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Chapter 1

From Euclid to Gauss

1.1 Prime numbers
If a,b € Z we say that a divides b (or is a divisor of b) and we write a | b, if
b=ac

for some ¢ € Z.
Thus —2 | 0 but 01 2.

Definition 1.1. The number p € N is said to be prime if p > 1 and p has
gust 2 divisors in N, namely 1 and itself.

Note that our definition excludes 0 (which has an infinity of divisors in
N) and 1 (which has just one).
Writing out the prime numbers in increasing order, we obtain the sequence
of primes
2,3,5,7,11,13,17,19, ...

which has fascinated mathematicians since the ancient Greeks, and which is
the main object of our study.

Definition 1.2. We denote the nth prime by p,.

Thus Ps = 117 P1oo = 541.
It is convenient to introduce a kind of inverse function to p,.

Definition 1.3. If z € R we denote by w(x) the number of primes < x:

m(z) = |[{p < = : p prime}||.

Thus
©(1.3) =0, 7(3.7) = 2.

Evidently 7(z) is monotone increasing, but discontinuous with jumps at
each prime x = p.

1-2
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Theorem 1.1. (Euclid’s First Theorem) The number of primes is infi-
nite.

Proof »

Lemma 1. Every natural number n > 1 has at least one prime divisor.
Proof » The smallest divisor d > 1 of n must be prime. For otherwise d

would have a divisor e with 1 < e < d; and e would be a divisor of n smaller
than d. <

Suppose there were only a finite number of primes, say

b1,P2,---,Pn-

Let

N =pipy---p,+ 1
Evidently none of the primes pq, ..., p, divides N. But by the lemma, N has
a prime factor p, which must therefore differ from pq,..., p,. |

Our argument not only shows that there are an infinity of primes; it shows
that
P < 2%

a very feeble bound, but our own. To see this, we argue by induction. Our
proof shows that

DPnt1 S pip2---pp + 1

But now, by our inductive hypothesis,
1 2 n
pr < 2% py <2, . py < 2P,

It follows that
Pnt+1 < 92+ 2% 2"
But
21+22++2n:2n+1_1 <27l+1
Hence )
pn+1 < 22”+ .

It follows by induction that
P < 2%,

for all n > 1, the result being trivial for n = 1.
This is not a very strong result, as we said. It shows, for example, that
the 5th prime, in fact 11, is

< 9% — 232 — 4994967296.
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In general, any bound for p, gives a bound for 7(z) in the opposite
direction, and vice versa; for

pn <z <= w(x)>n.
In the present case, for example, we deduce that
r(2%) > [y > y—1
and so, setting = 22,
m(x) > logylogy x — 1 > loglogx — 1.

for x > 1. (We follow the usual convention that if no base is given then log x
denotes the logarithm of  to base e.)
In the second part of the course we shall prove the Prime Number Theo-
rem, which asserts that
Pn ~ nlogn,

or, equivalently,
x

7(x)

This states, roughly speaking, that the probability of n being prime is
about 1/logn. Thus roughly 1 in 11.5 numbers around 10°® are prime; while
roughly 1 in 23 around 10'? are prime.

There are several alternative proofs of Euclid’s Theorem. We shall give
one below. But first we must establish the Fundamental Theorem of Arith-
metic (the Unique Factorisation Theorem) which gives prime numbers their
central role in number theory; and for that we need Euclid’s Algorithm.

~ logx’

1.2 Euclid’s Algorithm

Proposition 1.1. Suppose m,n € N, m # 0. Then there exist unique
q.r € N such that
n=qgm-+r, 0<r<m.

Proof » For uniqueness, suppose
n=qm+r=q¢m+1,

where r < 1/ say. Then
(¢ —qm=r"—r.

The number of the right is < m, while the number on the left has absolute
value > m, unless ¢’ = ¢, and so also ' = r.
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We prove existence by induction on n. The result is trivial if n < m,
with ¢ = 0, » = n. Suppose n > m. By our inductive hypothesis, since
n—m<n,

n—m=qm-+r,

where 0 < r < m. But then
n=aqm-+r,
with ¢ = ¢’ + 1. <

Remark. One might ask why we feel the need to justify division with remain-
der (as above), while accepting, for example, proof by induction. This is not
an easy question to answer.

Kronecker said, “God gave the integers. The rest is Man’s.” Virtually
all number theorists agree with Kronecker in practice, even if they do not
accept his theology. In other words, they believe that the integers exist, and
have certain obvious properties.

Certainly, if pressed, one might go back to Peano’s Axioms, which are
a standard formalisation of the natural numbers. (These axioms include,
incidentally, proof by induction.) Certainly any properties of the integers
that we assume could easily be derived from Peano’s Axioms.

However, as I heard an eminent mathematician (Louis Mordell) once say,
“If you deduced from Peano’s Axioms that 1 + 1 = 3, which would you
consider most likely, that Peano’s Axioms were wrong, or that you were
mistaken in believing that 1 + 1 =277

Proposition 1.2. Suppose m,n € N. Then there exists a unique number
d € N such that
d|m, d|n,

and furthermore, if e € N then
elm,e|ln = e|d

Definition 1.4. We call this number d the greatest common divisor of m
and n, and we write
d = ged(m,n).

Proof » Euclid’s Algorithm is a simple technique for determining the great-
est common divisor ged(m,n) of two natural numbers m,n € N. It proves
incidentally — as the Proposition asserts — that any two numbers do indeed
have a greatest common divisor (or highest common factor).

First we divide the larger, say n, by the smaller. Let the quotient be ¢;
and let the remainder (all we are really interested in) be ry:

n =mgq; +ri.
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Now divide m by 7 (which must be less than m):
m =7riq2 + .

We continue in this way until the remainder becomes 0:
n=mqy +r1,

m =Ti1qz + 7o,

Ty = T2qQ3 + T3,

i1 = T—2Qi—1 + Ty,

Ty = Tt—14qz-

The remainder must vanish after at most m steps, for each remainder is
strictly smaller than the previous one:

m>ry>Tg > .-

Now we claim that the last non-zero remainder, d = r; say, has the
required property:
d = ged(m,n) =rq.

In the first place, working up from the bottom,
d=mr | Ti—1,
d|riand d|ri—y = d| 1o,
d|riqandd|ro = d|r_s,

d|rzand d|ry = d|r,
d|rpand d|ry = d|m,
d|randd|m = d|n.
Thus
d | m,n;

so d is certainly a divisor of m and n.
On the other hand, suppose e is a divisor of m and n:

e|m,n.
Then, working downwards, we find successively that

elmande|n = elr,
e|lrpande|m = e|ry,

e|lrpande|r = e|rs,

e|ripande|r_y = e|r.
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Thus
el|lr =d.

We conclude that our last non-zero remainder 7; is number we are looking
for:
ged(m,n) = .

<

It is easy to overlook the power and subtlety of the Euclidean Algorithm.
The algorithm also gives us the following result.

Theorem 1.2. Suppose m,n € N. Let
ged(m,n) = d.

Then there exist integers x,y € 7 such that
mz +ny = d.

Proof » The Proposition asserts that d can be expressed as a linear com-
bination (with integer coefficients) of m and n. We shall prove the result
by working backwards from the end of the algorithm, showing successively
that d is a linear combination of r; and rs,1, and so, since 74,1 is a linear
combination of r,_; and r,, d is also a linear combination of r,_; and r,.
To start with,
d=r;.

From the previous line in the Algorithm,
T2 = QT¢—1 + Tt

Thus
d=1="Ti—9 — @Ti_1.

But now, from the previous line,
Tt—3 = Qt—1Tt—2 + Tt—1.

Thus
Te—1 =71t —3 — q—1T1—2.

Hence

d=rio—qrt—1
=Tt—2 — Qt(Tt—B - C]t—17’t—2)

= =73+ (1 + @Gr—1)re—2
Continuing in this way, suppose we have shown that

d = asrs+ bsrsy1.
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Since
Ts—1 = (4s+1Ts + Ts+1,

it follows that
d= asrs + bs(rsfl - qs+1rs)
- bsrs—l + (as - bst+1)rs-
Thus
d= As_1Ts—1 + bs—lrsa

with
aAs—1 = b37 bs—l = as — bst+1'

Finally, at the top of the algorithm,
d= apro + bgT’l
= agro + bo(m — q17o)
= bom + (a0 — bogq1)7o
= bom + (ap — boq1)(n — qom)
= (bo — aoqo + bogoq1)m + (ag — bogo)n,
which is of the required form. <

Example. Suppose m = 39, n = 99. Following Euclid’s Algorithm,

99 =2-39 + 21,
39 =1-21+18,
21 =118+ 3,
18 =6-3.
Thus
ged(39,99) = 3.
Also
3=21-18
— 21— (39 — 21)
=-39+2-21
= —39+2(99 —2-39)
=2-99—-5-39.

Thus the Diophantine equation
992 + 39y =3

has the solution
T =2 y= -5
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(By a Diophantine equation we simply mean a polynomial equation to which
we are seeking integer solutions.)

This solution is not unique; we could, for example, add 39 to z and
subtract 99 from y. We can find the general solution by subtracting the
particular solution we have just found to give a homogeneous linear equation.
Thus if 2,y € Z also satisfies the equation then =’ — x, ¢y — y satisfies the
homogeneous equation

99X 4 39Y =0,
ie
33X +13Y =0,
the general solution to which is
X =13t, Y = -33t
for t € Z. The general solution to this diophantine equation is therefore
r=2+13t, y=—-5—33t (teZ).

It is clear that the Euclidean Algorithm gives a complete solution to the
general linear diophantine equation

ax + by = c.
This equation has no solution unless
ged(a,b) | c,

in which case it has an infinity of solutions. For if (z,y) is a solution to the
equation
ax + by = d,

and ¢ = dc then (dz, dy) satisfies
ar + by = c,
and we can find the general solution as before.
Corollary 1.1. Suppose m,n € Z. Then the equation
mx +ny =1

has a solution x,y € Z if and only if gcd(m,n) = 1.
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It is worth noting that we can improve the efficiency of Euclid’s Algorithm
by allowing negative remainders. For then we can divide with remainder
< m/2 in absolute value, ie

n=qm-+r,
with —m/2 < r < m/2. The Algorithm proceeds as before; but now we have
m > |ro/2| > |r1/22%| > ...,

so the Algorithm concludes after at most log, m steps.

Example. Taking m = 39, n = 99, as before, the Algorithm now goes

99 = 3-39 — 18,
39 =2-18+3,
18 =6-3,

giving (of course)
ged(39,99) = 3,

as before.

1.3 The Fundamental Theorem of Arithmetic

Proposition 1.3. (Euclid’s Lemma) Suppose p € N is a prime number; and
suppose a,b € Z. Then

plab = plaorp]|b.
Proof » Suppose p | ab, pta. We must show that p | b. Evidently
ged(p,a) = 1.
Hence, by Corollary [I.1] there exist x,y € Z such that
pr +ay = 1.
Multiplying this equation by b,
pxb + aby = b.
But p | pzb and p | aby (since p | ab). Hence

plb.
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Theorem 1.3. Suppose n € N, n > 0. Then n is expressible as a product of
prime numbers,

n=pip2---Pr,

and this expression is unique up to order.

Remark. We follow the convention that an empty product has value 1, just
as an empty sum has value 0. Thus the theorem holds for n = 1 as the
product of no primes.

Proof » We prove existence by induction on n, the result begin trivial (by
the remark above) when n = 1. We know that n has at least one prime factor
p, by Lemmal[l], say

n = pm.

Since m = n/p < n, we may apply our inductive hypothesis to m,
m ={qiq2---(s-

Hence
n =pqiqz - - (qs.

Now suppose
n=pip2:Pr=mM=Aq1G2 """ (gs-
Since p; | n, it follows by repeated application of Euclid’s Lemma that

pl\%

for some j. But then it follows from the definition of a prime number that

pP1 = gj.

Again, we argue by induction on n. Since

~

n/pL=p2-pr=q G s

(where the ‘hat’ indicates that the factor is omitted), and since n/p; < n, we

deduce that the factors ps,...,p, are the same as qi,...,¢j,...,qs, in some
order. Hence r = s, and the primes p1,--- ,p, and ¢, ..., g are the same in
some order. <

We can base another proof of Euclid’s Theorem (that there exist an in-
finity of primes) on the fact that if there were only a finite number of primes
there would not be enough products to “go round”.

Thus suppose there were just m primes

b1y Pm-
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Let N € N. By the Fundamental Theorem, each n < N would be expressible
in the form

n=pite
(Actually, we are only using the existence part of the Fundamental Theorem;
we do not need the uniqueness part.)
For each i (1 <i <m),
piln = pi<n

= pi' <N

— 2% <N

== ¢; <log, N.

Thus there are at most log, N + 1 choices for each exponent e;, and so the
number of numbers n < N expressible in this form is

< (logs N + 1)™.
So our hypothesis implies that
(logg N+ 1)" > N

for all N.
But in fact, to the contrary,

logX \"
X>(log2X—|—1)m:(Og +1>

for all sufficiently large X. To see this, set X = e*. We have to show that

> < +1 "
(& .
log 2

Since .
1 <2
log 2 - v
if x > 3, it is sufficient to show that
e’ > (2z)™
for sufficiently large x. But
:L,m—l—l
X > -
© T 1)

if z > 0, since the expression on the right is one of the terms in the power-
series expansion of . Thus the inequality holds if

xm—s—l

(m+1)! > (22)",
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ie if
x>2"(m+ 1)L

We have shown therefore that m primes are insufficient to express all
n < N if
N > 2"+t

Thus our hypothesis is untenable; and FEuclid’s theorem is proved.
Our proof gives the bound

DPn < €2m(m+1)! .

which is even worse than the bound we derived from Euclid’s proof. (For it
is easy to see by induction that

(m+ 1)l >e™

for m > 2. Thus our bound is worse than e¢", compared with 22" by Euclid’s
method.)

