli space of (stable) vector bundles of rank 2 and degree d
on C.

We will begin by giving a more explicit definition of a subbundle
and quotient vector bundle.

Definition 5.1. Let F and E be vector bundles of rank r and n
respectively, with r ≤ n and F ⊂ E is a submanifold. Then, F
is called a subbundle of E if there exists an open covering {Ui} and
transition functions gij : Ui∩Uj → GL(r,C) for F and hij : Ui∩Uj →
GL(n,C) for E such that

hij(x) =

(
gij(x) ∗

0 fij(x)

)
.

The quotient bundle G = E/F is described by transition functions
fij .

Now we are ready to define the stability of a vector bundle.

Definition 5.2. A vector bundle, E on a curve, is stable (resp.
semi-stable) if every nonzero vector subbundle F ⊂ E satisfies

degF

rkF
<

degE

rkE
(resp. ≤).
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(Or equivalently, we can also say that a vector bundle E is stable

(resp. semi-stable) if degG
rkG > degE

rkE (resp. ≥) for every non-zero
quotient G of E).

From this definition we can see that a vector bundle E of rk 2 is
stable (resp. semi-stable) if every line subbundle F ⊂ E satisfies

degF <
1

2
degE (resp. ≤).

We call the rational number degE
rkE the slope of E. The picture below

illustrates the reason for this name.

6

-�
�
�
��rE

rank

deg

The definition of stability above is often referred to as slope-stability.

Lemma 5.3. Let E be a vector bundle of rank 2. If degE is odd,
then stability and semi-stability are equivalent.

Proof. Clearly if E is stable, then E is semi-stable. For the other
direction, we assume E is semi-stable with degree n. Now let F ⊂ E
be a nonzero subbundle of E, so degF ≤ n

2 . Since degF is an integer,
degF 6= n

2 as n is odd. Hence degF < n
2 , i.e. E is stable. �

Lemma 5.4. If E1 and E2 are semi-stable , and degE1

rkE1
> degE2

rkE2
,

then Hom(E1, E2) = 0

Proof. Let f : E1 → E2 be a morphism, and let F ⊂ E2 be it’s image.
Since E2 is semi-stable, if F 6= 0, then degF

rkF ≤ degE2

rkE2
. But E1 is

semi-stable and F is a quotient of E1, and therefore degE1

rkE1
≤ degF

rkF ,
a contradiction unless F = 0. �

5.1. Jordan–Hölder Filtrations. Consider a rational number µ
and let C(µ) denote the category of semi-stable vector bundles of
slope µ. This turns out to be an abelian category (See [8] Chapter 5
for more details). This allows us to define Jordan–Hölder filtrations
for each semi-stable bundle: these filtrations are important in order
to understand the points of the moduli space of stable vector bundles
of rank 2 and degree d (or indeed any fixed rank and degree).
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Definition 5.5. Let E be a semi-stable vector bundle of slope µ. A
Jordan–Hölder filtration of E is a filtration of vector subbundles

0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ Ek = E

in C(µ) such that the quotient gri = Ei/Ei−1 is a stable bundle in
C(µ). The integer k is called the length of the filtration and the
direct sum

⊕
i gri is called the associated grading.

Let us now see how to get such a filtration. Consider first if E
is stable, i.e. ∀Ei ⊂ E,µ(Ei) < µ(E). In this case, the filtration is
clear. Namely

0 ⊂ E1 = E

Now we consider when E is strictly semi-stable, then there exists
subbundles in C(µ) and one of these, E1 must be stable. If not then
we can construct an infinite descending sequence of subbundles in
C(µ) in which the rank strictly decreases but this is impossible as
the rank of nonzero subbundles of E is bounded below by 1. So
E/E1 is also in C(µ) and we can continue the construction until we
obtain our filtration as above.

5.2. Harder-Narasimhan Filtrations.

Lemma 5.6. (a) Let d, d′, r, r′ ∈ Z with r, r′ > 0.

(i) If d
r > d′

r′ , then
d
r > d+d′

r+r′ > d′

r′ .

(ii) If d
r = d+d′

r+r′ or d′

r′ =
d+d′

r+r′ then d
r = d′

r′ .

(b) Let 0 → E′ → E → E′′ → 0 be a short exact sequence of nonzero
vector bundles on X.

(i) If λ ∈ R such that µ(E′) ≤ λ and µ(E′′) ≤ λ, then µ(E) ≤ λ.
(ii) If µ(E′) = µ(E) or µ(E) = µ(E′′) then µ(E′) = µ(E′′).

