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Answers to Problem Set 5
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1. Let f be a real-valued function with n + 1 derivatives at
each point of R. Show that for each pair of real numbers
a,b,a < b, such that

PO+ PO+ ),
n (f(a) NPy f<n<a>> ="

there is a number ¢ in the open interval (a,b) for which

F(e) = f(e).

Answer: Let

F(z) = f(x)+ f'(x) + -+ [ ().
Then
F'(z) — F(z) = f"(z) — f().

We are told that
In F(b) — In F(a)
b—a

= 1.

By the Mean Value Theorem,
InF(b) —InF(a) F'(c)

b—a F(c)

for some ¢ € (a,b).



Thus

Fle)
Flo)
F'(¢) = F(o)

. Given one million non-zero digits a1, as,
a; € {1,2,...,9}) show that at most
numbers

ai, aiaz, ayaas, ..., a1G20a3.

are perfect squares

..+, @1000000 (16 each
100 of the million

-+ 1000000

Answer: This is based on an idea that comes up occasion-
ally — squares are quite widely distributed, since there is

no square between n® and n® +n,

Consider the numbers in the subsequence with an even num-

ber of digits, omitting the first, ie

a1a92a304, 1492043040506, . . ..

We claim that there is at most one square in this sequence.
For suppose the first square in the sequence is

2.
alag...agr:b,

and suppose there is a later square in the sequence

2
aag...agp...A49419s = C .

Then

2s 0’s
—~

(10°0)* = 10*b* = ayay . ..a.0...0



Now

(10°b + 1)% = 10%b* +2b - 10° + 1
2s 0’s

—~ =
>CL10,2...(CL27«-|—1)0...0,

which is not in the sequence.

Sitmailarly there is at most one square in the subsequence
with an odd number of digits, omitting the first, ie

ai1asas, a1aas3a4as, . ...

It follows that there are at most 2 + e squares in the se-
quence, where e is the number of squares with 1 or 2 digits.
FEuvidently e = 9; so there are at most 11 squares in the
sequence.