We can improve the bound considerably by taking out the square factor
in n. Thus each number n € N (n > 0) is uniquely expressible in the form

n=dpi...pr,

where the primes pq,...,p, are distinct. In particular, if there are only m
primes then each n is expressible in the form

_ 2. e €m
n_dpl ...pm,

where now each exponent e; is either 0 or 1.
Consider the numbers n < N. Since

d<+vn<VN,
the number of numbers of the above form is
< VN2™.
Thus we shall reach a contradiction when
VN2™ > N,
ie
N < 2°™,

This gives us the bound
P < 277,

better than 22", but still a long way from the truth.
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1.4 Fermat numbers

Numbers of the form 2™ £ 1 (or more generally a™ £ 1) have an honoured
place in the history of prime number theory, and continue to be of relevance,
because there are special tests for determining their primality, and these lead
to the “discovery” of enormously large primes.

Proposition 1.4. Suppose
n=a’+1,

where a > 1, e > 1. If n is prime then a is even, and
e=2"
for some m.

Proof » If a is odd then n is even and > 2, and so not prime.
Suppose e has an odd factor, say

e=rs,

where 7 is odd. Since " + 1 = 0 when x = —1, it follows by the Remainder
Theorem that
(x+1)] (z"+1).
Explicitly,
"+ 1l=(r+ 1)@ ="~ D).

Substituting x = y°,
(" +1) [ (" +1).

Setting y = a,
(@®*+1)] (@™ +1)=(a"+1).

In particular, a™ 4+ 1 is not prime.
Thus if @™ + 1 ¢s prime then n cannot have any odd factors. In other

words,

n=2"

Definition 1.5. The numbers
F,=2""+1 (n=0,1,2,...)

are called Fermat numbers.
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Fermat hypothesized — he didn’t claim to have a proof — that all the
numbers
F07F17F27"'

are prime. In fact this is true for
Fo=3, Fi1 =5, Fb =17, F3 =257, F; = 65537.
However, Euler showed in 1747 that
Fy = 2% + 1 = 4294967297

is composite. In fact, no Fermat prime beyond Fj has been found.

We shall see later that there is a simple test for the primality of F;,, which
allows us to conclude at once Fj is composite.

There is a kind of argument — it is certainly not a proof — that the
number of Fermat primes is finite. It runs as follows. By the Prime Number
Theorem, the probability of F,, being prime is approximately

1/log F,, = 27",

Thus the expected number of Fermat primes is approximately

22_”:2<oo.

This argument assumes that the Fermat numbers are “independent”, as
far as primality is concerned. It might be argued that our next result shows
that this is not so.

Proposition 1.5. The Fermat numbers are coprime, ie
ged(F, Fy) =1

if m#n.

Proof » Suppose
ged(Fp,, Fr) > 1.

Then we can find a prime p (which must be odd) such that

pl| Fn, | Fa.

Now the numbers {1,2,...,p — 1} form a group (Z/p)* under multipli-
cation modp. Since p | F,,

22" = —1 mod p.

It follows that the order of 2 mod p (ie the order of 2 in (Z/p)*) is exactly

2m+1 For certainly
27n+ 1

2 = (27")? = 1 mod p;
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and so the order of 2 divides 2™*!, ie it is 2¢ for some e < m + 1. But if
e < m then
22" =1 mod p,

whereas we just saw that the left hand side was = —1 mod p. We conclude
that the order must be 2m+1,

But by the same token, the order is also 2"*!. This is a contradiction,
unless m = n. <

We can use this result to give a second proof of Euclid’s Theorem that
there are an infinity of primes.

Proof » Each Fermat number F), has at least one prime divisor, say ¢,. But
by the last Proposition, the primes

qo, 41,492, - - -

are all distinct. |

1.5 Mersenne numbers

Proposition 1.6. Suppose
n=a—1,

where a > 1, e > 1. If n is prime then a = 2 and p is prime.

Proof » In the first place,
(@—1)[(a®=1);

so if a > 2 then n is certainly not prime.
Suppose n = rs, where r, s > 1.
Since " — 1 = 0 when x = 1, it follows (from the Remainder Theorem)
that
(z—1) | (2" —1).

Explicitly,
= 1l=(x—D(@" 44" 4 1.
Subsitituting x® for x,
(®=1)| (2™ =1) = (z° = 1).

Setting * = a,
(a®*—=1) ]| (a" = 1).

Thus if a™ — 1 is prime then n has no proper factors, ie n is prime. <
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Definition 1.6. The numbers
F,=2"—1,
where p is prime, are called Mersenne numbers.

The numbers
My =3, M3 =17, Ms =31, M; =127
are all prime. However,
My, = 2047 = 23 - 89.

(It should be emphasized that Mersenne never claimed the Mersenne
numbers were all prime. He listed the numbers M, for p < 257, indicating
which were prime, in his view. His list contained several errors.)

We shall provide an algorithm for determining whether or not the Mersenne
M, is prime. This is in fact the source of all the recent “record” primes.

1.6 Perfect numbers

Mersenne numbers are also of interest because of their intimate connection
with perfect numbers.

Definition 1.7. Forn € N, n > 0 we denote the number of divisors of n by
d(n), and the sum of these divisors by o(n).

Example. Since 12 has divisors 1,2, 3,4, 6, 12,
d(12) =6, o(12) = 28.

Definition 1.8. A function f(n) defined on {n € N : n > 0} is said to be
multiplicative if

ged(m,n) =1 = f(mn) = f(m)f(n).
If the function f(n) is multiplicative, and

e e
n_pl ..'pT'T

then
fn) =) Fpi).
Thus the function f(n) is completely determined by its value f(p®) for prime

powers.
Multiplicative functions will play an important role in our later work.

Proposition 1.7. The functions d(n) and o(n) are both multiplicative.
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Proof » Suppose ged(m,n) = 1; and suppose
d | mn.
Then d is uniquely expressible in the form
d = dydy (dy | m, dy | n).

In fact
d; = ged(d, m), dy = ged(d, n).

It follows that
d(mn) = d(m)d(n);

and

o(mn) = Z d

dmn

-y Ay

di|m da|n

=o(m)o(n).

Definition 1.9. The number n € N s said to be perfect if
o(n) = 2n,
ie if n is the sum of its proper divisors.

Ezxample. The number 6 is perfect, since

6=1+2+3.
Proposition 1.8. If

M,=2"-1
1s a Mersenne prime then

2P=1(2P — 1)

15 perfect.
Conversely, every even perfect number is of this form.

Proof » Suppose
n= 2p_1Mp

where M), is prime. Since M, is odd,

ged(2P71 M) = 1.
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Hence
o(n) = o(2P"1o(M,).

If P is prime then evidently
o(P)=1+P.
On the other hand,

Pe+1_1
a(Pe):1+P+P2+--~+Pe:ﬁ.

In particular,
o(2¢) =2¢T — 1.

Thus
o2 =22 — 1 = M,

while
o(M,) =M,+1=2".

We conclude that
o(n) =2"M, = 2n.

Conversely, suppose n is an even perfect number. We can write n (uniquely)
in the form
n=2°m

where m is odd. Since 2¢ and m are coprime,
o(n) = o(2%o(m) = (2°7 — D)o (m).
On the other hand, if n is perfect then
o(n) =2n = 2°"m.

Thus
2e+1 -1 B m

2¢t1 T g(m)’

The numerator and denominator on the left are coprime. Hence

m=d(2° — 1), a(m) = d2°",

for some d € N.
If d > 1 then m has at least the factors 1,d, m. Thus

o(m)>14+d+m=1+d2"™,

contradicting the value for o(m) we derived earlier.
It follows that d = 1. But then

olm) =2 =m+1.
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Thus the only factors of m are 1 and m, ie
m=2""—1=»M_,
is prime. Setting e + 1 = p, we conclude that
n=2"""M,,
where M), is prime. <

It is an unsolved problem whether or not there are any odd perfect num-
bers.
The first 4 even perfect numbers are

2'M, =6, 22 M5 = 28, 2*M; = 496, 2°M; = 8128.

(In fact these are the first 4 perfect numbers, since it is known that any odd
perfect number must have at least 300 digits!)



Chapter 2

Gaussian integers

Although our principal object of study remains the “classic” primes 2,3,5,7, ...
in N, it is both interesting and instructive to consider primality in a wider
context.
Let A be an integral domain, ie a commutative ring (with 1) having no
zero divisors, ie
ab=0 — a=0o0rb=0.

If a,b € A, we say that b divides a, and write b | a, if
a = bc
for some cinA.

Definition 2.1. Suppose A is an integral domain. An element u € A is said
to be a unit if it is invertible, ie there exists a v € A such that

uv = 1.

In other words, u is a unit if u | 1. The units in A form a commutative
group A*. For example,
7* = {£1}.

Definition 2.2. Suppose A is an integral domain. We say that a,b € A are
equivalent, and we write a ~ b, if

b=au
for some unit u € A*.

In general we do not distinguish between equivalent divisors; for if a ~ b
then a and b divide exactly the same elements.

Definition 2.3. Suppose A is an integral domain. The element p € A is
said to be prime if it is not a unit, but every divisor of p is equivalent to 1
or to p itself:

alp = a~1ora~p.

2-1
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In Z, for example, £2,+3,45,... are pairs of equivalent primes; and
every number n € Z, n # 0 is uniquely expressible in the form
n =e2?3% ...,

where € = £1. (We adopt the convention that an empty product has value
1; so n =1 is included as the product of 0 primes.)

2.1 Gaussian numbers

Definition 2.4. A Gaussian integer is a complex number of the form
z=m+n (m,n € Z).

We denote the Gaussian integers by Zl[i].
A Gaussian rational is a complex number of the form

z=x+yi (x,y € Q).
We denote the Gaussian rationals by Q(1).

Proposition 2.1. The Gaussian integers Z[i| form an integral domain.
The Gaussian rationals Q(i) form a field,

Proof » 1t is clear that Z[i] and Q(7) are closed under addition and multipli-
cation. To see that Q(i) is closed under division by non-zero elements, note
that if z =2 + yi,w = X + Y then

z xty
w X 4Yi
(z + yi) (X —iY)
(X +Yi)(X —iY)
X —yY  yX —aY
T XTiy?r o XeqvEl

<

Recall that we can always extend a integral domain A to its field of
fractions F', in exactly the same way that we extend Z to Q. Thus each
element of F' is expressible as a/b where a,b € A with b # 0; and

a/b=c/d <= ad = bc.

In particular, we can identify the Gaussian rationals Q(¢) with the field
of fractions of the Gaussian integers Z[i].
Each Gaussian rational z = = + iy € Q[i| has a conjugate

Z=x—1y

in Q[i]. The map z — Z is an automorphism of Q[i], sending the Gaussian
integers Z[i] into themselves. Moreover, if z = a + bi € Z]i] then

|2]> =22 =a*+b* €N,
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Proposition 2.2. There are just 4 units in Z[i], namely +1, +i.

Proof »

Lemma 2. The number
u=a-+bi € Zi

1s a unit if and only if
uti = a® +b* = 1.
Proof » 1f
p=a’+0b
= (a+ bi)(a — bi)

we have an explicit factoring of p.
Conversely, suppose p splits, say

p = mTa.
Then
P2==|W1F|W2F-

It follows that
|ﬁF=P=Wﬁ

Thus if m = a + bi,

p=a’+ b
<
If a,b € Z,
A+ =1= a=0,b=+lora==+1, b=0,
giving the 4 units +1, 4. <

Proposition 2.3. Every Gaussian integer z = a + ib factorises into primes
(modulo the units).

Proof » We prove this by induction on |z|?. Tt is certainly true if |2]? = 1,
since then z is a unit, as we have seen.
Suppose |z|?> > 1. If z is prime, there is nothing to prove. If not, then

z = st
where neither s nor ¢ is a unit. But then
s 17 > 1 = [s] [t]* < |2

According to our inductive hypothesis, both s and ¢ can be expressed as a
product of primes, and these combine to give an expression for z = st as a
product of primes. <
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Remark. This does not, of course, prove that the expression for z as a product
of primes is unique. We shall establish that shortly.

Proposition 2.4. A prime number p € N splits into at most 2 prime factors

Proof » Suppose
p=mTy Ty

Then
|71 2|+ - [ [ = pP

It follows, by the Unique Factorisation Theorem for N, that
|7TZ'|2 =1

for all but 1 or 2 of the i. (In fact, either one of them takes the value p?, and
the rest are 1; or two of them take the value p, and the rest are 1.)

But we have seen that if |z|> = 1 then z is a unit, and not a prime. Hence
r < 2. |

If 7 = a+ b € Z[i] is prime then so is its conjugate @ = a — ib; for any
factorisation of 7 gives a factorisation of pi and vice versa:

T=2w — T = ZT.

Thus the primes in Z[i] divide into two classes: self-conjugate primes, for
which

T~ T,

and conjugate prime-pairs 7, 7.
Suppose m = a + ib is self-conjugate, ie

T~ T

Then
a —ib = e(a + ib)
where € € {£1, £i}.

Ifa=0o0rb=0then 7 ~p €& N. It is clear that p is prime number (in
the classic sense), since any factorisation of p in N is a fortiori a factorisation
of m in Z[i].

If however a,b # 0 then

T =a—1ib# £(a+ib);

and so
pi~m7 = (a—1ib) = +i(a+ib) = b= +a.



