Chapter 1

Compact Groups

Most infinite groups, in practice, come dressed in a natopalogy with re-
spect to which the group operations aoatinuous All the familiar groups—
in particular, all matrix groups—arkcally compact and this marks the
natural boundary of representation theory.

A topological groupG is a topological space with a group structure defined
on it, such that the group operations

(,9) = 2y, @

of multiplication and inversion are both continuous.
Examples:

1. The real number® form a topological group under addition, with the usual
topology defined by the metric

2. The non-zeroreaR* = R \ {0} form a topological group under multipli-
cation, under the same metric.

3. The strictly-positive real®" = {x € R : 2 > 0} form a closed subgroup
of R*, and so constitute a topological group in their own right.

Remarks:

(a) Note that in the theory of topological groups, we are only concerned
with closedsubgroups. When we speak of a subgroup of a topological
group, it is understood that we mean a closed subgroup, unless the
contrary is explicitly stated.
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(b) Notice that if a subgroufy C G is openthen it is also closed. For the
cosetsyH are all open; and sél, as the complement of the union of
all other cosets, is closed.

So for example, the subgroti®™ C R* is both open and closed.

Recall that a spacg is said to becompactif it is hausdorff and every open
covering
X=U
1€e]
has a finite subcovering:
X=U,U---UU,,.

(The spaceX is hausdorff if given any 2 points,y € X there exist open sets
U,V C X such that
relU,yeVUnV =40

All the spaces we meet will be hausdorff; and we will use the term ‘space’ or
‘topological space’ henceforth to mebhausdorff spacé

In fact all the groups and other spaces we meet will be subspaces of euclidean
spaceE™. In such a case it is usually easy to determine compactness, aince
subspaceX C E™is compact if and only if

1. X is closed; and

2. X is bounded

Examples:

1. Theorthogonal group
O(n) ={T € Mat(n,R) : T'T = I}.

HereMat(n, R) denotes the space of allx n real matrices; an@”’ denotes
the transpose df":
Ty = Tji.

We can identifyMat(n, R) with the Euclidean spacg™, by regarding the

n? entriest;; as thecoordinatesof 7.

With this understanding®(n) is aclosedsubspace ofs™’, since it is the
set of ‘points’ satisfying the simultaneous polynomial equations making up
the matrix identity7”T = I. It is boundedoecause each entry

] < 1.
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In fact, for each,
ot et = (T'T)y = 1.
Thusthe orthogonal groug(n) is compact.
. Thespecial orthogonal group
SO(n) ={T' € O(n) : detT =1}

is a closed subgroup of the compact gr&f), and so is itself compact.

Note that
T e€O0O(n) = detT = +1,

since
TT=1=detT'detT =1= (detT)* =1,

sincedet 7" = det T'. ThusO(n) splits into 2 partsSO(n) wheredet T' =
1; and a second part whedet 7' = —1. If det T'= —1 thenitis easy to see
that this second part is just the co§&8O(n) of SO(n) in O(n).

We shall find that the groug®O (n) play a more important part in represen-
tation theory than the full orthogonal grou@gn).

. Theunitary group
U(n) ={T € Mat(n,C) : T"T = I}.

Here Mat(n, C) denotes the space af x n complex matrices; and™
denotes the conjugate transposé’of

T =Ty

We can identifyMat(n, C) with the Euclidean spac&?", by regarding
the real and imaginary parts of thé entriest;; as thecoordinatesof 7.

With this understandindiJ(n) is aclosedsubspace of2"". It is bounded
because each entry has absolute value

|ti;] < 1.
In fact, for each,
t|? 4 tas)® + -+ [t = (T°T) i = 1.

Thusthe unitary groupU(n) is compact.
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Whenn =1,
U(l)={zeC:|z|=1}

Thus
U(l)=5'~T' =R/Z.

Note that this group (which we can denote equally welllbj1) or T?) is
abelian(or commutative).

. Thespecial unitary group
SU((n) ={T € U(n) : detT =1}

is a closed subgroup of the compact grduif), and so is itself compact.

Note that
T eU(n) = |detT| = 1.

since
T'T =1 = detT*detT =1 = |det T|* = 1,

sincedet T* = det T'.

The map
U(l) x SU(n) — U(n) : (A, T) — AT

is a surjective homomorphism. It is not bijective, since
M € SU(n) <= \"=1.

Thus the homomorphism has kernel

wherew = 2™/, |t follows that

U(n) = (U(1) x SU(n)) /C,.

We shall find that the groupS8U(n) play a more important part in repre-
sentation theory than the full unitary groupgn).

. Thesymplectic group

Sp(n) = {T € Mat(n,H) : T*T = I}.

HereMat(n, H) denotes the space ofx n matrices withquaternionen-
tries; andl™ denotes the conjugate transposéof

T =Ty
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(Recall that the conjugate of the quaternion
q=1t+x1+yj+ zk

is the quaternion
g=t—xi—yj— zk.