(c) If 0 = E0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ En = E is a filtration by
subbundles of E such that µ(Ei/Ei−1) ≤ λ for all i = 1, . . . , n:

(i) then µ(Ei) ≤ λ for all i = 1, . . . , n. In particular, µ(E) ≤ λ.
(ii) If, for at least one i, we have µ(Ei/Ei−1) < λ, then µ(E) < λ.

Proof. (a) The proof of this is a simple calculation.
(b) Because of the fact that rk(E) = rk(E′)+rk(E′′) and deg(E) =

deg(E′) + deg(E′′), this follows immediately from (a).
(c) This follows from (b) using exact sequences

0 → Ei−1 → Ei → Ei/Ei−1 → 0

for all i = 2, . . . n. �
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Each vector bundle admits a canonical increasing filtration whose
successive quotients are semi-stable. This allows us to classify bun-
dles which are not semi-stable in terms of semi-stable bundles.

Proposition 5.7. Let E be a vector bundle on a curve X. Then E
has an increasing filtration by vector subbundles

0 = E0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ Ek = E

where the quotient gri = Ei/Ei−1 satisfies the following conditions:

(1) the quotient gri is semi-stable;
(2) µ(gri) > µ(gri+1) for i = 1, · · · , k − 1.

Proof. ([8] Proposition 5.4.2) If E is already semi-stable then the
result is trivial. Assume, therefore that E is not semi-stable. We
will prove this by induction on the rank of E. If rk(E) = 1, then
the result is trivial as all line bundles are automatically stable. Now
assume rk(E) ≥ 2. We know, from Lemma 2.23, that the degree
of all subbundles of E is bounded above. On the other hand, sub-
bundles can only have ranks 1, 2, . . . , rk(E) − 1, hence the slope of
the subbundles of E is bounded above. Among all the subbundles
of maximal slope, let E1 be the one of maximal rank. Then E1 is
semi-stable because it has maximal slope. Let E′ = E/E1, then we
have the following short exact sequence:

0 → E1 → E → E′ → 0

where rk(E′) < rk(E).
By inductive assumption E′ has an increasing filtration satisfying

the conditions of the proposition, i.e.

0 ⊂ F2 ⊂ F3 ⊂ · · · ⊂ Fk = E′

with

µ(F2) > µ(F3/F2) > · · · > µ(Fk/Fk−1)

and Fj/Fj−1 is semi-stable for 2 ≤ j ≤ k. In particular, F2 is semi-
stable.

Let Ej ⊂ E be the preimage of Fj ⊂ E′ under E → E′. This way
we obtain commutative diagrams with exact rows:

0 // E1
// Ej+1 // Fj+1 // 0

0 // E1
// Ej //?�

OO

Fj //?�

OO

0.
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Hence Ej+1/Ej
∼= Fj+1/Fj are semi-stable.

Now we need to prove µ(F2) < µ(E1), in order to show condi-
tion 2 holds. Since E1 has maximal slope, µ(E2) ≤ µ(E1). More-
over, since E1 has maximal rank among the subbundles with slope
µ(E1), µ(E2) < µ(E1). From the diagram above we know that
deg(F2) = deg(E2) − deg(E1) and rk(F2) = rk(E2) − rk(E1). So

we know µ(F2) =
deg(E2)−deg(E1)
rk(E2)−rk(E1)

. We can also write this as µ(F2) =
rk(E2)µ(E2)−rk(E1)µ(E1)

rk(E2)−rk(E1)
. Then we have

rk(E2)µ(E2)− rk(E1)µ(E1)

rk(E2)− rk(E1)
<

rk(E2)µ(E1)− rk(E1)µ(E1)

rk(E2)− rk(E1)

i.e. µ(F2) < µ(E1). Now since E2/E1 = F2, we have µ(E1) >
µ(E2/E1). We can the repeat the process until we obtain a quotient
E/Ek−1 which is semi-stable. �

Lemma 5.8. If

0 = E0 ⊂ E1 ⊂ · · · ⊂ En = E

is a filtration of E satisfying the conditions of Proposition 5.7 above
and E′ ⊂ E is a nontrivial subbundle of E then µ(E′) ≤ µ(E1) and
if µ(E′) = µ(E1), then E′ ⊂ E1.