2.1. GAUSSIAN NUMBERS 2-5

But in this case a | 7; so if 7 is prime then a = +1, and then b = +1. Thus
m=+1+1.
In fact these are all equivalent:
l+1~1—i~—-14i~—1—1.

Thus there is just one self-conjugate prime, apart from those in N, namely
T=1+41.
This prime is a factor, in fact a double factor, of 2:

2= —i(l+1i)*~ %

where m =1 + 1.

Thus 2 becomes a prime-square in Z[i] (up to equivalence), while each
odd prime p must either remain prime in Z[i], or else split into 2 distinct
(and conjugate) primes.

Proposition 2.5. The prime number n € N splits in Z[i] if and only if it is
expressible in the form

p=a’+b (a,b€Z).
Proof » If p = a® + b* then we have an explicit factorisation:
p = (a+1ib)(a — ib).

Conversely, suppose p splits in Z[i]. We have seen that it must split into
2 conjugate primes:
p~ TT.
Let m = a + tb. Then
p = e(a® + b%).

Since both p and a? + b? are positive integers, it follows that € = 1, ie
p=a®+ b
|

It remains to determine which odd primes split, and which remain invio-
late in Z[i].

Note too that we have left another question open. We have not shown
that every prime 7 in Z[i] arises in this way, as a factor of some prime number
p e N.

Above all, we have not shown that prime factorisation in Z[i| is unique.
We establish this by showing that the euclidean algorithm (suitably modified)
can still be applied in Z[i].
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2.2 The Euclidean Algorithm for Z|i]

Suppose z,w € Z[i]. It is not immediately obvious that how to divide z by
w “with remainder”. However, we can accomplish this as follows. Let

z/w=1z+1y

where z,y € Q. Choose the closest integers a,b € Z to z,y. To remove
ambiguity, let

r—1/2<a<z+1/2, y—1/2<b<b+1/2.

Set
q = a + bi;
and let
r=z—qu.
Evidently
q,r € Z[i].
We have
r/w=z/w—q=s+it,
where
s=x—a, t=y—0.
Now
|s| < 1/2, [t] < 1/2;
and so

Ir/w|* = s* +1* < (1/2)* + (1/2)* = 1/2.
In other words,
r[? < |w]?/2.
Thus we have established

Proposition 2.6. Given z,w € Z[i| with w # 0 we can find q,r € Z[i] such
that
p=qu+r, |l <lq”.

This is sufficient to allow us to carry the Euclidean Algorithm over to
VAR

Ezxample. Let
z2="T4 31, w=3— 5i.

Since
2> =58, |w|* =34
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we begin by dividing z by w:

z T+ 3i

w  3—5i
(74 3d)(3 + 5i)
(3 —51)(3 + 50)
_ 6+44
T

The closest gaussian integer is
qo = %

and then the remainder is
T =2 — Qow = 2.

Now

N W
|
Do | O
.&.

w
To
The closest gaussian integer is

@ =1-23
giving

L =W —{q1To

=1+41.
Continuing in the same fashion,
To B 2
o 141
201 —-9)
(T4 (11—
=1-—uq.

Since this lies in Z[i] we have an exact division, with remainder 0:

To = g2

We conclude that
ged(z,w) =1 — 14,

the last non-zero remainder.
Note that since the ged is only defined up to a unit, we could equally well
say that
ged(z,w) =i(1 —i) =1+1.
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This extension of the Euclidean Algorithm to Z[i] allows us to assert

Theorem 2.1. (The Fundamental Theorem of Arithmetic for the Gaussian
integers Z[i]) Each number z = a + bi € Zl[i] is equivalent to a product of
primes:

Z = €My - Ty,

where € is a unit. Moreover the primes m; are uniquely defined up to order
and multiplication by units.

Note that if » > 0, ie z is not itself a unit, then we can absorb € into one
of the primes, and express z in the form

Z = MWy Ty

2.3 The primes in Z]i|

Proposition 2.7. Each prime m € Z[i] divides a unique prime number p €
N.

Proof » Suppose m = a + bi. Then
7|7 = |7]* = a® + b2

Let
a’+b* = pips- - ps

in N. Then 7 must divide one of the primes p;, by the Fundamental Theorem
for Z[i]. This prime is unique; for suppose

m|p, Tlq
where p, ¢ are distinct primes. Then

ged(p, q) = 1.

Hence we can find x,y € Z such that

pr+qy=1.
But then
T|p,qg = 7|1,
ie 7 is a unit, contrary to the definition of a prime. <

Proposition 2.8. A prime number p € N splits into at most 2 prime factors
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Proof » Suppose
P =TTy - - Ty,

Then
P’ =p|* = |m|*ml? - ||

Since

|7Ti‘2 >1
for each 7, it follows from the Fundamental Theorem for N that there are at
most 2 terms on the right. <

Proposition 2.9. The prime number p € N splits in Z[i] if and only if p is
expressible as a sum of two squares:

p=a’+b (a,beN).
Proof » 1If p is of this form then
p = (a+ib)(a —ib)

is an explicit split.
Conversely, suppose p splits, say

p = M To.
(We can absorb any unit into 7;.) Then
p* = Ipl* = [mf* ).
It follows from the Fundamental Theorem for N that
1 ? = p = |ml*.
But then, if m = a + b1,

p=|m|* =a*+ b

2.4 Quadratic residues

It is convenient at this point to introduce the notion of a quadratic residue,
which will play a central role in much of our work.

Definition 2.5. Suppose p € N is a prime number; and suppose a € Z, p 1t a.
Then we say that a 1s a quadratic residue modp, and we write

(-
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if we can find b € Z such that
a = b? mod p.

If there is no such b then we say that p is a quadratic non-residue, and we

write
(-
p

We call (2) the Legendre symbol of a mod p. We shall sometimes write
p

(-

if p | a.
Example. Suppose p = 7. Then

It follows that
42 = (_3)2 = 32’ 52 = (—2)2 e 22, 62 = (_1)2 — 12'

Thus we conclude that there are just 3 quadratic residues mod7, namely
1,2,4, ie

DGO GO O

Suppose p € N is a prime number. Then the residues {1,2,...,p — 1}
modp form a multiplicative group, (Z/p)*; and the map a + a? defines a
homomorphism

0:(Z/p)" — (Z/p)*.
The set @) of quadratic residues is the image of this map:

@ =imé.

Proposition 2.10. Suppose p € N is an odd prime number. Then just half
of the numbers 1,2,...,p — 1 are quadratic residues, and half are quadratic
non-residues. Moreover if pta,b then

()G)= ()
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Proof » The kernel of the homomorphism 6 is
kerf = {a:a* =1}
= {£1}.
For
=1 = pl|(a®*—1)
— pl(a—1)(a+1)

= pl(a—1)orp|(a+1)
— g=1lora=-1.

By the First Isomorphism Theorem for finite groups,
|ker 0][im 0] = [(Z/p)*| = p— 1.

Thus
imf| = (p —1)/2,

ie just half the elements of (Z/p)* are quadratic residues, and half are
quadratic non-residues.

The quadratic residues, as we have seen, form a subgroup ) = im#6, of
index 2 in (Z/p)*. Tt follows that

a,be ) = abeQ;

and
agQ beQ = ab¢ Q,
since b, ab € Q implies that a = (ab)b™! € Q. Thus if a ¢ Q, the bijection

(Z)p)* = (Z)p)* 1z — ax
maps ) into (Z/p)* \ @; and therefore it maps (Z/p)* \ @ into @, ie
a,bd Q) = abeq.

()= ()

This last result is simply a consequence of the fact that @) is a subgroup
of index 2; if S is a subgroup of G of index 2 (even if G is non-commutative)
then we have a unique homomorphism

In other words,

<

€:G—{£1}

such that
€lg)=1 <= geb.
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Theorem 2.2. (Gauss’s Lemma) Suppose p € N is an odd prime number;
and suppose pt a. Then

(ﬂ) = a»1/2 mod p.
p

Proof » By Lagrange’s Theorem,

a?t=1.
Thus
(a(p—l)ﬂ)? =1
It follows that
a2 = 41,

Now if a is a quadratic residue, say a = b? then

a? V2 =1 =1,

We can re-word this as follows: the quadratic residues are all roots of the

polynomial
2P-1/2 _q

over the finite field Z/(p) formed by the residues modulo p. But a polynomial
of degree d has at most d roots. It follows that the quadratic residues are all
the roots of this polynomial. Thus if a is not a quadratic residue we must

have
a? Y2 = 1 mod p.

We have shown therefore that

QP—1)/2 = <2>
p

for all a coprime to p. <

Corollary 2.1. Suppose p € N is an odd prime number. Then
(—1)_ 1  ifp=1mod4
p/) -1 ifp=3modd4.
Proof » By Gauss’s Lemma

(_?1) = (—1)e-D/2

1 if p=1mod4
-1 if p=3mod4.
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2.5 Primes in Z[i] again

We can now determine which prime numbers p € N split in Z[i], and which
remain prime.
Dealing with p = 2 first, we observe that

2= (1+14)(1—1i)~ (141)?

since (1 — i) = —i(1 +4) ~ (1 + ). Thus 2 splits into two equal primes in
Z[i]. (We say that 2 is ramified in Z][i].)
It remains to deal with the odd primes.

Theorem 2.3. Suppose p € N is an odd prime number. Then p remains
prime in
Z[i] if p = 3 mod 4; while if p = 1 mod 4 then p splits into two distinct but
conjugate prime factors:

p=TT.

Proof » 1t is easy to see that for all a € Z,
a® =0 or 1 mod 4.

It follows that
a>+b*=0,1or 2mod 4.

In particular,
a® + b* # 3 mod 4.

But we have seen that if p splits in Z[i] then p = a® + b%. Tt follows that
p cannot split if p = 3 mod 4.

It remains to consider the case p = 1 mod 4. We have seen that —1 is a
quadratic residue in this case, say

2?2 +1 =0 mod p.

We may assume that 0 < x < p. (In fact we could take 0 < z < p/2, since
—z is a solution if z is.) It follows that

(z+i)(z—i)=2"+1=pm,

where 0 < m < p. But now suppose p does not split. Since there is unique
factorisation in Z[i] it follows that

pl(x+i)orpl|(z—1i).
But then
plx+i) = (z+i)=pz = (r—1i)=pz = p]| (z —1),

and vice versa. Thus
p* | pm,
which is absurd. We conclude that p must split. <
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2.6 Representation of a number as a sum of
two squares

Proposition 2.11. Suppose n € N, n > 0. Then n is expressible as a sum
of two squares,
n=a’+ b,

if and only if each prime number p = 3 mod 4 divides n to an even power:
p=3mod4 = p* | n.
Furthermore, if p = 3 mod 4 then
p*|n = p°|a, p°|b.
(Recall that p° || n means that p® | n but p** { n.)

Proof » Suppose
n = a®+b* = (a + bi)(a — bi);

and suppose p = 3 mod 4. Since p is prime in Z[i]. it follows that
pln = p|(a+0bi)orp|(a—bi).

But
Pl (a+ib) = p° | (a—ib) = p* | n.

Thus each p = 3 mod 4 must divide n to an even power.
Note too that

p°la+bi, p°la—bi = p°|2a, p°| 2bi,
= p°|a, p°|0.

Conversely, suppose each prime number p = 3 mod 4 divides n to an even
power. Then we can express n in the form

n = PQ?
where P is a product of 2’s and prime numbers p = 1 mod 4, say

P=mpips---pr,

and () is a product of prime numbers p = 3 mod 4.
We can split each p;, say

pj = (cj + dji)(c; — dji).

Let
c+di = [](e; + dji).
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Then
E+d® =P,
and
n = (Qc)* +(Qd)?,
as required. <

Example. We cannot express 15 = 3 -5 as a sum of two squares, since the

prime 3 = 3 mod 4 occurs to an odd power in n.
On the other hand,
1000 = 2°5°

1s expressible as a sum of 2 squares, since it has no prime factor = 3 mod 4.
Our argument gives a concrete solution, namely

a+bi=(1+14)°(1+2i)°
= 2i(1 4+ 4)(—3 + 44)(1 + 29)
= 2i(1+7)(—11 — 27)
= 2i(—9 — 13i)
= 26 — 181,
giving
1000 = 26° + 187,
We can get other solutions by splitting 5% differently, eg

a+bi = (1+4)3%(1+2i)*(1 — 2i0)

=2i(144)(1 + 2:)5

= 10i(—1 + 3i)

=10(—3 — i),
giving

1000 = 30” + 10°.
Note that splitting 23 differently in the same way does not give a genuinely

new solution, since (1 —1i) ~ (1 +1).

Taking this argument a little further, we can determine exactly how many
ways there are of expressing n as a sum of two squares.

Definition 2.6. We denote by r(n) the number of ways of expressing n as
a sum of two squares,

n=a*+b (a,b€e7),

where we count all solutions separately.
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By this we mean, for example, that r(1) = 4 since
4=0%+ (£2)? = (£2)* + 02
Similarly, 7(5) = 8 since
5= (£1)* 4 (£2)? = (£2)* + (£1)%
Proposition 2.12. Suppose

n — 9¢2 H pelJ H p2fp

p=1 mod 4 p=3 mod 4

) =4 H (e, +1).

p=1 mod 4

Then

Proof » Since
n=a’>+b* = (a+ib)(a — ib)
the number of solutions, r(n), is just the number of ways of factorising n in
Z[i).
For each prime p = 1 mod 4 let us choose a definite factorisation

P = TpTp.
By the Fundamental Theorem for Z[i], a + bi can be expressed uniquely

in the form
a+bi =eoi'oy? 057,

where € is a unit, and each o is either (1;), a prime number p = 3 mod 4 or
one of the factors m, or 7, of a prime number p = 1 mod 4.