Note that conjugacy is aanti-automorphismie

q192 = 4241 .-

It follows from this that
(AB)" = B*A*

for any 2 matricesd, B whose product is defined. This in turn justifies our
implicit assertion thatp(n) is a group:
S, T € Sp(n) = (ST)*(ST) =T*S*ST =TT =1 = ST € Sp(n).
Note too that while multiplication of quaternions is not in general commu-
tative,

gq=qq =t*+ 2" +y* +2* =g,
defining the norm, or absolute valye| of a quaternion;.)

We can identifyMat(n, H) with the Euclidean spacg’™’, by regarding
the coefficients ot i, j, k in then? entriest;; as thecoordinatesof 7.

With this understandindip(n) is aclosedsubspace of*"” . It is bounded
because each entry has absolute value

[tij| < 1.
In fact, for each,
tal® + [til* + -+ 4 il = (T°T)is = 1.
Thusthe symplectic groufp(n) is compact.
Whenn =1,
Sp(l)={qeH:|q=1}={t+zit+yj+zk:t?+2° +y*+ 2% =1}

Thus
Sp(1) = S°.

We leave it to the reader to show that there is in fact an isomorphism

Sp(1) = SU(2).
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Although compactnesss by far the most important topological property that
a group can possess, a second topological property plays a subsidiary but still
important ble—connectivity

Recall that the spac¥ is said to bedisconnectedf it can be partitioned into
2 non-empty open sets:

X=UuUV, UnV=40.

We say thatX is connectedf it is not disconnected.

There is a closely related concept which is more intuitively appealing, but is
usually more difficult to work with. We say tha is pathwise-connecteélgiven
any 2 pointse, y € X we can find a path joining x to y, ie a continuous map

7:[0,1] - X

with
7(0) ==z, n(1) = v.

It is easy to see that
pathwise-connected—- connected

Forif X = U UV is a disconnection ok, and we choose pointsc U,v € V,
then there cannot be a pathoining u to v. If there were, then

I=nUur'v

would be a disconnection of the intervél 1]. But it follows from the basic prop-
erties of real numbers that the interval is connected. (Suppesd/ U V. We
may suppose tha&te U. Let

l=infz e V.

Then we get a contradiction whether we assumeithatl” orx ¢ V)

Actually, for all the groups we deal with the 2 conceptsafnectedand
pathwise-connectedill coincide. The reason for this is that all our groups will
turn out to belocally euclidean ie each point has a neighbourhood homeomor-
phic to the open ball in some euclidean spd¢e This will become apparent
much later when we consider the Lie algebra of a matrix group.

We certainly will not assume this result. We mention it merely to point out
that you will not go far wrong if you think of a connected space as one in which
you can travel from any point to any other, without ‘taking off’.

The following result provides a useful tool for showing that a compact group
is connected.
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Proposition 1.1 Suppose the compact grodgpacts transitively on the compact
spaceX. Letxy € X; and let

H = S(z0) = {9 € G : gro = gro}
be the corresponding stabiliser subgroup. Then

X connected: H connected=  connected

Proof » By a familiar argument, the action ¢f on X sets up a 1-1 correspon-
dence between the cosetd of H in G and the elements of . In fact, let

©:G—-X
be the map under which
g = gZo.
Then ifx = g,
0 Y} =gH.

Lemma 1.1 Each coset H is connected.

Proof of Lemma- The map

hw— gh:H — gH

is a continuous bijection.

But H is compact, since it is a closed subgroupfas H = O '{z}).
Now a continuous bijectiow of a compact spac& onto a hausdorff spacg
is necessarily a homeomorphism. Fotif C K is open, therC' = K \ U is
closed and therefore compact. Her¢€') is compact, and therefore closed; and
sop(U) =Y \ ¢(C) is open inY. This shows thap~' is continuous, ie is a
homeomorphism.

ThusH = gH; and so

H connected— ¢gH connected

<
Now suppose (contrary to what we have to prove) thad disconnected, say

G=UUV, UnV =40
This split inG will split each coset:

gH = (gHNU)U (gHNV).
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But h( is connected. Hence
gH CUorgH CV.

ThusU andV are both unions of cosets; and so unéer G — X they define a
splitting of X:
X=0UueVv, eunev =nJ.

SinceU andV are closed (as the complements of each other) and therefore com-
pact, it follows tha®U and©V are compact and therefore closed. Hence each is
also open; s is disconnected.

This is contrary to hypothesis. We conclude that connected. «

Corollary 1.1 The special orthogonal groupO(n) is connected for each.

Proof » Consider the action #O(n) onRR™:

(T,z) — Tx.
This action preserves the norm:

[T = =]
(where||z|* = 2’z = 22 + - - - + 22). For

|Tx||* = (Tx)Te = 2/T'Tx = 'x.
It follows thatT" sends the sphere
S*l={zeR:|z| =1}

into itself. ThusSO(n) acts onS™~!.

This action is transitive: we can find an orthogonal transformation of determi-
nant 1 sending any point ¢f*~! into any other. (The proof of this is left to the
reader.)

Moreover the spacé™~! is compact, since it is closed and bounded.