Proof. We define a filtration of E′ by E′
i := E′ ∩ Ei for all i =

1, . . . , n. Because E′
i = Ei ∩E′

i+1 we obtain E′
i+1/E

′
i ⊂ Ei+1/Ei for

i = 1, . . . , n − 1. Now since Ei+1/Ei is semi-stable, we have either
µ(E′

i+1/E
′
i) ≤ µ(Ei+1/Ei) or E′

i+1 = E′
i. Because µ(Ei+1/Ei) ≤

µ(E1) for i = 1, 2, . . . , n − 1, we obtain from Lemma 5.6 (c) that
µ(E′) ≤ µ(E1). Now if i ≥ 1 and E′

i+1 6= E′
i then µ(E′

i+1/E
′
i) ≤

µ(Ei+1/Ei) < µ(E1). Hence by Lemma 5.6 (c) again, if µ(E′) =
µ(E1) we must have E′

i+1 = E′
i for i = 1, 2, . . . , n − 1, i.e. E′ ⊂

E1. �

Proposition 5.9. This filtration of Proposition 5.7 is unique.
Proof. ([8], Proposition 5.4.2) Assume (Ei)i=1,...,n and (Fj)j=1,...,m

are two filtrations of E satisfying the conditions of Proposition 5.7
above. Now using the notation of Lemma 5.8 if we let E′ := F1

we get µ(F1) ≤ µ(E1). Similarly if we allow E′ := E1, we get
µ(E1) ≤ µ(F1). Clearly then, µ(F1) = µ(E1).

Lemma 5.8 again implies E1 ⊂ F1 and F1 ⊂ E1, hence E1 = F1.
Using E/E1 and F/F1 we can proceed by induction as in the proof
of Proposition 5.7 to conclude that the filtration is unique. �
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The filtration of Proposition 5.7 is called the Harder-Narasimhan
filtration of E.

6. Conclusion

In conclusion, it is fair to say that the theory of vector bundles is
vast and indeed very interesting. We have seen how vector bundles
on P1 are not very complex, in the sense that they can be written as
a direct sum of line bundles. We have also seen a classification for
indecomposable rank 2 vector bundles on elliptic curves.

One could also go on to study higher rank vector bundles on
elliptic curves or on curves of a higher genus, or even on higher
dimensional complex manifolds. These are all very interesting in
their own right.

In Section 5, we studied slope stability for vector bundles on
curves. As was mentioned, stable bundles are required when con-
structing moduli spaces of vector bundles. For the reader interested
in stability, from here you could go on to study Bridgeland stability
conditions ([2] and [3]) and the space of all stability conditions on a
particular complex manifold (e.g., an elliptic curve).
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Ireland’s Participation in the 48th International
Mathematical Olympiad

JIM CRUICKSHANK

1. Team Selection and Preparation

The 48th International Mathematical Olympiad (IMO) took place in
Vietnam from the 19–31 July, 2007. Ireland has been a participant
in the IMO since 1989 and, as usual, this year a team of six second
level students was selected to represent Ireland at this prestigious
mathematical event. These students were selected by means of their
performance in the Irish Mathematical Olympiad which took place
on May 12. In that competition, the top six students were (in order)

1. Stephen Dolan (Coláiste Cholmcille, Ballyshannon,
Co. Donegal).

2. Galin Ganchev (Castletroy College, Limerick).
3. Derek O’Brien (Wesley College, Dublin 16).
4. Jamie Judd (St. Gerard’s School, Thornhill Road, Bray).
5. Yuecong Wang (Mount Anville Secondary School, Dublin

14).
6. Kate McCutcheon (Mount Mercy College, Model Farm Road,

Cork).

As the best student in the Irish Mathematical Olympiad, Stephen
Dolan was awarded the Fergus Gaines trophy. These six students
would travel to Vietnam, accompanied by team leader Dr. James
Cruickshank (NUIG), deputy leader Dr. Gordon Lessells (UL) and
observer Dr. Mark Dukes (UCD).

The team convened, as has become customary, for a pre IMO
training camp in UL in the week before they travelled to Vietnam.
Special recognition must go to Gordon Lessells, who once again did
a superb job of organising this training camp.
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2. Jury Meetings and Problem Selection

The IMO jury consists of all of the team leaders and is the primary
decision making body for all IMO related matters. The jury con-
vened on July 20, with the purpose of selecting the six contest prob-
lems from a shortlist of thirty. The Irish observer was also present
at the jury meetings, although observers are not permitted to vote
on any of the motions put before the jury.

It is normal for the jury meetings to take place at a venue that
is far removed from the actual contest venue. This year the jury
meetings took place in the spectacular setting of Halong Bay (a
three hour bus journey from Hanoi). Due to Vietnamese government
regulations, IMO participants were initially not permitted to leave
the hotel during the pre contest jury meetings, unless accompanied
by a military escort. This led to some frustration among the leaders
and observers and following several appeals to the organisers, these
restrictions were relaxed after a couple of days.

The selection process (long established by tradition) is usually a
long (and some might say torturous) discussion of the various short-
listed problems. As usual there were a large number of exceptionally
difficult problems, and not quite so many of the easy variety. Easy
is of course a relative term in this context, as even the easiest IMO
problem is far beyond the capabilities of a typical Irish second level
student.

After two days of jury meetings the following six problems were
chosen.