Now we see that the only options we have in constructing a + b are in
the choice of one of the 4 units for €, and a choice between the factors 7, and
7p for the prime numbers p = 1 mod 4 dividing n.

The choices for these prime numbers are independent, and we can treat
them separately. Suppose then that p = 1 mod 4, and suppose

p° [ n.
Writing 7, 7 for m,, 77, we have to divide the factors m°pi® between a + bi and
a — bi.
In fact it is sufficient to determine how the factors 7¢ are divided between
a + bi and a — bi; for
ma+bi, 7 || a—bi = pi¢ || a+0bi, pi’ || a—bi.

Thus we have just e + 1 choices, namely f =0,1,...,e.
We conclude that
=4 H (e, +1).

p=1 mod 4



Chapter 3

Primality in Z|w]

3.1 The ring Z|w]
Let
wWwi=1, w#l

(We may take
w =3 = (=14/3i)/2

if we like to think of w as a complex number.)
Since
2 —1=@-D@*+r+1)

we have
WP+ w+1=0.

This has the two roots w and w?. Thus the complex conjugate of w is

2

w=w".
More generally, if
z=a+ bw
then
Z=a+ bw;
and so
|22 = 22
= (a + bw)(a + bw?)
= a® + ab(w + w?) + b?
=a?—ab+V?,
since w + w? = —1.
Note that

a®> —ab+b* = (a — b/2)* + 3b* /4

3-1
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is positive-definite, ie
a?—ab+bv?>0anda® —ab+ b =0 < a=b=0.

Thus
z € Zlw] = N(z) € N;

and
N(z)=0 <= 2z=0.

Definition 3.1. We denote by Z[w] the set of numbers of the form
a+ bw (a,b € Z);

and by Q(w) the set of numbers of the form
a+ bw (a,b € Q).

Proposition 3.1. Z[w] is an integral domain, and Q(w) is its field of frac-
tions.

Proof » Evidently Z[w| and Q(w) are both closed under addition.
Suppose
z=a+bw, w= A+ Bw.

Then
zw = aA+ (aB + bA)w + bBw?
= (aA —bB)+ (aB+ bA — bB)w,
since w? = —1—w. Thus Z[w]| and Q(w) are both closed under multiplication.
It follows that Z[w] is a ring (in fact an integral domain).
Also
z  a+bw
w A+ Bw
(a4 bw)(A+ Bw?)
- (A+ Bw)(A+ Bw?)
(aA+bB —aB) + (bA — aB)w

A2 — AB + B? ’

so Q(w) is closed under division by non-zero elements. Thus Q(w) is a field.
<

Proposition 3.2. There are just 6 units in Zw]: +1, 4w, +w?.

Proof »
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Lemma 3. The number
u=a+bw € Zw]
15 a unit if and only if
uti = a® — ab + b* = 1.

Proof » If utu = 1 then w is certainly a unit with inverse «. Conversely,
suppose u 1s a unit, say
uv = 1.
Then
|2

lul?lvf =1 = |ul* =1.

By the Lemma, u = a + bw is a unit if and only if
a® —ab+b* = 1.

In this case,
4a* — 4ab + 4b* = (2a — b)? + 3b* = 4.

Thus b = 0, 41; and similarly a = 0, £1. Thus any unit must lie in the set

{£1, 4w, +1 + W}

We have
l4w=—-w? —1—w=uw*
while
z=14(l1-w) = 2zz2=1+1+4+1=3.
We conclude that the only units are the 6 given. <

3.2 The Euclidean algorithm in Z|w|

We can extend the Euclidean algorithm to Z[w] in exactly the same way that
we extended it to Z[i].
Thus suppose z,w € Z[w|. Let

z/w =z + yw,
where x,y € Q. Let a,b be the closest integers to x,y, say
r—12<a<x+1/2, y—1/2<b<y+1/2.

Set
q=a+bw.
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Then
z/w—q=s+tw

where
s, [t] < 1/2.
It follows that
|2/w = q* = |s + tw]®
= 5% — st +t?
< (1/2)* + (1/2)* + (1/2)* = 3/4.
Thus if we set
r=z—qu,
then .
2 212
rf? <l
In particular, we have established
Proposition 3.3. Suppose z,w € Z[w], with w # 0. Then we can find

q,7 € Z|w] such that
z=qu+r,  |r]* < g’

This proposition allows us to implement the Euclidean algorithm; and as
a consequence we have the following

Theorem 3.1. (The Fundamental Theorem of Arithmetic for Z|w]) Fach
number z € Z[w] can be factorised into prime factors; and the factorisation
18 unique up to the order of the factors, and multiplication by units.

3.3 Quadratic residues revisited

Suppose p is an odd prime. It is convenient to choose the residues modp
from the set

—p/2 <r < p/2.
We can then divide the set of residues
R={-(p-1)/2,...,—-1,0,1,...,(p—1)/2}

into 3 disjoint subsets

R=-SU{0}US,

where
S:{laa(p_l)/2}> _S:{_L"-a_(p_l)/z}'
Suppose a € Z, p 1 a. Consider

aS ={a,2a,...,(p—1)a/2}.

We can divide the residues ia mod p into 2 sets; those in S and those in —S.
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Proposition 3.4. Suppose a € Z, pta. Then

(-

where p s the number of residues ia (0 < i < p/2) lying in the subset —S.

In other words, p is the number of numbers in the range 1 < ¢ < (p—1)/2
such that the least positive remainder of ai mod p is > (p+1)/2.

Proof » By Gauss’s Lemma,
(2) = (—1)(1”*1)/2 mod p.
p

Lemma 4. For each r € S there is exactly one v € S such that
ai = £r mod p.

Proof » Suppose both remainders +r mod p appear in a5, say
as=r, at = —r.

Then
a(s+1t)=0.

But that is impossible since 0 < s +¢ < p (and pta).

Thus the (p — 1)/2 elements aS are distributed among the (p — 1)/2
“pigeon-holes” {£r}, with at most one in each. It follows that there is
exactly one in each. >

On multiplying together the elements of a5,
[T =0 ]
= i€s
where p is the number of elements of aS in —S. On the other hand,
H ai = qP~D/? H 7,
i€s i€s

We conclude that

(=1)* mod p.
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Corollary 3.1. Suppose a > 0. Then
<%> = (—1)" mod p,
where
= [p/a] = [p/2a] + [3p/a] — -+ — [(a — 1)p/2a] + [p/2] if a is even
[p/a] — [p/2a] + [3p/a] — --- — [(a — 2)p/2a] + [(a — 1)p/2a] if a is odd

(Here [x], as usual, denotes the greatest integer < z.)
Proof » Suppose ia mod p € =85, say
1a =mp+r,
where p/2 < r < p. In other words,
mp + p/2 <ia < (m+ 1)p,
ie
(m+1/2)p/a<i<(m+1)p/a.
The number of numbers ¢ in this range is
[(m +1)p/a] — [(m +1/2)p/a].
For m =0,1,2,...,[a/2] this gives

[p/a] — [p/2a], [2p/a] — [3p/24a], [3p/a] — [5p/2al, ...,

ending with [p/2] —[(a—1)p/2a] if a is even, and [(a — 1)p/2a] — [(a —2)p/2al]

if a is odd.

Corollary 3.2. Suppose p is prime, p # 2,3. Then
(3) )1 if p= 41 mod 12
p)  |-1 ifp==+5mod12.
Proof » By the Proposition,

(2) = w31 - sl

Consider the function

f(n) = [n/3] = [n/6],

<

for n € N. If n is increased by 12, then [n/3] increases by 4 and [n/6] by
2. Thus the parity of n (ie whether n is even or odd) does not change. It
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follows that it is sufficient to consider n in the range 0 < n < 12; and since
we are only interested in the value of f(p) for primes p we need only consider
n=1,5711. But

f(y=0-0=0,
fG)=1-0=1,
f(=2-1=1,

fa1 =3-1=2.

We conclude that 3 is a quadratic residue modp if p = 1 or 11 mod 12, ie if
p = £1 mod 12; and 3 is a quadratic non-residue if p = 5 or 7 mod 12, ie if
p = 45 mod 12. <

Proposition 3.5. Suppose p € N is an odd prime; and suppose a,b € Z,

with p 1 a,b. Then , b
) -C)G)

Proof » By Gauss’ Lemma,

(a_b) = (ab)?"V/2 mod p
p

- (a)(p—l)/2(b)(p—1)/2

-()0)

Since each side has value 41, the result follows. <

Corollary 3.3. Suppose p is a prime, p # 2,3. Then
(—3) _J1 ifp=1mod3
p/) |-1 ifp=+2modS3.

-0

this is just a matter of combining the results for

(—_1) (v {1 if p =1 mod 4

D —1 if p=3mod4

Proof » Since

with the result for (§) above. We conclude that
b

Ix1=1 if p=1mod 12
-3\ J1Ix-1=-1 ifp=>5mod]l2
(?) Ix-1=1 ifp=7mod12
Ix1l=—1 ifp=11mod 12

which is equivalent to the stated result. <
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3.4 The primes in Z|w]
Proposition 3.6. A prime number p € N splits into at most 2 factors in
Z]w].
Proof » Suppose
p =T Ty
Then
p* = |mPlml - |

Since |7|? > 1 for any prime 7, it follows from the Fundamental Theorem in
N that there are at most 2 prime numbers on the right. <

Proposition 3.7. The prime number p € N splits in Z|w| if and only if p is
expressible in the form
p=a’®+ab+ b

with a,b € Z.
Proof » 1f

p=a*+ab+ b’
= (a — bw)(a — bw?)

we have an explicit factoring of p.
Conversely, suppose p splits, say

p = mTo.

Then
P2 = |7T1|2|7T2|2-

It follows that
\WJZ =p= |7T2|2

Thus if m = a + bw,

p =a® — ab+ b

=a’+aB + B?,
with B = —b. <
Proposition 3.8. Every prime 7 in Z[w)] is a factor of a unique prime num-
ber p € N.
Proof » Let

N(m) =7pi =pi...p,.

By the Fundamental Theorem for Z[w], © must divide one of the factors
pi,...,pr on the right.
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On the other hand, suppose 7 | p, ¢ where p, ¢ are distinct prime numbers.
There exist x,y € Z such that

pxr+ qy = 1.

It follows that
|1,

which is absurd. |

Evidently 3 splits into 2 equivalent factors in Z[w]:

where
n=1+2w.

We say that 3 is ramified in Z|w].

Proposition 3.9. Suppose p is a prime number, p # 2,3. Then p splits in
Z|w] if and only if p =1 mod 3.

Proof » Suppose p splits in Z[w]. By Proposition [3.7]
p=a’+ab+ b’
for some a,b € Z. In particular,
a’ +ab+b* = 0 mod p,
with p t a,b. Hence
4a® + 4ab + 4b* = 0, modp
ie

(2a + b)* + 3b* = 0 mod p.

20 +b\>
(a;— ) + 3 = 0 mod p.

(Note that we can treat b=! as an integer modp. In effect b has an inverse
modp, say bb' = 1 mod p, and we may regard b~! as an alias for 0'.)
It follows that —3 is a quadratic residue modp:

)

As we have seen, the condition for this is that p = 1 mod 3. So p certainly
does not split if p = 2 mod 3.

Hence
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Conversely, suppose p = 1 mod 3; and suppose p does not split in Zw].
As we just saw, —3 is a quadratic residue modp, ie we can find x € Z such
that

22 4+ 3 = 0 mod p,

say
22 4+ 3 = pm,

for some m € N.
We can re-write this as

(. +vV=3)(x — vV/=3) = pm.

By the Fundamental Theorem for Z[w], since p (by hypothesis) remains prime
in this ring,

p|x+v=3,
ie
x4+ V-3 =pla+bw).
Comparing the coefficients of v/—3 on each side,
1 =pb/2

which is absurd.
Therefore p must split; and the proof is complete. <

Proposition 3.10. Suppose p is a prime number = 1 mod 3. Then there
exist unique integers a,b with 0 < a < b such that

p=a®+ab+ b
Proof » We know that p splits in this case, say
p=TT.

If

T=a— bw

then (a,b) will be a solution to the equation; and every solution will arise
from a factor of p in this way. Thus there are just 12 solutions; if 7 is one
solution these are:

+7, dwr, Fw?n, 7, Fwr, Tw?T.
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Thus the solution (a, b) gives rise to the solutions:

+7 = +(a — bw) — £(a,b),

+wm = +(aw — w?) = £(b+ (a + b)w) — +(b, —a — b),
+w?r = £(aw? — b) = &(—a — b — aw) — +(—a — b, a),
+7 = +(a — bw?) = (a + b+ bw) — +(a+0b,-b),
twm = t(aw — b) = £(—b + aw) — +(—=b,—a),
+w?7 = +(aw? — bw) = £(—a — (a + b)w) + £(—a,a +b)

Let (a,b) be a solution with minimal |a|. Since (b,a) is also a solution
we have |a| < [b|. In fact, since b = +a = a? | p, we must have |a| < |b].
Also, since (—a, —b) is a solution we may assume that a > 0. If now b < 0
then b < —a and so the solution (—a — b,a) has both ‘coordinates’ > 0.
Thus, after swapping the coordinates if necessary, we have a solution (a,b)
with 0 < a < b.

On the other hand, it is readily verified that if (a,b) is such a solution
then none of the 11 other solutions has the same property. Ergo there is just
one such solution. <

Example. Suppose p = 37. Since 37 = 1 mod 3 we can find a,b € Z with
0 < a < b such that
a® 4 ab + b* = 37.

Since a < b,
3a® < 37.

Thus a = 1,2 or 3. A brief inspection yields the solution

a=2,b=25.