Thus the conditions of our Proposition hold. Let us take

0

o =

Then
H(zo) = S(x9) = SO(n —1).
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For

Trg=20=1T = T

0
0 --- 0 1

whereT; € SO(n —1). (SinceT'zy = z, the last column of " consists of 0’'s and
al. Butthen

2ottt l=1l=ty =ty ="---=0.

since each row of an orthogonal matrix has norm 1.)
Our proposition shows therefore that

SO(n — 1) connected—> SO(n) connected

But

SO(1) = {1}
is certainly connected. We conclude by induction th@X(n) is connected for alll
n. <

Remark: Although we won’'t make use of this, our Proposition could be slightly
extended, to state that X is connected, then the number of componenté/of
andG are equal.

Applying this to the full orthogonal group®(n), we deduce that for each
O(n) has the same number of component€4s$), namely 2. But of course this
follows from the connectedness 80 (n), since we know tha®(n) splits into 2
parts,SO(n) and a coset 080 (n) (formed by the orthogonal matricds with
det ' = —1) homeomorphic t&O(n).

Corollary 1.2 The special unitary groufU(n) is connected for each.

Proof » This follows in exactly the same wa$U (n) acts onC" by
(T,z) — Tx.
This again preserves the norm
Izl = (Jor* + -+ |2al*)

since
|Tz|? = (Tx)Tz = 2*T*"Tz = 2*x = ||z|*.



ThusSU (n) sends the sphere
Sl =Jr e C": |z|| =1}

into itself. As before, the stabiliser subgroup

and so, again as before,
SU(n — 1) connected—> SU(n) connected
Since
SU(1) = {1}
is connected, we conclude by induction t8af (n) is connected for alh. <«

Remark:The same argument shows that the full unitary grol(p) is connected
for all n, since
Ul)={zecC:|z|=1}=5"

iS connected.
But this also follows from the connectednes$af(n) through the homomor-
phism
(A\T)— AT :U(1) x SU(n) — U(n)

since the image of a connected set is connected (as is the product of 2 connected
sets).
Note that this homomorphism is not quite an isomorphism, since

M € SU(n) <= \"=1.

It follows that
U(n) = (U(1) x SU(n)) /C,,

whereC,, = (w) is the finite cyclic group generated by= >/,
Corollary 1.3 The symplectic group(n) is connected for each.

Proof » The result follows in the same way from the action

(T,x) — Tx



of Sp(n) onH". This action sends the sphere
Sl =fr e H": ||z| = 1}
into itself; and so, as before,
Sp(n — 1) connected=> Sp(n) connected
In this case we have
Sp(l)={qg=t+ait+yj+zkcH:|q>  =t*+2> +* +2> =1} = 5>

So again, the induction starts; and we conclude $g4dt:) is connected for alh.
<



Chapter 2

Invariant integration on a compact
group

Every compact group carriesumique invariant measureThis remarkable
and beautiful result allows us to extend representation theory painlessly from
the finite to the compact case.

2.1 Integration on a compact space

There are 2 rival approaches to integration theory.

Firstly, there is what may be called the ‘traditional’ approach, in which the
fundamental notion is the measurgS) of a subses.

Secondly, there is the ‘Bourbaki’ approach, in which the fundamental notion is
the integralf f of a functionf. This approach is much simpler, where applicable,
and is the one that we shall follow.

SupposeX is a compact space. Lét(X, k) (wherek = R or C) denote the
vector space of continuous functions

f: X —k.

Recall that a continuous function on a compact spat®isxdedand always
attains its boundsWe set

|[f] = max|f(z)]

for each functionf € C(X, k).
This norm defines a metric

d(f1, f2) = [f1 — fo

on C(X, k), which in turn defines a topology on the space.

2-1
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The metric iscompleteie every Cauchy sequence converges. This is easy to
see. If{f;} is a Cauchy sequence (X, k) then{f;(x)} is a Cauchy sequence
in k£ for eachx € X. SinceR andC are complete metric spaces, this sequence
converges, tg (x), say; and it is a simple technical exercise to show that the limit
function f(x) is continuous, and that — f in C(X, k).

ThusC(X, k) is a complete normed vector space-Banach spacen short.

A measure: on X is defined to be continuous linear functional

w:C(X, k) —k (k=RorC).
More fully,
1. pislinear, ie
p(ALfi + Aafa) = Ap(fr) + Aap(f2);
2. pis continuousie givene > 0 there exist9 > 0 such that
[fl <0 = |u(f)] <e

We often write

J fduor [ fla) du()

in place ofu(f).
Since a complex measuresplits into real and imaginary parts,

W= pr + tpr,

where the measurgs; andy; are real, we can safely restrict the discussion to
real measures.

Example:Consider the circle (or torus)
S'=T=R/Z.

We parametrisé! by the anglé) mod 27. The usual measui® is a measure in
our sense; in fact L
u(f) =5 [ £(6) o

is the invariant Haar measure on the grailpivhose existence and uniqueness on
every compact group we shall shortly demonstrate.

Another measure—point measure—is defined by taking the valuefoht a
given point, say

pa(f) = f(m).