First Day

Problem 1. Real numbers a1, a2, . . . , an are given. For each i
(1 ≤ i ≤ n) define

di = max{aj : 1 ≤ j ≤ i} −min{aj : 1 ≤ j ≤ n}

and let

d = max{di : 1 ≤ i ≤ n}.
(a) Prove that, for any real numbers x1 ≤ x2 ≤ · · · ≤ xn,

max{|xi − ai| : 1 ≤ i ≤ n} ≥ d

2
. (1)

(b) Show that there are real numbers x1 ≤ x2 ≤ · · · ≤ xn such
that equality holds in (1).
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Problem 2. Consider five points A, B, C, D and E such that
ABCD is a parallelogram and BCED is a cyclic quadrilateral. Let
l be a line passing through A. Suppose that l intersects the interior
of the segment DC at F and intersects line BC at G. Suppose also
that EF = EG = EC. Prove that l is the bisector of angle DAB.

Problem 3. In a mathematical competition some competitors are
friends. Friendship is always mutual. Call a group of competitors a
clique if each two of them are friends. (In particular, any group of
fewer than two competitors is a clique.) The number of members of
a clique is called its size. Given that, in this competition, the largest
size of a clique is even, prove that the competitors can be arranged
in two rooms such that the largest size of a clique contained in one
room is the same as the largest size of a clique contained in the other
room.

Second Day

Problem 4. In triangle ABC the bisector of angle BCA inter-
sects the circumcircle again at R, the perpendicular bisector of BC
at P , and the perpendicular bisector of AC at Q. The midpoint of
BC is K and the midpoint of AC is L. Prove that the triangles
RPK and RQL have the same area.

Problem 5. Let a and b be positive integers. Show that if 4ab−1
divides (4a2 − 1)2, then a = b.

Problem 6. Let n be a positive integer. Consider

S = {(x, y, z) : x, y, z ∈ {0, 1, . . . , n}, x+ y + z > 0}
as a set of (n+1)3− 1 points in three dimensional space. Determine
the smallest possible number of planes, the union of which contains
S but does not contain (0, 0, 0).

The contestants had 4.5 hours to complete each paper. It is worth
noting that many of the jury expressed concerns over the extreme
difficulty of Problem 6. One very respected jury member expressed
his belief that no contestants would be able to solve this problem.
However, it was eventually decided to include this problem, partly
on the grounds that it is an exceptionally beautiful problem. In the
event, five contestants attained perfect scores on this problem. Two
of the contestants found an ingenious and short solution, which had
eluded the combined efforts over several days of the 93 jury members
and the problem selection committee.
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3. Contest and Coordination

The Irish contestants travelled to Vietnam on July 23 and attended
the official opening ceremony the following day. They were accom-
panied by the deputy leader, Dr. Gordon Lessells. The contest was
scheduled to take place in Hanoi on July 25 and 26. A total of 520
contestants from 93 countries took part, making this the largest IMO
yet.

At the IMO, marking is called coordination and is a very rigorous
procedure that takes place during the two days immediately follow-
ing the contest. Extremely detailed marking schemes are prepared
for each problem and students papers are marked independently by
their own delegation (leader, deputy and observer) and by the local
organisers. These two groups then meet and agree on an integer
mark between 0 and 7 for each attempted solution. Thus a perfect
score in the IMO is 42 (a rare and noteworthy achievement).

This year the Irish contestants performed exceptionally well. The
following table details the score achieved by each contestant on each
problem.

P1 P2 P3 P4 P5 P6 Total
Stephen Dolan 7 0 0 7 0 0 14
Galin Ganchev 0 2 0 7 1 0 10
Derek O’Brien 2 1 0 1 0 0 4
Jamie Judd 3 1 0 7 0 0 11
Yuecong Wang 0 1 0 7 0 0 8
Katherine McCutcheon 0 1 0 3 0 0 4

The bronze medal cutoff was 14 or higher. Accordingly, Stephen
Dolan was awarded a bronze medal. Any student who does not
achieve medal status, but who has recorded a perfect score on a prob-
lem is awarded an honourable mention. Thus, Galin Ganchev, Jamie
Judd and Yuecong Wang obtained honourable mentions. Stephen is
only the sixth Irish contestant to win a medal at the IMO. The
total score of 51 is a very creditable score for an Irish team, and
Ireland ranked 63rd among all participating nations. This is quite
good, given that we have such a small population. Full details
of all scores and awards can be found the official IMO website:
http://www.imo-official.org/

The closing ceremony of the 48th International Mathematical
Olympiad took place in Hanoi on July 30. The Spanish delegation
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gave a presentation on the 2008 IMO which is due to take place in
Madrid from July 10–22.
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