3.5 Fermat’s Last Theorem for exponent 3
Theorem 3.2. The equation
2yt 4+ 22 =0

has no solutions in Zlw] except x =y =z = 0.
A fortiori it has no solutions in the integers Z except x =y = z = 0.

Idea of proof. As the details of our proof are rather intricate, it may help
if we give a very crude outline of the argument. There are two different ideas
involved.

1. We can write the equation in the form

(2 +y)(z +wy)(z +wy) = (=2)"
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Now suppose the 3 factors on the left were “pairwise coprime”, ie no 2
of them had any factor in common. Then we would conclude that each
of them was a cube, up to a multiple, say

r4+y=eX? v+wy=€Y3 x4+ wiy=€2
where €, €, ¢’ are units.
2. We have
(z+y) +w(z+wy) +w(z+wy) =0.
Thus (using the result above)

X34+ Y3+ 6723 =0.

where €1, €5 are units.

Now this is an equation of the same form as — perhaps a bit more
general than — the equation we started with, and we have a much
smaller solution (approximately the cube root of the previous one).

This is the crux of Fermat’s “method of infinite descent”; if every so-
lution leads to a smaller solution then we will reach a contradiction.

We have over-simplified in describing the first idea above; it turns out
that  +y, * +wy, = + w?y actually do have a factor in common, but one
which we can easily deal with.

Proof » We may assume that x,y, z have no factor in common. Since any
prime factor of two of these is necessarily a factor of the third, this implies
that z,y, z are pairwise coprime:

ged(z, y) = ged(x, 2) = ged(y, z) = 1.

Let
T=1—w.
Then 7 is a prime in Z[w]|, since
7| = 3;
and
3= —wln? ~ 7t

Lemma 5. There are just 3 residue classes modm, represented by 0, +1.

Proof » 1t is easy to see that these 3 elements are not congruent mod 7. For
example,
—l=1lmodrm = 7|2,

which is impossible since 7 | 3 and ged(2,3) = 1.
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Since 7 | 3,
r=ymod3 = x =y mod 7.

There are 9 residue class mod3 in Z[w]|, represented by
a+bw (a,be {0,£1}).

(We could equally well have taken a,b € {0,1,2}.)
It is sufficient therefore to show that the 6 elements

at+w, a—w (ac{0,%1})

are each congruent modr to one of {0,£1}. That is straightforward. For
example,
w=1lmodm

since 1 —w = 7. And

l+w=—w’=—-1modr
since 1 — w? = —w?(1 — w), while
—1+w=—m=0mod 7.

Taking the negations of these 3 congruences,
—w=-1, -1—-w=1,1—-w=0.
We conclude that there are just 3 residue classes, represented by 0, £1. <«

Lemma 6. Suppose x € Z|w|. Then
zt=1modnm = 2*=1mod r;

and

3 _ 4

r=—-—1lmodnrm — =z« —1 mod 7*.

Proof » Suppose x = 1 mod 7, ie
r=1+ma
for some a € Z[w]. Then
2® =1+ 3ma + 3r%a® + ma’.

It follows at once that

23 =1 mod 72,

3. To improve this

since the last 3 terms on the right are all divisible by =
result, we note that

| 3n?,
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since 7% | 3. We are left with
3ra+ ma® = —wna + 7ta’
= (—w® + a*)ar®

= (a — w)(a + w)ar.
But now it is readily verified that
| (a—w)(a+w)a
if a =0,+£1. It follows that
7t | (3ma + ma?)

in all cases; and so

r=1modr = 2°=1mod r*.

Taking the negative of this,

r=—-1modr = 2°=—1mod r*.

Lemma 7. Suppose
3.,.3 . .3
0 +y +2°=0,
where x,y, z are pairwise coprime. Then x,y, z must have remainders 0, £1 mod
T in some order.

Proof » Evidently
23 4+ 3 + 2% = 0 mod 7.

But each of 23, y3, 2% is congruent modz? to 0,41. The remainders are not
all 0, since x,y, z are coprime. Thus the only way they can sum to 0 is if
they are 0,1, —1 in some order. <

We may suppose without loss of generality that
r=1modm, y=—1modxw, z=0mod 7.

Lemma 8. In fact

2

Tz = 7|z

and so
™ | 2°.
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Proof » By Lemma [6]

2> =1mod 7*, ¥ = —1 mod 7 = 2* =0 mod 7.

But
6| 3

™28 = 1|z = 7|2

It follows that we can write our equation
23 48 = 1%,

where t = —z /7%
We shall prove that the more general equation
23+ 4 = en®t,

where 7 1 x,y and € is a unit, has no solution in Z[w| apart from z = y =
t=0.

We may assume here that € € {1,w,w?}, since the factor —1, if present,
can be absorbed into .

We can factorize the cubic on the left:

(z +y)(z +wy)(z +w’y) = en’t’,
Lemma 9. The 3 factors on the left have just the factor ™ in common:
ged(z +y, v+ wy) = ged(z +y, =+ w?y) = ged(z + wy, =+ wy) = 7.

Proof » We have

dl(z+vy), d| (z+wy) = d|(x+y)— (z+wy) = d|ny.
Similarly

dl(x+vy), d| (z+wy) = d|wx+y) — (z+wy) = d]|mz.
Hence

d| (z+y), d| (x+wy) = d|nged(z,y) = d|m.

Thus
ged(z +y, x+wy) =1 or m;

and the same result holds true for the other 2 pairs of factors.
Our argument also shows that

T|(x+y) <= 7| (z+wy) <= 7| (x+).

Since one at least of these factors is divisible by 7 (as their product is divisible
by 79) it follows that all are divisible by 7, two of them being exactly divisible
by 7 and the other being divisible by at least 7. <
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After replacing y by wy or w?y, if necessary, we may suppose that
(@ +y), 7| (@ +wy), 7| (z+w’y).
It follows from the equation
(z +1y)(z +wy)(z + Wy) = 7%
that the three factors on the left are expressible in the form
rH+y=eanZd r+wy=erX? r+ 'y =erY?,
where €1, €9, €3 are units, and X, Y, Z € Z[w| with 7 | Z but 71 X, Y. But
(x+7) + (x+wy) + (z +wy) =0.
It follows that
X+ eY?=€27°

where €, € are units. Since we could absorb a factor —1 into the cube, we
may assume that e, ¢ € {1,w,w?}.

Now X3 Y3 = +1 mod 7 (in fact mod=?, but we don’t need that here).
Since w3 | Z3 it follows that

+1+¢=0mod 7.

It follows from this that ¢ = 1, since none of the other combinations +1 =4
w, 1+ w? is divisible by 73.
Thus our equation takes the form

X34+Y3=eZ2® (mtX,)Y, 7| 2),

where € € {1,w,w?}. This differs from our original equation in having a
unit on the right. However, this does not affect our argument, which only
involved factorisation of the left-hand side.

We conclude that any solution of one of these three equations (corre-
sponding to the three possible values of €) leads to another solution of one of
the equations. Moreover, this new solution is smaller than the one we started
with, if we measure the size of a solution (z,y, z) by max(|z|, |y|, |z|). For

X2, VP, 2P < 2max(|z], |yl, |2]);
and so
1/3
max(| X, [Y],]2]) < (2max(|z], |y, ]2])"* .

Since (2N)Y/3 < N for N > 2, while 7 | = = |z| > 3, we conclude that
— starting from any solution — iteration of our “descent” is bound to lead
to a contradiction. Hence there is no solution. <
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3.6 Pythagorean triples

Our proof of Fermat’s Last Theorem for n = 3 used factorization in Z[w], as
well as Fermat’s “Method of Infinite Descent”. The proof in the case n = 4
only uses the latter, and so may illustrate the method more clearly.

As a preparation for this, we consider the Pythagorean equation

x? —|—y2 =22

We know of course that this has integral solutions, eg (3,4,5). We want to
find all solutions.
We may assume that
ged(x,y,2) = 1.

One of x,y must be even, and the other odd; for if both were odd we would
have
2?4+ y*=1+1=2mod 4;

but
22=0o0r 1 mod4

for all z € Z.

Definition 3.2. A solution of Pythagoras’ equation

2 2 2
Tt +yt =z

with z,y,z € N, ged(x,y,2) =1 and x odd, is called a Pythagorean triple.

Proposition 3.11. Suppose (x,y, z) is a Pythagorean triple (z,y,z). Then
there exist unique u,v € N such that

r=u® — v, Yy = 2uv, 2z =u? + 02

Furthermore ged(u,v) = 1, one of u,v is odd and the other even, and u > v.
Conversely, each such pair u,v € N defines a Pythagorean triple (x,y, z).

Proof » Suppose (z,y, z) is a Pythagorean triple. Let y = 2Y. Then
4y =22 -2 = (2 +2)(2 — 2).

Since x, z are both odd, z + y, x — y are both even.
We claim that
ged(z +x, 2 — ) = 2.

For

dlz+z,d|z—2 = d|2z,d|2r = d]|2gcd(z,z)=2.
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Now suppose p € N is a prime number. Let p© || Y. Then it follows that

P Il (z +2)/2, pt(z —x)/2 00 p* || (2 = 2)/2, pt (2 +2)/2.

Thus, taking u to be the product of the p° in the first case, and v to be the
product of the p® in the second case,

Y =uv, (z+2)/2=1u? (2 —1x)/2=10%

and so
Yy = 2uv, z=u?+ 0%, z=u>—v%
Since u? = (z + z)/2, v* = (2 — x)/2, the numbers u,v € N are uniquely
defined by (z,vy, 2z). Also ged(u,v) = 1, since
d|luv = d* |y, z

If u,v were both odd then z,y, z would all be even; hence one is odd and
the other even. Finally, u > v and therefore, since one is even and one odd,
u > .

Conversely, it is readily verified that

(uz _ 02)2 + (2uv)2 — (u2 + 02)2;

so any pair u,v € N with u > v will give a solution of Pythagoras’ equation.
Moreover, if one of u, v is odd and the other even then x, z are odd. Finally,
if ged(u,v) = 1 then ged(zx,y, z) = 1. For suppose p | x,y, z for some prime
number p. Then p is odd (since z is odd) and so

ple,z = pl(x+2)/2,(x—2)/2
— p\uQ,v2
— p|u,v.

Ezample. The pair (u,v) = (2,1) gives the Pythagorean triple

Similarly

and so on.
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3.7 Fermat’s Last Theorem for exponent 4

This was, as far as is known, the only case proved by Fermat.

Theorem 3.3. The equation

$4+y4:2’4

has no solutions in Z. except v =y = z = 0.

Proof » We shall prove a slightly more general result, namely that the equa-

tion
e y4 — 2

has no solutions in Z except x =y = z = 0.

We may suppose that z,y,z € N, and that x,y, z are pairwise coprime.
One of z,y must be even, and one odd, on considering remainders mod4.
Let us suppose that z is odd, and y even. Then (22,9?%, z) is a Pythagorean

triple, and so there exists unique u,v € N such that
2 = u? — 1, y2 = 2uv, z = u? 4+ v%

Moreover, ged(u,v) = 1.
Since 22 = 1 mod 4, v must be odd and v even, say

v=2.

Then
y? = du,

with ged(u,v’) = 1. But this implies that

where s,t € N with ged(s,t) = 1. Thus

2?2 = s — 4t
ie

2?4 4tt = st

This is a little like our original equation. We apply the same idea, but
now to the Pythagorean triple (x,2t? s?). By Proposition [3.11} there exist
unique U,V such that

r=U?-V? 22 =20V, s> =U?+ V2
Since * = UV and ged(U, V) = 1,
U=X*V=Y?
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for X, Y € N. Thus
s°= X'+ Y4
This is identical to our original equation, with XY, s in place of z,y, z.
Thus each solution (x,y, z) of the equation gives rise to a (much) smaller

solution.
To see how much smaller, let us take z as a measure of the size of the

solution. Then
s =+u < vz

Clearly if we iterate this “descent” we shall rapidly reach a contradiction.
A |

3.8 Algebraic numbers and algebraic integers

We have skated around one issue in the discussion above. Since w = (—1 +

V=3)/2,

However,
Z]v —3] C Z]w] but Z[V 3| # Z|w],
since w is not expressible in the form

w=a+bv—3

with a,b € Z.

Why then did we choose Z[w] for our ring of integers rather than Z[/—3]?
It is easy to see that if we had chosen the latter we would have lost unique
factorisation. For consider

2 =920 =—1++/-3.

We have
2Z=4lwf*=4=2-2.

However, z is ‘prime* in Z[y/—3]; for if it factored, say
Z =,
where u, v are not units then we must have
lul> =2 = |v]%.
But if u = a + by/—3 (with a,b € Z) then
lul* = a® + 3b* £ 2.

It turns out that the solution to this ‘problem’ is simple; we must take
all the algebraic integers in Q(w) as our ring of integers.
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Definition 3.3. The number o € C is said to be algebraic if it satisfies a
polynomial equation

f@)y=a"+ca" '+ 4c, =0

with c1,...,c, € Q. We denote the set of algebraic numbers by Q.
The number « is said to be an algebraic integer if it satisfies a polynomial
equation
f@)y=a"+ca" '+ 4c, =0

with ci, ..., c, € Z. We denote the set of algebraic integers by Z.

Proposition 3.12. The algebraic integers 7 form an integral domain. The
algebraic numbers Q form a field, the field of fractions of Z.. Moreover,

ZCZ,QcQ.
Proof » The last part is trivial; if o € Q then « satisfies the equation
r—a=0,

and so o € Q. Similarly if o € Z then o € Z.

We show next that Q is a field. The complex numbers C form an infinite-
dimensional vector space over Q. We are interested in finite-dimensional
subspaces of this vector space.