Measures can evidently be combined linearly, as for exampte 1 + %ul,

ie

polf) = [ 16) 8+ 3 ().
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2.2 Integration on a compact group

Suppose now: is a compact group. It is a measure of¥, andg € G, then we
can define a new measuye by

= (g f) = dg.
(9r)(f) = (g™ f) /g(f(glﬁ g
(Since we are dealing with functions on a space of functigis jnverted twice.)

Theorem 2.1 Supposé€= is a compact group. Then there exists a unique real
measureu on G such that

1. pisinvarianton G, ie

L@ﬁduzljdﬂ
forallg € G, f € C(G,R).

2. pis normalisedso thatG has volume 1, ie

/1@:1
G

Moreover,

1. this measure istrictly positive ie
f(x) 20forallx:>/fdu20,

with equality only iff = 0, ie f(g) = 0 for all g.

YRR

Proof »

The intuitive idea.As the proof is long, and rather technical, it may help to
sketch the argument first. The basic idea is thedraging smoothes

By anaverageF'(z) of a functionf(z) € C'(G) we meara weighted average
of transforms off, ie a function of the form

F(x) = M f(giz) + -+ A\ fgr2),

where
gl,...,gTEG, OS)\l,...,)\Tgl, >\1++>\r:1

These averages have the following properties:
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e An average of an average is an average, i i§ an average of, then an
average off’ is also an average gf.

e If thereis an invariant measure of, then averaging leaves the integral
unchanged, ie i¥' is an average of then

/ng:/jdg

e Averaging smoothes, in the sense that'its an average of then
min f < min F < max F' < max f.
In particular, if we define theariation of f by
var f = max f — min f

then
var F' < var f.

Now suppose a positive invariant measure exists. Then

minfﬁ/fdgﬁmaxf,

ie the integral off is sandwiched between its bounds.
Thus if we can find an averadgé(x) with smallvar(F') then this will give us

a good estimate for
/ﬂ@:/F@.

If fis not completely smooth, ie constant, we can always make it smoother,
ie reduce its variation, by ‘filling its valleys from its mountains’, as follows. Let

m =min f, M = max f;

and letU be the set of points whergis ‘below average’, ie
1
U={zxeG: f(x) < §(m+M)}
The transforms ot/ (as of any non-empty set) covéf. (For if x € G and
xo € U thenx € (zxz,")U.) SinceU is open, andX is compact, a finite number

of these transforms cove¥, say

XcqUu---Ug,U.
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Now consider the average

Pl ta),

F(e) = = (f(gr'e) + -+ flg;'0))

n

For anyz, atleastone of; =, ..., g 'z liesinU (sincex € ¢;U = g; 'z € U).
Hence

Fz) < ((n DM+ Sm+ M))

n 2

1 1
=(1——M —m.
( 2n >+2nm

Thus )
var F' < <1 — 2) (M —m) < var f.

n

Unfortunately, while this argument proves tkat(F') can be reduced, it does
not show that we can maker(F) — 0. For that, we need to use the fact that
continuity on a compact group implies uniform continuity

Recall that a functiorf : R — R is said to be uniformly continuous on the
interval I C R if givene > 0 we can always find > 0 such that

[z —y| <6 =|[fx— fy| <e

We can extend this concept to a functipn G — R on a compact group: as
follows: f is said to be uniformly continuous d@r if given ¢ > 0 we can find an
open sel/ > 1 (the neutral element @) such that

rlyeU= |for— fy| <e

Lemma 2.1 A continuous function on a compact group is necessarily uniformly
continuous.

Proof of Lemma- Supposef € C(G, k). For each poiny € G, let

Ulg) = {r € G+ |f(x) - F(o)] < 5}

By the triangle inequality,

r,y € U(g) = |f(z) — f(y)] <e
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Now each neighbourhodd of g in GG is expressible in the form
U=gV

whereV is a neighbourhood of the neutral elemént
Furthermore, for each neighbourhoBdf e, we can find a smaller neighbour-
hoodW of e such that
W2 cV.

(This follows from the continuity of the multiplicatiotw, y) — xy. HereW?
denotes the sdtw,ws : wy,wy € W}.)
So for eachy € G we can find an open neighbourhodd(g) of e such that

gW(g9)* C U(yg);

and in particular

z,y € gW(9)? = |f(z) — f(y)| <e

The open setglV/ (g) coverG (sinceg € W (g)). Therefore, sincé& is com-
pact, we can find a finite subcover, say

G=gWiUgW,U---Ug,W,,

wherelV; = W(g;).
Let

Supposer—ty € W, ie
y € axW.

