
Irish Math. Soc. Bulletin 48 (2002), 31–33 31

On a Question of Ameer Athavale

JIM GLEASON

Abstract. We answer the question posed by Athavale con-
cerning the relationship of the Fredholm indices of a pure
commuting subnormal tuple and its dual.

In this paper we shall answer the following question of Athavale, [2]
in the affirmative.

Question. If S is a subnormal m-tuple on H and T its dual such
that both S and T are Fredholm, is it true that

ind(S) = (−1)m+1 ind(T )?

We begin by first establishing some notation. Let S = (S1, . . . , Sm)
be a pure subnormal tuple of operators on a Hilbert space H with
minimal normal extension N = (N1, . . . , Nm) acting on a Hilbert
space K ⊃ H . Furthermore, let T = (T1, . . . , Tm) be the dual of S
defined by Tj = N∗

j |KªH for all j = 1, . . . , m. In [3], Curto defines
S to be Fredholm if the associated Koszul complex,

K(S,H) : 0 → Λ0(H)
δS,0−→ Λ1(H)

δS,1−→ · · · δS,d−1−→ Λd(H) → 0,

is Fredholm and

ind(S) :=
m∑

p=0

(−1)p dim Hp(δS).

In order to answer the question, it is necessary to view the Fred-
holm tuple and its index in multiple ways. One such view of the index
is to see it in terms of the Euler characteristic of the Koszul com-
plex. By doing so, we can take advantage of the fields of homological
algebras and K-theory which gives us the result from [1, Thm. I.1.7
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and Cor. I.1.8] that if

0 → (X′, δ′) → (X′′, δ′′) → (X, δ) → 0

is a short exact sequence of Banach space complexes with (X′, δ′)
being Fredholm, then (X′′, δ′′) is Fredholm if and only if (X, δ) is
Fredholm. Furthermore, if all three are Fredholm then

ind(X′′, δ′′) = ind(X′, δ′) + ind(X, δ).

So if H1 and H2 are two Hilbert spaces and A is a tuple acting on

H1 ⊕ H2 represented as A =
(

A1 A2

0 A3

)
with A1 being Fredholm,

then A is Fredholm if and only if A3 is. In case both A1 and A3 are
Fredholm,

ind(A) = ind(A1) + ind(A3).
In particular in the case where S is a pure subnormal tuple with min-

imal normal extension N and dual T we have that N =
(

S A2

0 T ∗

)

and thus
ind(N) = ind(S) + ind(T ∗).

We must also study the Fredholm tuple by looking at the Dirac
operator associated to the commuting tuple S on a Hilbert space H
defined by

DS := (δS + δ∗S)|Λeven(H) : Λeven(H) → Λodd(H).

Since
Hk(δ) = ker(δS,k)/ran(δS,k−1) ∼= ker(δS,k) ∩ ran(δS,k−1)⊥

= ker(δS,k) ∩ ker((δS,k−1)∗) = ker(δS,k + (δS,k−1)∗)

we can see that

dim(ker(DS)) = dim
(∑

Heven(δS)
)

and
dim(ker(D∗

S)) = dim
(∑

Hodd(δS)
)

.

Thus DS is Fredholm if and only if S is Fredholm and in the case
that both are Fredholm we have that ind(S) = ind(DS). Therefore,
since the Dirac operator of a normal tuple, N , is normal, we know
that ind(N) = 0.

Combining these two views we see that ind(S) = −ind(T ∗) and
from Proposition 9.1 in [3] we know that ind(T ∗) = (−1)mind(T )
and we have the following theorem.
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Theorem. If S is a subnormal m-tuple on H and T its dual such
that both S and T are Fredholm, then ind(S) = (−1)m+1ind(T ).
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