Lemma 10. The number o« € C 1is algebraic if and only if we can find a
finite-dimensional vector subspace V- C C over Q such that

aV CV.
Proof » Suppose first that a € Q, say
fla)=a"+a ™'+ +a,=0.

Let
V={1,a,ad*.. .,

2 ...,a"'. Then it is easy to see that

be the vector space spanned by 1, o, «
aV CV;

for
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where V' is a finite-dimensional subspace of C. Let eq,...,e, be a basis for
V. Then

oe; = ;161 +  Ainen (1 <i<mn).

It follows that

det(al — A) =0,
where A is the matrix
a; a2 ... Q1np
A=
Ap1 Ap2 ... Qpp-

Thus « satisfies the polynomial equation
det(zl — A) =0,
with coefficients in Q. Hence a € Q. <

Now suppose «, 8 € Q, say
Q™ +a ™+ da, =0, BB b, = 0.
Let o
V=(p:0<i<m,0<j<n)
be the vector space (over Q) spanned by the numbers o/37. Then
oaVCV, pvV CV.
It follows that
(a£B)V CV, (ap)V C V.

Hence B
atB,ab € Q.

Suppose a # 0. The sequence of decreasing vector spaces
VoaV oadV. ..

must be stationary, say
oV =o'V

Let U = o"V. Then
alU =1,

and so
a U =U.

Hence o~ € Q.

We have shown therefore that Q is a field. We show next that Z is a ring.
The proof is superficially similar, using finitely-generated additive subgroups
of C in place of finite-dimensional vector subspaces.
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Lemma 11. The number o € C is an algebraic integer if and only if we can
find a finitely-generated subgroup A C C such that

aA C A
Proof » Suppose first that a € Z, say
fla)=a" +aa" +---4a, =0,
where aq,...,a, € Z. Let
A=(l,a,a% ...,a"")

be the abelian group generated by 1, a, a2, ..., a" !, ie the set of numbers of

the form

n—1
0=ap+aa+ -+ a, 10" ",

where ag, aq,...,a, € Z.
Then we see as before that

aA C A,

Conversely, suppose
aA C A,

where A is a finitely-generated subgroup of C. Let ¢q,..., g, be generators
of A. Then
agi = g1 + - QinGn (1<i<n).

It follows as before that « satisfies the polynomial equation
det(zl — A) =0,
with coefficients now in Z. Hence o € Z. <

Now suppose «, 8 € Z, say
™ +a ™t o a, =0, B0+ b, = 0.

Let o
V={('p:0<i<m,0<j<n)

be the abelian group generated by the numbers o?3’. Then
aVCcV, pvV CV.

It follows that
(axp)V CV, (aB)V C V.

Hence B
a*xp,apf € Z,
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and so 7Z is a ring. B B B
It remains to show that Q is the field of fractions of Z, ie that every z € Q
is expressible in the form

U
z=—
v

with u,v € Z. In fact we shall prove the following stronger result.

Lemma 12. Each algebraic number o € Q is expressible in the form

where B € Z, d € N.
Proof » Suppose « satisfies the equation
Q" + a4 4a, =0.

On multiplying this by the product, d say, of the denominators of the a;, we
can write it in the form

do™ +ba™ 4 by =0,
where by,...,b, € Z. But then
b =da
satisfies the equation
B+ dby S 4 - 4 d by = 0,
and so 3 € Z. |

<

_ The following result — although we shall make no use of it — shows that
Q and Z are both in a sense complete.

Proposition 3.13. The algebraic numbers Q are algebraically closed, ie if
a € C satisfies the equation

a"+a "t 4a, =0,

with a1, . ..,a, € Q, then a € Q.
Similarly, the algebraic integers 7. are integrally closed, ie if a € C sat-
i1sfies the equation
QA" +a "t 4a, =0,

with a1, . ..,a, € Z, then o € Z.
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Proof » Suppose ¢; satisfies an equation of degree d; over Q. Let V be the
vector space spanned by the elements

Adn (0< G <dy,...,0< g, <dp).
Then it is readily verified that
aV CV;

and so « is algebraic.
Similarly, if the ¢; are algebraic integers, let A be the abelian group gen-
erated by the same set of elements. Then

aA C A

and so « is an algebraic integer. <

Finally, we introduce the general concept of a number field, and show
that it is not perhaps as general as one might fear.

Definition 3.4. A number field is a subfield k C C which is of finite dimen-
sion as a vector space over Q.

Proposition 3.14. Fvery number field k is generated over Q by a single
algebraic number o

k=Q(«).

FEach element of k is expressible as a polynomial in «, and is algebraic.
Proof » First of all, if o € k then « is algebraic by Lemma (10 since
ak C k.

To see that k is generated by a single element, it is sufficient to show that
if a, B € Q then
for some element 6.

To see this, suppose a, [ satisfy the equations

fla)=a™ +aa™ '+ +a,=0,gB)=B"+b8""+ - +b, =0.
Let the roots of these equations be
aO=0Q1,...,0n, B=701,...,0n.

Now let
0 =a+cp,
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where ¢ € Q is chosen so that the numbers o; + ¢f3; are all distinct, ie
Oéi—i‘Cﬁj :Oéi/—i—Cﬂj/ > ’L:Z/,]:]/

(This is certainly possible since we only have to avoid a finite number of
numbers.)
We shall show that

o, 3 € Q(6),

from which it will follow that Q(«, 5) = Q(0), as required. The proof is
deceptively simple.

Since
a=0-—cp,
[ is a root of the equation
f@—cx)=0
over Q(#). But f is also a root of the equation
g(x) =0.

These two equations have only the root # in common; for suppose a root of
the second equation, say [3;, satisfies the first. Then

f(0 = cB;) =0,
and so
0 — cB; = aj,
le
ay +cfy = o; + B,

which is only possible if 2 = j = 1 by our choice of c.
It follows that the ged of these two polynomials over Q(f) is = — .
Consequently, 5 € Q(0); and so also a € Q(#), ie

Q(e, 8) = Q(0).
<

Algebraic number theory is the study of these number fields k& = Q(«).
As integers in the number field k£ we take the algebraic integers in k, ie the
ring

kNZ.

Since we introduced the concept of an algebraic integer in order to explain
why we took Z[w] rather than Z[v/—3] as our integers in Q(w) = Q(v/—3),
we should show that these are indeed the algebraic integers in this field.
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Proposition 3.15. The algebraic integers in Q(w) are just the numbers
a+ bw (a,b € Z).

Proof » Certainly

w € 7,

since w satisfies > — 1 = 0. Hence
a+bweZ

for a,b € 7Z.
Conversely suppose B
r=x+y€E€lL

where x,y € Q. Since z and its complex conjugate z satisfy the same poly-
nomial equations over Z, it follows that
Z=x+ yw2 € Z.
Hence B
24+z=2v—yecZnNQ==2.

Similarly )
Wiridwi=—r+29€ZnNQ=727.
It follows that
3r e, 3yel, x+vy €.
In other words,
a=m/3, b=mn/3,

where m,n € Z and 3 | (m +n).

Thus if there were any algebraic integer of the form z + yw, where x
and /or y is non-integral, then it would follow — on subtraction of a + bw for
suitable a,b € Z — that

But that is impossible, since



Chapter 4

Primality in Z[v/2]

4.1 The ring Z[v?2]

Definition 4.1. We denote by Q(v/2) the set of numbers of the form
a+bvV2  (a,beQ);

and by Z[\/2] the set of numbers of the form
a+bv2 (a,b €Z).

Proposition 4.1. Z[\/ﬁ] is the ring of algebraic integers in the number field
Q(v2): i
Q(V2)NZ =Z[V2].

Proof » First we show that Q(v/2) is a field, and Z[v/2] a ring. Each is
evidently closed under addition. Suppose

z=a+b/2, w=A+ BV2.

Then
2w = (aA + 2bB) + (aB + bA)V?2.

Thus Z[v/2] and Q(v/2) are both closed under multiplication. It follows that
Z[\/2] is a ring (in fact an integral domain).
Also

_a+ bv/2
= B
(a4 bv/2)(A — Bv?2)
(A+ BV2)(A - BV?2)
(aA —2bB) + (bA — aB)V2
A2 —2p? ’

4-1
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so Q(v/2) is closed under division by non-zero elements. Thus Q(v/2) is a
field; and it is clearly the field of fractions of Z[v/2].

It remains to show that Z[v/2] is the integer ring of Q(1/2). The minimal
polynomial of

z=a+bV2
is
(x —a)* = 2b%,
ie
2% — 2ax + (a® — 2b%) = 0.
It follows that z € Z, ie z is an algebraic integer, if and only if
2a € Z and a* — 2b* =n € Z.

Let 2a = a'. Then
a’* — 8b? = 4n.

It follows that
(4b)* = 2d° — 8n € Z;

and so
4b € 7,

say 4b = b". Then
24"° — b"* = 8n.

Hence 0" is even, say b = 2V, ie 20’ = b. Thus
o> — 20° = 4n.
Hence o' is even, ie a € Z. But now
2a% — b = 2n,
and so V' is even, ie b € Z. Thus a,b € Z, ie z € Z[V?2)]. |
Proposition 4.2. The map
z=a+0V2— i=0a—-0vV2:Q(V2) » Q(V2)
is an automorphism, which sends Z[\/2] into itself.
Definition 4.2. We define the norm of z = = + y/2 to be

N(z) = 22 = a — 2b*.
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Proposition 4.3. If z,u € Q(v/2) then
N(zu) = N(z)N(u);
and
N(z)=0 <= 2z=0.
Furthermore, if z € Z[\/2] then
N(z) € Z.
Proof » For the last part,

N(zu) = (zu)zu = zuzu = (22)(ur) = N(u)N(v).

4.2 Integers in Q(y/m)

We have looked at three quadratic number fields — the ‘purely imaginary’

fields Q(i) and Q(w) = Q(+/—3) and the real field Q(+/2).

In the first and last cases we found that the algebraic integers were just
what might be expected: the ring Z[v/m| (where m = —1 in the first case
and m = 2 in the last case), consisting of all numbers of the form

a+bym (a,b€Z).

However, in the second case we found that there were more integers than
that; the integer ring was Z[w], consisting of all numbers of the form

%<c+d\/ﬁ>,

where now ¢,d € Z with ¢ = d mod 2.

It is convenient at this point to determine the integer ring in the gen-
eral quadratic number field Q(y/m), where we may suppose without loss of
generality that m € Z is square-free, since Q(vVd?m) = Q(y/m).

We omit proofs where these are essentially identical to those in the special
cases considered earlier.

Proposition 4.4. Suppose m € 7Z is square-free, m # 0,1. Then the num-
bers

a+bym (a,be€Q)
form a field Q(v/m); and the map
z=a+bym— Z=a—bym

is an automorphism of Q(y/m) whose fized points are the rationals Q.
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Definition 4.3. If z = a + by/m € Q(v/m), we set
N(z) = 22 = a®> — mb*.
Proposition 4.5. If z,w € Q(y/m) then
N(zw) = N(z)N(w);

and
N(z)=0 <= 2z=0.

Proposition 4.6. Suppose m € Z is square-free, m # 0,1. If m Z 1 mod 4
then the integers in Q(y/m) are the numbers

a+bym (a,b€eZ).

If m = 1 mod 4 then the integers in Q(\/m) are the numbers
%(c—l— dvm) (c,d € Z, ¢ = dmod 2).
Proof » The minimal polynomial of z = a + by/m is
(x —a)* = mb?,
ie
z® — 2az + (a® — mb*) = 0.

It follows that z € Z, ie z is an algebraic integer, if and only if

20 € Z and a* — mb? =n € Z.

Let 2a = a’. Then
dmb: =d* —4nc 7.

Lemma 13. If m is square-free and x € Q then
mat €l = z €.

Proof » Suppose

r=-
s

in its lowest terms, ie ged(r, s) = 1. Then
mr? = ns’.
Since ged(r?, s?) = 1 it follows that

s* | m.

Since m is square-free, this implies that s = 1, ie x € Z. |
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By the Lemma,
m(2b)? € Z = 2b € Z.

Let 2b = b'. Then
a? —mb* = 4n.
If @’ is even then so is ¥/, and vice versa. If a’, b are both odd, then
12
a

=1=b*mod4

and so
1 —m =0 mod 4.

Conversely, if m =1 mod 4 and o/, 0’ are both odd, then
a? —mb® = 0mod 4,

and so
a®> —mb® € Z.

Thus the minimal polynomial of z has integral coefficients, and so z € Z. <«

4.3 The units in Z[/2]

The main difference between real and imaginary quadratic number fields is
that the former have an infinity of units.

Proposition 4.7. The number

u=a+bv/2 e Z[V2
s a unit if and only if

N(u) = a* — 2b* = £1.

Proof » If N(u) = utt = £1 then wu is certainly a unit with inverse +u.
Conversely, suppose u is a unit, say

uv = 1.

Then
N(u)’N(v)* =1 = N(u)* = +1.

Proposition 4.8. Let

e:1+\/§.

Then the units in Z[\/2] are the numbers

+e" (neZ).



4.3. THE UNITS IN Z[/2] 4-6

Proof » Certainly € is a unit, since

N(e) = —1.
Hence +¢" are units for all n € Z.
Lemma 14. Suppose n = a + bv/2 is a unit. Then

n>1 <= a>0,b>0.

Proof » Suppose n is a unit # +1. Then the 4 units

{£n, 407"}
fall into the 4 regions

r<—1, -l<z<0, 0<z<], 1<

For example, if 0 < < 1 then —p~! < -1, -1 < -5 <0, 1 <7~ and so
on

Also, if n =a + bv/2 then
{#n, £171} = {£a £ bv2},

It follows that the largest of these 4 units is the one with positive a, b;
and this must be the one in the region 1 < x. <

Corollary 4.1. If n is a unit then
n>1 = n2>e,

1e € 18 the smallest unit > 1.