Thenz lies in some sey; ;. Thus
z,y € gW:W C ;W

and so

[f(x) = fy)l <e

<

Proof proper:

Lemma 2.2 Suppose € C(G,R). Then there exists an averageof f with

1
var(F) < 5 var f.
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Proof of Lemma> Suppose > 0. (We shall choose later.) By the previous

Lemmaf (z) is uniformly continuous; so we can find an open&eb 1 such that
ylreU=|fly) - f(2)| <e
The result holds — with the sanié— for each transfornf(g—'z), since
(97'y) Mg ') =y e
It follows thatthe same result holds for each average
F(z) =X f(hi'z) + -+ X\ f(h,'2).
Sinced is compact, we can find transformséfsuch that
G=qUU---Ug,U.
Supposef(x) attains its lower bound: at x,. Let
zo € goU,

wheregy € {g1,. .., g}
Now suppose: is a general point ofr. Let

S glU

Then
909; 'z € goU, o € goU.
It follows that
|f(g0gi ') — f ()] < 2e.
(For bothg,g; ' andz, areU-close tog,.) But f(zy) = m. Thus

f(gogi_lx) < m + 2e.

Now consider the average

F)= 5 > flog')

1<i,5<n
We have
nt—1

F(z) < >

1
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Similarly — considering the point wherg(z) attains its maximun/ rather
than its minimumm —

Thus 5 4
var(F) < (1 - n2> var(f) + pra

Now we can repeat the same argument witim place off (but with the same
U andn).
<
By the argument above, we can find a sequence of averages

FO:f7F17F27---
(each an average of its predecessor) such that
var Fy > var F; > var Fp > - --

(or else we reach a constant functibn= c).
However, this does not establish that

var F; — 0

asi — oo. We need a slightly sharper argument to prove this. In effect we must
use the fact thaf is uniformly continuousNow we observe that this open gét
will serve not only forf but also for every averageé of f. For if

F:)\lglf++)\rgrf (0§>\1,,)\r§1, )\1+—|—)\T:1)
then

|F(x) — F(y)l < Ml f(gi'e) = flor ')l + -+ Ml f (g " 2) = flgy ')l
But
(97" 2) g 'y) =2 gig; 'y = 271y
Thus
e lyeU=|f(g'z)— flgi'y)| <e
= |F(z) - F(y)l <M+ Ne=¢€

Returning to our construction of an ‘improving averadgé’let us takes =
(M —m)/4; then we can find an open gét> 1 such that

vy € U = |F(x) ~ Fly)| < (M —m)
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for every averagé” of f. It follows that the variation o’ on any transfornyU
is less than half the variation gfon G.
As before, we can find a finite number of transformé/ofoveringG, say

GCcquUU---UgU.
Supposef(x) attains its minimumn at some point,. Let
o € goU.
Now take a general point € G. Suppose
x € g;U.

Then
gog; tx € goU andzg € goU.

Hence
| f (9097 ' — wo| < (M —m)/2;
and so (sincg (zy) = m)
flgogi 'e <m+ (M —m)/2 = (M +m)/2

In other words, the value of the function at the pajsg; * is ‘below the half-way
mark’.
Now let us take the average

F(x) = =i f (g7 o).

n
We have
F(z) < " _ Loy — (M +m)/2
n
=M — 21712(M —m)
Thus |
sup(F) < sup(f) — 55 var(f).
Similarly
inf(F) >inf(f) + 2:szaur(f).
Hence )
varF < & _1var(f).

n
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At first sight, this seems a weaker result than our earlier one, which showed
thatvar I < var F' in all cases! The difference is, thatnow isindependent of
F. Thus we can find a sequence of averages

F():valaFQa"'
(each an average of its predecessor) suchthat; is decreasing to a limit
satisfying

(< <1—1>€+21var(f),

r r

1
(< - :
=5 var f
In particular, we can find an averagewith
2
var F' < 3 var f.

Repeating the argument, withi in place of f, we find a second averagé
such that

2 2
var F' < <3) var f;
and further repetition gives a new sequence of averages
F0:f7F17F27"'7
with
var F; — 0,

as required.

This sequence gives us a nest of intervals

(min f,max f) D (min F}, max F}) D (min Fy, max Fy) - - -

whose lengths are tending to 0. Thus the intervals converge on a unique real
number/.
We want to set

‘/fdg:].

But before we can do this, we must ensure that no other sequence of averages can
lead to a nest of intervals

(min f, max f) D (min F}, max F}) D (min Fy, max Fy) - - -

converging on a different real numbgr=#£ 1.
This will follow at once from the following Lemma.
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Lemma 2.3 Supposé-, F’ are two averages of. Then
min F < max F”.

In other words, the minimum of any averageighe maximum of any other
average.

Proof of Lemma- The result would certainly hold if we could find a functiéif

which was an average both 6fand of /”; for then
min F' < min F” < max F” < maxF’.

However, it is not at all clear that such a ‘common average’ always exists. We
need a new idea.

So far we have only been considering the actiotra@in C'(G) on the left But
G also acts on the right, the 2 actions being independent and combining in the
action ofG x G given by

((g. h)f) (x) = f(g " zh).

Let us temporarily adopt the notatigit for this right action, ie
(fh)(z) = f(zh).
We can use this action to definght averages
> wi(fhy).

The point of introducing this complication is that we can use the right averages to
refinethe left averages, and vice versa.
Thus suppose we have a left average

F=> X\(g:f)
and a right average
Fr =3 pi(fhy).
Then we can form thgint average

F'=3% "% Nipi(gifhy).

We can regard®” as arising either fron¥’ by right-averaging, or from¥” by
left averaging. In either case we conclude thdtis ‘smoother’ (ie has smaller
variation) than eithef’ of F’; and

min F' < min F” < max F” < max F".
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Thus the minimum of any left average sthe maximum of any right average.
Similarly

min F’ < max [

the minimum of any right average s the maximum of any left average.
In fact, the second result follows from the first; since we can pass from left
averages to right averages, and vice versa, through the involution

f—f:C(Q) = C(G),

where

flo)=flg™).
For it is readily verified that
F=Mguf)+ -+ Mgf) = F=N(fgr) +-+ M (fg. ).

Thus if F is a left average thef is a right average, and vice versa.
Now suppose we have 2 left averadges F; such that

max F; < min Fj.

Let
min F5 — max F} = e.

Let F” be a right average with
var F' = max F' — min F’ < e.
Then we have a contradiction; for
min /5, < max F’ < min F’ + € < max F} + €.

<
We have shown therefore that there is no ambiguity in setting

u(f) =1,

where/ is the limit of a sequence of averages = f, F,... with var F; — 0;
for any two such sequences must converge to the same value.
It remains to show that this definegantinuousandlinear function

w:C(G,R) — R.
Let us consider linearity first. It is evident that

p(AS) = Aulf),
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since multiplyingf by a scalar will multiply all averages by the same number.

Supposefi, f» € C(G,R). Our argument above showed that the right aver-
ages off converge on the same constant vali¢) = /. So now we can take a
left average off; and a right average of,, and add them to give an average of
f1+ fo. More precisely, giver > 0 we can find a left average

Fy = Z Aigif1
of f; such that
p(fi1) — e <min Fy < max Fy < u(fi) + €
and similarly we can find a right average
Iy = Zﬂjﬁhj
of f5 such that
p(fa) —e < min Fy < max Fy < u(f2) + €.

Now let

F= Z Z)\@-uj (gi(f1+ f2)hy).
i
Then we have
min F} + min £ <min F' < pu(f + ¢g) < max F' < max F} + max Fy;
from which we deduce that

p(f +g) = u(f) + p(g).

Let's postpone for a moment the proof thais continuous.
Itis evident that a non-negative function will have non-negative integral, since
all its averages will be non-negative:

fZO:/fduzo.

It's perhaps not obvious that the integrakisictly positive. Suppos¢ > 0, and
f(g) > 0. Then we can find an open détcontainingg such that

flx)>d6>0
for z € U. Now we can findyy, . .., g, such that

G=qgUU---Ug,U.
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Let I be the average

1 _ _
F(ﬂf)z;(f(gl z) 4+ flg )
Then
vegl—g'lrelU—= f(g'z) >4,
and so 5
> —,
Fle) 2 -
Hence 5
/fdg:/ngZ;>O.
Since

minfﬁ/fdugmaxf,

it follows at once that
[ 1 dul <111,

Itis now easy to show thatis continuous. For a linear function is continuous
if it is continuous at 0; and we have just seen that

fl<e=1| [ fdul <e
It follows at once from
min f < [ f dg < max f
that
[ £ dgl < 111.

Finally, sincef andgf (for f € C(G), g € G) have the same transforms,
they have the same (left) averages. Hence

[ordg= [ 1.

ie the integral is left-invariant.

Moreover, it follows from our construction that this is the only left-invariant
integral onG with [ 1 dg = 1; for any such integral must be sandwiched between
min /' andmax F' for all averaged” of f, and we have seen that these intervals
converge on a single real number.«

The Haar measure, by definition,left invariant:

[ £lg7e) dul@) = [ f(x) du(a)
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It followed from our construction that it is alggyht invariant:

[ 1h) du(@) = [ f(@) dufe).

It is worth noting that this can be deduced directly from the existence of the Haar
measure.

Proposition 2.1 The Haar measure on a compact grotps right invariant, ie
L i dg= [ fg)dg  (heG feCGR).

Proof » Supposé: € GG. The map

pn : o= p(fh)

defines a left invariant measure 6h By the uniqueness of the Haar measure, and
the fact that

pn(1) =1
(since the constant function 1 is right as well as left invariant),

Hn = [,

ie u is right invariant. <

Outline of an alternative proothose who are fond of abstraction might prefer
the following formulation of the first part of our proof, set in the real Banach space
C(G) = C(G,R).

Let A(f) C C(G) denote the set of averagesfofThis set isconvexie

FFre A(f)y =M N+ (1-NF € A(f) (0<X<1).
Let A C C(G) denote the set of constant functiofig/)) = c. Evidently
A=R.

We want to show that

ANA(f) #0,

ie the closure ofd( f) contains a constant function. (In other words, we can find
a sequence of averages converging on a constant function.)