Since € > 1, the sequence €” is monotone increasing, with
€' — 00 asn — 0.
Thus if n > 1 is a unit then we can find n € N such that
€' <n< et

But then
1<e™<e

Hence, from the Corollary above,
e 'n=1,
ie
n=c¢€"

It follows that the units in 0 < x < 1 are €” with n < 0; and similarly the
units in z < 0 are —e”. <
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4.4 The units in Q(y/m)

The structure of the unit-group in the general real quadratic field Q(y/m)
(more precisely, in the integer-ring of this field) is exactly the same as in
the case Q(v/2) considered above. The only difficulty is to show that there
actually exist units apart from +1.

It is convenient to show at the same time the simpler result that the
imaginary quadratic fields Q(v/—m) only contain a finite number of roots;
so for the moment we allow m to be positive or negative.

Proposition 4.9. Suppose m € N is square-free, m # 0,1; and suppose
n=a+bym
is an integer in Q(y/m). Then n is a unit if and only if
N(n) = a®> —mb* = £1.

Where a proof is identical to that in the special case m = 2 — as here —
it is omitted.

Proposition 4.10. Suppose m € N is square-free, m < 0. Then the number
of units in Q(v/m) is

4 ifm=—1,

6 if m= -3,

2 otherwise.

Proof » We may suppose that m # —1, —3, since we have already considered
these cases.
If n = a + by/m is a unit then, by the last Proposition,

a? + (—m)b* = 1.

Half-integers can only occur if m = 1 mod 4, which implies that either

m = —3 (which we have already considered) or else m < —7, in which case
(—m)b* > 1.

Thus we may suppose that a,b € Z; and then it is clear that b = 0 unless
m = —1 (which we have already considered) and so n = £1. <

Now let us turn to the real case.

Proposition 4.11. Suppose m € N is square-free, m > 1. If n = a + by/m
s a unit then
n>1<= a>0,0>0.

Corollary 4.2. If there are any units in Q(y/m) apart from +1 then there
15 a least such unit € > 1.
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Proof » This follows at once, since a, b are integers or half-integers. |

Definition 4.4. We call the least unit > 1 (if it exists) the fundamental unit
in the real quadratic number field Q(y/m).

Proposition 4.12. Suppose m € N is square-free, m > 1. Then if there
exists any units in Q(y/m) apart from +1, there is a fundamental unit €; and

the units are just
+e" (n€Z).

We shall show that there are always units in a real quadratic field apart
from +1, so the fundamental unit € is always defined, and the unit-group
takes the form {4-€"}.

More precisely, we shall show that Pell’s equation

2 —my? =1

always has an infinity of solutions x,y € Z.

4.4.1 Approximation of irrationals

Suppose
2?2 —my? =1,

where x,y € N. We can write this equation

(z — Vmy)(z + Vmy) = L.

Thus
2 — V| = —
Tz —vVmyl = ——
Y x+/my
1
<_7
T
and so ]
Yy
T T

We may say that y/x is a quadratic approzimation to \/m.

Thus solutions to Pell’s equation are related to approximations to y/m.
A subtle application of the Pigeon Hole Principle shows that every irrational
has quadratic approximations.

Theorem 4.1. (Kronecker’s Theorem) Suppose « is irrational, ie o € R\ Q;
and suppose N € N, N > 0. Then there exist m,n € Z with 1 <n < N such

that ]
—m| < —.
|na — m)| N
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Proof » Let {x} denote the fractional part of = € R, so that

x = [x] + {z}.
Thus
0<{z} <Ll
Let us [0,1) into N equal parts:
0<ret Loy N-1 o
ST<on g ST<5 e <z<l

Consider the N + 1 fractional parts {ia} (0 < i < N). By the Pigeon Hole
Principle, two of these must fall into the same subdivision, say

r+1
N )

v < {ia}. {ja} <

where, say, 0 <17 < j < N. Then

[{ja) — {in}] <

ie
o — o] — (i — [iad)| < ~
o — al — 1o — |l —_—
J J N
ie
| P
no —m —_—
N?
where
n=j—i m=[ja] - [ia].

Corollary 4.3. There exist an infinity of rationals £ with

Y 1
~ < <.
o x| T2

The following result, although not strictly necessary for our purposes,
shows that one cannot do better than this, at least for ‘quadratic surds’

a+ /mb.

Proposition 4.13. (Liouwville’s Theorem) Suppose « is an algebraic number
of degree n > 1. Then there is a constant C' = C(a)) > 0 such that

C

a-21> =
x Yym
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Proof » Let
m(t) = cot" +ert" 4 e (co e, 0 € L)

be the minimal polynomial for a. If now z,y € Z then

z"m <Q> =coy" +ey e+ e €L
X

Thus
amm (2= 1,
x
1e
()
X xn
if z > 0.
But now consider the function
m(t)
)= —2~.
£y = 2

Since (t — ) | m(t), this function is bounded on any finite interval, say

t
) i —a <1
t—«

for some ¢ > 0. Hence
o= 21> m ()]
T T
1
2 I
cy™

provided |a — 4| < 1. These two inequalities “pull in the same direction”;
they say that if y/x is an approximation to « then it is not too good an
approximation. We conclude that

C

a-2|2—=
x ks

where C' = max(c™1,1). <

Corollary 4.4. If a is an irrational quadratic surd then there exists a C' > 0
such that o

y
a—=| > —.
o =212
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For quadratic surds, the two bounds are of the same order; there exist
constants 0 < C'; < (5 such that

) Cy

|OZ - _| Z o

r Y

but there exist an infinity of rationals y/x such that

Y Cy
x Y
A very difficult theorem, due to Roth, states that for any algebraic number
a and any € > 0 there exists a constant C' such that

C
-2 > 2

T y2+e :

Roughly speaking, we cannot hope for greater than quadratic approximation
to an algebraic number.

4.4.2 Pell’s equation

Theorem 4.2. (Pell’s Theorem) Suppose m € N is square-free, m > 1.
Then the equation
x? — my2 =1

has an infinity of solutions with x,y € Z.

Proof » 1t is sufficient to find one solution (x,y) with y > 0; for then if we

set
X +vmY = (z + my)"

(X,Y) will be a solution, since
N(X 4+ vmY) = N(z +/m)" = 1.
By Kronecker’s Theorem, we can find an infinity of x,y € Z such that
x 1
lVm— =] < —-
Y )
But then
x x
Vm+ I <[ = vml+2vm

1
S 2\/m+ -5

Yy
< 3v/m.
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Thus
2
3
o
Y
ie
2% — my?| < 3v/m.

Thus there are an infinity of integers z, y satisfying this inequality, where
we may also assume that ged(z,y) = 1. It follows that for some integer
¢ € (—=3y/m,3y/m) there are an infinity of solutions of

2 —my*=c

with ged(z,y) = 1.
Suppose (z,y), (X,Y) are two such solutions, Consider

r+ymy _ (x+ Vmy)(X +/mY)
X +/mY c

X —myY
:%4_\/%
:u+\/Ev,

Xy—Yz

say. Then

N(z++/my ¢
Nt vim) = oo my = = b

ie
u? — mo? = 1.
Although u,v € Q, in general u,v ¢ Z. We have to show that sometimes, at

least, this is so.

Since

2

VEZ = W =1+m*cZ — ucZ,

it is sufficient to ensure that v € 7Z, ie
Y —yX =0 mod c.

2 —my? = cand ged(z,y) =1,

Since x
ged(y, ¢) = 1.

Similarly
ged(Y,e) = 1.
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It follows that we can write the condition for v (and therefore also u) to be
integral in the form

= — mod c.

Y Y

But since there are at most |c| residues mode, and since there are an
infinity of solutions (z,y), we can find an infinite number having the same
residue x/y mod c¢. Any two of these (z,y), (X,Y) will give a solution (u,v)
of u? — mv? = 1 with u,v € Z (and v # 0). <

Corollary 4.5. Suppose m € N is square-free, m > 1. Then there exist an

infinity of units in Q(y/m).

As we have seen, this implies that there is a smallest unit € < 1; and the
units in Q(y/m) (or more precisely, in the corresponding ring of integers) are
just

+e" (neZ).

4.5 The Euclidean algorithm in Z[/2]
Suppose z,w € Z[v/2]. Let

2w =+ yv2
where z,y € Q. Let a,b be the closest integers to z,y, say

s=rx—1/2<a<az+1/2,t=y—1/2<b<y+1/2.

Set
g=a+bv2
Then
zjw—q=s+tV2,
and

N(z/w — q)* = s* — 2t*.
It follows that

—_

ING/w—a)l < 3,
1
NG = wg)| < 5N ()|

In particular, we have established
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Proposition 4.14. Suppose z,w € Z[\/2], with w # 0. Then we can find
q,7 € Z[\/2] such that

z=qw+r, |N(r)|<|N(w).

This proposition allows us to implement the Euclidean algorithm; and as
a consequence we have

Theorem 4.3. (The Fundamental Theorem of Arithmetic for Z[\/2]) Each
number z € Z[\/2] can be factorised into prime factors; and the factorisation
1s unique up to the order of the factors, and multiplication by units.

4.6 The primes in Z[/2]

Proposition 4.15. A prime number p € N splits into at most 2 factors in

Z[V?2].

We omit proofs where they are essentially identical — as here — to cases
considered earlier.

Proposition 4.16. The prime number p € N splits in Z[\/2] if and only if
p s expressible in the form
p = a® — 2b

with a,b € Z.

Proof » 1f

p =a®— 2b*

— (4= bV2)(a—bV2)

we have an explicit factoring of p.
Conversely, suppose p splits, say

p = mTo.

Then
It follows that
If e =1+ /2 then

Thus if N(p;) = —p then
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and so we may assume that

Thus if p; = a + byv/2 then

Since

2~ (VB

the prime number 2 ramifies in Z[v/2], ie splits into 2 equal primes.

Proposition 4.17. Suppose p € N is an odd prime. Then p splits in Z[v/2]
if and only if
)
) =1
p

Proof » If p splits, then as we have seen we can find a,b € Z such that
a’ — 2% = p.
Evidently p 1 b since
plb = pla = p’|p.
Thus b has an inverse b=! mod p; and

(ab™")? = 2 mod p.

9

Suppose conversely that this is so. Then we can find a € (0, p) such that

Thus

a’* = 2 mod p,
ie
a® —2=pm,
ie
(a—V2)(a+V2) = pm,

Suppose p does not split. Then by the Fundamental Theorem, p divides one
of the factors on the left, say

a+\/§:pz,
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where z = ¢+ dv/2 with ¢, d € Z. But then comparing the coefficients of v/2,
1 = pd,
which is absurd.
We conclude that p splits if and only if (g) = 1, ie 2 is a quadratic
residue bmodp. g |
Proposition 4.18. Suppose p € N is an odd prime number. Then

(2)_ 1 if p= 41 mod 8
p) |-1 ifp=+3modSs.

Proof » We showed in the last Chapter that

where
n=—[p/2a] +[p/a] — [3p/2a] + - - - + [rp/d],
with r = [a/2].
In the present case, where a = 2, this reduces to
p=—[p/4+[p/2.
For n € N, let
f(n) = =[n/4] + [n/2].

If n is increased by 8, then [n/4] is increased by 2, and [n/2] by 4. It follows

that
f(n+8) = f(n)+2.

In particular, the parity of f(n) (which is all that concerns us) is unchanged
if n is increased by 8. In other words,
m=nmod 8 = f(m)= f(n) mod 2.

Thus it is only necessary to compute f(n) for 0 < n < 8; and since we
are only concerned with the value when n is prime, it is sufficient to consider
the values 1, 3,5, 7. Since

I

|
o
_|_
o

I
o

2
we conclude that p is even, ie (—) =1,ifn =1,7 mod 8, or in other words,
p

2
if n = +1 mod §8; and p is odd, ie (—) =1, if n = 3,5 mod 8§, or in other
p
words if n = 43 mod 8. |
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To summarize,

Corollary 4.6. The prime number p € N splits in Z[\/2] if p = 2 (in which
case it splits into two equal factors) or p = £1 mod 8 (in which case it splits
into two different factors). If p = +£3 mod 8 it does not split.

Ezxample. The Diophantine equation
r? — 2% =3

has no solution with z,y € Z since 3 does not split in Z[v/2]. On the other
hand,
w0t =T

does have a solution. Inspection gives the solution x = 3, y = 1, correspond-
ing to the factorization

7=(3+V2)(3-V2).

It follows from the Fundamental Theorem that the general solution is
given by

T +V2 =+ (3£ V2),

where

e=1+2,

and n must be even to ensure that 2% — 2y? = +1 rather than —1.
Taking n = 2, for example, gives the solution

r+V2y = (1+V2)*3-2)
= (3+2V2)(3 - V2)
=5+ 32,

lex =295, y=3.



Chapter 5
Arithmetic in Q[/5]

We have already established the basic facts about this field. In particular,
since 5 = 1 mod 4 the integers in the field are the numbers

1
§(c+d\/5) (¢,d € Z, ¢ =dmod 2).

Let i

Then the integers are just the numbers of the form
at+bw (a,beZ).