To prove this, we establish that(f) is pre-compagtie its closureA(f) is
compact. For then it will follow that there is a ‘poink” € A(f) (ie a function
X(g)) which isclosestto A. But if this point is not inA, we will reach a con-
tradiction; for by the same argument that we used in our proof, we can always
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improve on a non-constant average, ie find another average clase(\ide actu-
ally need the stronger version of this using uniform continuity, since the ‘closest
point’ X (g) is not necessarily an average, but only the limit of a sequence of av-
erages. Uniform continuity shows that we can improve all averages by a fixed
amount; so if we take an average sufficiently close&tg) we can find another
average closer td than X (g).)

It remains to show thatl(f) is pre-compact. We note in the first place that
the set of transforms of,

Gf={g9f:9€G}

is a compact subset 6f((G), since it is the image of the compact séunder the
continuous map
g gf:G— C(G).

Also, A(f) is theconvex closuref this setG f, ie the smallest convex set
containingG f (eg the intersection of all convex sets containir)g formed by the
points

{/\1F1++)\TFTOS)\1;7)\7”§17)\1++)\r:1}

Thus A(f) is the convex closure of the compact é&f. But the convex clo-
sure of a compact set in a complete metric space is always pre-compact. That
follows (not immediately, but by a straightforward argument) from the following
lemma in the theory of metric spacessubsetS C X of a complete metric space
is pre-compact if and only if it can be convered by a finite number of balls of
radiuse,
S C B(zy,e)U---U B(z,€),

for everye > 0.

Accordingly, we have shown thatn A(f) is non-empty. We must then show
that it consists of a single point. This we do as in our proof proper, by introduc-
ing right averages. Finally, we definef dg to be this point of intersection (or
rather, the corresponding real number); and we show as before that this defines an
invariant integraj:( f) with the required properties.

Examples:

1. As we have already noted, the Haar measur§ois
1
—d#.
2

In other words, -
u(f) = 5 [ w(0) do.
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2. Consider the compact groqiJ(2). We know that
SU(2) = S,
since the general matrix i8U(2) takes the form

U:< x4y z+iat

2 2 2 2
A A R AN !

The usual volume orf3, when normalised, gives the Haar measure on

SU(2). To see that, observe that multiplication by SU(2) defines a
distance preserving linear transformation—sometry—of R*, ie if

I r+iy z4it [ 4wy L+t
—z+it r—iy )\ =2+t 2w

R
forall (z,y,2,t) € R

then

It follows that multiplication by preserves the volume o$f. In other
words, this volume provides an invariant measureS&n(2), which must
therefore be—after normalisation—the Haar measur8G(2).

As this example—the simplest non-abelian compact group—demonstrates,
concrete computation of the Haar measure is likely to be complicated. For-
tunately, the merexistencef the Haar measure is usually sufficient for our
purpose.



Chapter 3

From finite to compact groups

Almost all the results established in Part | for finite-dimensional representations
of finite groups extend to finite-dimensional representationsoofhpactgroups.

For the Haar measure on a compact grougallows us toaverageoverG; and our
main results were—or can be—established by averaging.

In this chapter we run very rapidly over these results, and their extension to
the compact case. This may serve (if nothing else) as a review of the main results
of finite-dimensional representation theory.

The chapter is divided into sections corresponding to the chapters of Part |, eg
section 3.5 covers the results established in chapter 5 of Part I.

We assume, unless the contrary is explicitly stated, that we are dealing with
finite-dimensionatepresentations over (wherek = R or C). This restriction
greatly simplifies the story, for three reasons:

1. Each finite-dimensional vector space ovearries ainiquehausdorff topol-
ogy under which addition and scalar multiplication are continuoug. i
n-dimensional then

V k",
and this unique topology oW is just that arising from the product topology
onk™.

2. If U andV are finite-dimensional vector spaces owerthen every linear
map
t:U—-V

is continuousContinuity is automatic in finite dimensions.

3. If Vis afinite-dimensional vector space o¥ethen every subspaéé C V/
is closedin V.
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3.1 Representations of a Compact Group

We have agreed that a representation of a topological grFang finite-dimensional
vector spac®” overk (wherek = R or C) is defined by @ontinuous linear action

GxV =V

Recall that a representation of a finite grasijin V' can be defined in 2 equiv-
alent ways:

1. by alinear action
GxV =V,

2. by a homomorphism
G — GL(V),

whereGL(1V") denotes the group of invertible linear mapsl’ — V.

We again have the same choice. We have chosen (1) as our fundamental defi-
nition in the compact case, where we chose (2) in the finite case, simply because
it is a little easier to discuss the continuity of a linear action.

However, there is a natural topology &L(V"). For we can identiffGL(1")
with a subspace of the spaceatf linear maps : V' — V; if dim V' = n then

GL(V) C Mat(n, k) = k™.

This n2-dimensional vector space has a unique hausdorff topology, as we have
seen; and this induces a topology G (V).

We know that there is a one-one correspondence between linear actiéns of
on V' and homomorphism& — GL(V). Itis a straightforward matter to verify
that under this correspondencaejinear action is continuous if and only if the
corresponding homomorphism is continuous

3.2 Equivalent Representations

The definition of the equivalence of 2 representationg of a groupG in the
finite-dimensional vector spacésV over k holds forall groups, and so extends
without question to compact groups.

We note that the mag : U — V defining such an equivalence is necessarily
continuous, sinc€& andV are finite-dimensional. In the infinite-dimensional case
(which, we emphasise, we are not considering at the moment) we would have to
addthe requirement that should be continuous.
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3.3 Simple Representations

Recall that the representatiorof a group in the finite-dimensional vector space
V overk is said to besimpleif no proper subspadé C V' is stable unde€'. This
definition extends to all grougs, and in particular to compact groups.

In the infinite-dimensional case we would restrict the requirement to proper
closedsubspaces df’. This is no restriction in our case, since as we have noted,
all subspaces of a finite-dimensional vector space bwe closed.

3.4 The Arithmetic of Representations

Supposey, 5 are representations of the groGpin the finite-dimensional vector
spaced/,V over k. We have defined the representatiens- 3, a3, o in the
vector space$/ & V, U ® V, U*, respectively. These definitions hold for all
groupsG.

However, theras something to verify in the topological case, even if it is
entirely straightforward. We must show thatifand/ are continuous then so are
a+ 3, af, anda*. (This is left as an exercise to the student.)

3.5 Semisimple Representations

The definition of the semisimplicity of a representatioof a groupG in a finite-
dimensional vector spadé over £ makes no restriction o&', and so extends to
compact groups (and indeed to all topological groups)s semisimple if and
only if it is expressible as a sum of simple representations:

=01+ -+ 0opn.

Recall that a finite-dimensional representatiorizah V' is semisimple if and
only if each stable subspa¢é C V' has at least one stable complementary sub-
spacelV C V:

V=UsW.

We shall see later that this provides us with a definition of semisimplicity which
extends easily to infinite-dimensional representations,
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3.6 Every Representation of a Finite Group is Semisim-
ple

This result is the foundation-stone of our theory; and its extension from finite to
compact groups is a triumph for Haar measure.

Let us imitate our first proof of the result in the finite case. Supposea
representation of7 in the finite-dimensional vector spat¢eover k (wherek =
R or C).

Recall that we start by taking any positive-definite inner product (quadratic if
k = R, hermitian ift = C) P(u,v) onV. Next weaverageP over(G, to give a
new inner product

(u,v) = /Vp(gu, gv) dg.
It is a straightforward matter to verify that this new inner product is invariant:
(gu, gv) = (u, v).

It also follows at once from the positivity of the Haar measure that this inner
product is positive, ie
(v,v) > 0.

It's a little more difficult to see that the inner product is positde&finite ie
(v,v) =0=v=0.

However, this follows at once from the fact that the Haar measure on a compact
group is itselfpositive-definitein the sense that if (¢) is a continuous function
on G such thatf(g) > 0 for all g € G then not only is

| #(9) dg = 0

(this is the positivity of the measure) but also

/Gf(g) dg =0= f(g9) =0forall g.

This follows easily enough from the fact thatfifg) = ¢ > 0, thenf(g) >
¢/2 for all g € U whereU is an open neighbourhood gf. But then (since> is
compact) can be covered by a finite number of transform#/of

GCcqUU...qU.

It follows from this that

flgrta) + -+ flg @) > €/2
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forallxz € G. For
v € glU= g 'x €U = f(g; 'w) > ¢/2.

It follows from this, on integrating, that

r [ () dg = e/2

In particularf f > 0.
Note that our alternative proof of semisimplicity also carries over to the com-
pact case. This proof depended on the fact that if

V-V

is aprojectiononto astablesubspacé/ = = (V) of V then itsaverage

1

M=-=> grg"
Gl %
is also a projection ontt’; and
W = kerIl

is a stable complementary subspace:
V=UaW.

This carries over without difficulty, although a little care is required. First we
must explain how we define the average

1= / grg~t dg.
G
For here we are integrating tloperator-valuedunction

F(g) =gng™'

However, there is little difficulty in extending the concept of measureetior-
valuedfunctionsF on G, ie maps

F.G-YV,

whereV is a finite-dimensional vector space overThis we can do, for exam-
ple, by choosing a basis faf, and integrating each componentBfseparately.
We must show that the result is independent of the choice of basis; but that is
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straightforward, The case of a function with value&im (U, V'), whereU, V" are
finite-dimensional vector spaces overmay be regarded as a particular case of
this, since we can regatdm (U, V') as itself a vector space over
There is one other point that arises: in this proof (and elsewhere) we often
encounter double sums
> flg.h)

geG heG

over G. The easiest way to extend such an argument to compact groups is to
consider the corresponding integral

. f(g.h) dlg,h)

of the continuous functioti(g, ») over the product grour x G.
In such a case, let us set

F(g) Z/heaf(g,h) dh

for eachg € G. Then it is readily shown thaf'(g) is continuous, so that we can
compute

T=/g€GF(g)d9

But then it is not hard to see that= I(f) defines a second Haar measure on
G x G, so we deduce from the uniqueness of this measure that

Lo fomdam=[ ([ rondn)d

This result allows us to deal with all the manipulations that arise (such as
reversal of the