In other words,

Note that w is a unit; for

since w, w are the roots of
2?—r—1=0.
In fact w is the fundamental unit; for if n = a + b\/5 is a unit then
n>1 = a,b>0
1
= a,b>—
a,b> 5

1
= 0> 5(1+V5) =w

Thus the units in Q(\/g) are

+w"  (n € Z).

o1
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5.1 The Fundamental Theorem

We extend the Euclidean Algorithm to Z[w| in the usual way, although now
we have two slightly different routes we can follow.
First of all, given z,w € Z/[w] we can express z/w in the form

z/w =z + yw,
where x,y € Q. Let a,b be the closest integers to x,y, say
r=a-+s y=0b+1t,
where 0 < [s], [t| < 3; and set

g=a+bw, r=z—quw.

Then
N(r/w) = N(z/w - q)
= N(s+ tw)
=(s+tw)(s+w)
=2+ st — t°.
It follows that
3
IN(r/w)| < 7

NG| <IN )],

Thus we have established

Proposition 5.1. Suppose z,w € Z[w] with w # 0. Then there ezist q,r €
Z|w] such that
z=quw+r, |N(r)| <|N(w).

We can get a slightly sharper result if we express z/w in the form
z/w =z +yV5.
Now choose d to be the nearest half-integer (or integer) to y, say
y—d+t, |t <.
4

Next we choose ¢ to be the nearest integer or half-integer to z, according as
d was an integer or half-integer, say

+ |\<1
xr =2cC S S —.
’ 2
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If now we set
g=c+dV5s, z—qu=r,
then
N(r/q) = N(s +tV5) = 5% — 5t°.
It follows that

_1_56 < N(r/q) <

’

1 =

and so

IN(r/a)] <

quite an improvement on the % we obtained before.
But whichever way we go, we derive

Theorem 5.1. (The Fundamental Theorem of Arithmetic for Q(v/5)) Each
number z € Z[w] can be factorised into prime factors; and the factorisation

18 unique up to the order of the factors, and multiplication by units.

5.2 The primes in Z[w]

Proposition 5.2. A prime number p € N splits into at most 2 factors in

Z|w].

We omit proofs that are identical to those considered earlier.

Proposition 5.3. Suppose p € N is a prime number, p # 2,5. Then p splits

in Zlw| if and only if

)

p = mTo.

Proof » Suppose p splits, say

Then
N(p1)N(p2) = N(p) = p*.

It follows that
N(ﬂ'l) = :l:p = N(7T2).

Let {
7r1:§(a—|—b\/5) ((Z,bEZ)

Then

1
N(m) = Z(a2 — 5b%) = +p,



5.2. THE PRIMES IN Z|w] 54

ie
a® — 5b* = +4p.
Evidently p 1 b. Hence

(ab™")? — 5 = 0 mod p;

(-

Conversely, suppose that is so. Then we can find a € (0, p) such that

and so

a* = 5 mod p,
le
a’—5=pm,
ie
(a = V5)(a+V5) = pm.

If p does not split then by the Fundamental Theorem it must divide one of
the factors on the left, say

a+V5 = plc+ dw),

where ¢, d are integers or half-integers. But then comparing the coefficients

of \/3,

1 =pd,
which is absurd. .
We conclude that p splits if and only if (—) = 1, ie 5 is a quadratic
p

residue bmodp. >

It remains to consider the cases p = 2, 5.
The prime 5 is evidently ramified in Z[w]:

5=(v5)%

By contrast, the prime 2 does not split. For if it did then from above
there would be integers a, b such that

a’® — 5b% = +8.
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Evidently a, b are both even, or both odd. If they are both odd, then
a’>=b*>=1mod 8,

and so
a’> — 50> = 4 mod 8.

On the other hand, if a,b are both even, say a = 2¢, b = 2d then
¢ —bd® = 2.
Evidently ¢, d must both be odd. But then
A =d*>=1mod 4,

and so
? —5d%> =0 mod 4.

5.3 Gauss’ Quadratic Reciprocity Law

To determine which prime numbers p € N split in Z[w], we need to computer

5 2
(—). We could do this in the same way that we computed (—) using the
b b

formula

where
p = —[p/10] + [p/5] — [3p/10] + [2p/5].
Since it is easy to show that the parity of
f(n) = =[n/10] + [n/5] — [3n/10] + [2n/5]

only depends on n mod 10, it is sufficient to consider the cases n = 1,3,7,9.
However, there is a much simpler way, once we have established what has
been called “the most beautiful result in the whole of number theory”.

Theorem 5.2. (The Law of Quadratic Reciprocity) Suppose p,q € N are odd
primes. Then

(p) (q) (L) o 1 ifp=qg=3mod4
q) \p B 1 otherwise.

Proof » Let
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We shall choose remainders modp from the set
{—g <i<§}:—SU{O}US,
and remainders modgq from the set
{—g<i<g}=—TugnUT

By Gauss’ Lemma,

where
p=1{ieS:qgimodpe —S}|, v=|{i €T :pimodqe —T}|.

By ‘qi mod p € —S’ we mean that there exists a j (necessarily unique)
such that
qi —pj € =S.

But now we observe that, in this last formula,

. P . q
O<i<= = 0<j <=
'S5 7=5

The basic idea of the proof is to associate to each such contribution to
the ‘point’ (z,7) € S x T. Thus

.. D . .
p=I{7) € SxT: =5 < qi—pj <O}
and similarly
.. . . q
v=|{(ij) € S*xT:0<qi—pj<g}

where we have reversed the order of the inequality on the right so that both
formulae are expressed in terms of (¢i — pj).
Let us write [R] for the number of integer points in the region R C R2.
Then
p=[Ri], v=[Ro,

where
Ri={(z.y) € R: = <qu—py <0}, Ry={(z.y) € R:0 < qu—py < I},

and R denotes the rectangle

R:{(x,y):0<x<§,0<y<§}.
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Figure 5.1: p=11, ¢ =7

The line
qr —py =0
is a diagonal of the rectangle R, and R;, Ry are strips above and below the
diagonal (Fig .

This leaves two triangular regions in R,
p q
Ry ={(z,y) € R:qx —py < —5}, Ry ={(z,y) € R:qx —py > 5}

We shall show that, surprisingly perhaps, reflection in a central point
sends the integer points in these two regions into each other, so that

(R3] = [Ra].

Since
R =Ry URyUR3U Ry,

it will follow that

—1qg—1
[Ra] + [Ra] + [Ro) + [Ra] = [R] = Fo= 1=,
ie
—1qg—1
pot v+ B+ R = Pt
2 2
But if now [R3] = [R4] then it will follow that
M _|_ V= p—_lu mod 27

2 2
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which is exactly what we have to prove.

It remains to define our central reflection. Note that reflection in the
centre (£, 4) of the rectangle R will not serve, since this does not send in-
teger points into integer points. For that, we must reflect in a point whose
coordinates are integers or half-integers.

We choose this point by “shrinking” the rectangle R to a rectangle bounded

by integer points, ie the rectangle
—1 —1
R={1<z<t— 1<y<i—)

Now we take P to be the centre of this rectangle, ie

p+1 qg+1
P=(——,—).
2 2
The reflection is then given by
(z,y) > (X,)Y)=(p+1-zq+1-y).

It is clear that reflection in P will send the integer points of R into
themselves. But it is not clear that it will send the integer points in R3 into
those in Ry, and vice versa. To see that, let us shrink these triangles as we
shrank the rectangle. If x,y € Z then

qr —py < —g = qT —py < —]%1;
and similarly
q:v—py>g = qrv —py > %.
Now reflection in P does send the two lines
qr —py = —1%1, qr —py = %

into each other; for

g X —pY =qp+1—2)—plg+1—-y)=(qg—p) — (qgz — py),

and so
p+1 p+1 qg+1
qr —py = ——5— <:>qX—pY:(q—p)—|——2 -

We conclude that

(R3] = [R4].
Hence
[R] = [R1] + [Re] + [Rs] + [R4] = p+ v mod 2,
and so
i P—lg—1
potv ==
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Example. Take p = 37, ¢ = 47. Then
(i—;) = (g) since 37 = 1 mod 4

_ (10

- ()

(2 5

-(5) ()

5 .
= — <—> since 37 = —3 mod 8

37

= —(%7) since 5 = 1 mod 4

()
— (1) =1

Thus 37 is a quadratic residue mod47.
2
We could have avoided using the result for (—):

©-65)
@)
-con(3)
(-

Proposition 5.4. Suppose p € N is a prime number. Then
splits into 2 equal primes ifp=>5
p s splits into 2 distinct primes if p = +15
does not split if p= +25.
Proof » We know that if p # 2,5 then its splitting depends on the value of

5
<—>. But by the Quadratic Reciprocity Law, since 5 = 1 mod 4,
p

(5)_(1))_ 1 ifp=4+lmod5
p) \5) |-1 ifp=+3modb5.

We note that if p = 2 then p does not split, and p = 2 mod 5, so the
result is also valid in this case.

It remains to show that if p = 1 mod 5 then p splits into distinct factors.
<
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5.4 Fibonacci numbers

Definition 5.1. The Fibonacci sequence u,, is defined by the linear recursion
relation
Upto = Upy1 +Uup, (n € N),

with initial values
Uy = 1, Uy = 1.

Thus the sequence runs
0,1,1,2,3,5,8,13,21, 34, 55,89, 144, 233, 377,610, . ..

We recall that there is a simple formula for the solution to a linear recur-
sion relation like this.

Proposition 5.5. Suppose the sequence a,(n € N) satisfies the linear recur-
ston relation
Unyo = Ayl + Ba, (neN),

where A, B are constants; and suppose the equation
> —Ar—B=0

has distinct roots \, . Then there exist constants C, D such that
a, = C\" 4+ Dp"

for alln € N.

Proof » 1t is easy to see that a,, = A" satisfies the relation, since
Unyo — Aty — Ba, = \"(\2 — A\ — B) = 0.

Similarly a,, = u™ satisfies the equation; and so, since the equation is linear,
does

an = CA" + D"

for any C, D.
But it is clear that the sequence is completely determined once ag, a; are
given. Thus if we choose A, B to satisfy

A+ B=ay, AN+ Bu=a,

then our sequence must coincide with the given one. Since A # pu these
equations have a simultaneous solution; so the result follows. <
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If the “auxiliary equation”
2 —Ar—B=0
has equal roots A, A then the general solution takes the form
a, = \"(A+ Bn).
The theory extends without difficulty to the general linear recursion relation
pir = Atapir—1 + Asapyr o+ -+ Ara, (n €N).
If the auxiliary equation
"= A" 4+ A" 4+ A,

has distinct roots Aq, . . ., A, then the general solution (by the same argument
as in the case r = 2) is

(p = CLAT 4 -« + C AT

If a root, Ay say, is repeated s times then A7, A},..., A} are replaced by
AT AL L nfTEAT de AT is multiplied by a general polynomial in n of degree
s —1.

We shall not give a formal proof of this, since we shall only meet the
simplest case in the Proposition above, where r = 2 and the roots are distinct.

Proposition 5.6. The Fibonnaci numbers are given by

wHw—1

n —n . .
Co2r ifn s odd.

~ n__,,—n . .
wh—Q" {“’ < if n is even,

Proof » The auxiliary equation is
> —r—1=0,

which has roots

w:%u+¢&@:%u—¢®

Since
N(w) =ww = —1,

we can equally well write the roots as
W, —w
The last Proposition tells us that the sequence is given by

U, = Aw" + BO" = Aw™ 4+ (—1)"w™".
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For n = 0,1 this gives
u=0=A4+ B, uy =1 = Aw + B.

Thus 1
A= — = —-B;
w—w
and so .
W —w
Uy = —
w—w

Proposition 5.7. Suppose m,n € N. Let ged(m,n) = d. Then
ged (U, uy) = ug.

Proof » We prove the result by induction on max(m,n). We may suppose
that m < n. The result is trivial if m = n or if m = 0. Thus we may suppose
that

0<m<n.

Since ged(m,n —m) = ged(m, n) it is sufficient to show that
ged(Up, Un—m) = ged (U, U, ).
Also, since
w—n

_ 2

according as n is odd or even, we may replace u,, by
— . 2n .
w, =w " £ 1;

For w™ is a unit, and so will not affect the gcd, while the factor

1
w+ w1

occurs throughout, and so can be eliminated.
Accordingly, we have to show that

ged(Wp, wy) = ged (Wi, Wy—m)-

There are 4 cases to consider, according as m,n are even or odd.
Suppose m,n are both odd. Then m — n is even, and

(
(
= ged(w?™ + 1, w2m(w2("_m) - 1))
(
(
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where we have used the fact that ged(a,b) = ged(a, b — a).
The other 3 cases all follow in the same way. Thus if m is odd and n is
even then m — n is odd, and

ged (W, wy,) = ged(W?™ + 1, w*™ — 1)

ged(wW?™ + 1, w*" 4+ w®™)

= ged(w?™ 4+ 1, w?™ (W™ 4 1))
(
(

= ged(w?™ + 1, W™ 4 1)

= ged (W, Wn—m),
where now we have used the fact that ged(a,b) = ged(a, b+ a). <
Corollary 5.1. If m | n then
Corollary 5.2. If u, is prime then either n =4 or n is prime.

Of course we are not saying that u, is prime if p is prime; we leave it as
an exercise to find the first counter-example . ...

Proposition 5.8. Suppose p € N is a prime number, p # 5. Then

plu ifp=1
plup—1 ifp==+lmodbs
p|upr1 if p==£2mod5.

Proof » Note first that by the Quadratic Reciprocity Law,

(5)_(19)_ 1 ifp=+lmodb5

p) \5) |-1 ifp==+2modS5,

since 1 and 4 = —1 are quadratic residues mod5, while 2 and 3 = —2 are
not.

Lemma 15. Suppose z € Z|w]. Then

» zmod p if p==+1mod5,
2P =
Zmodp ifp=+2mod5

Proof » Suppose first that p £ 2. Let
z=c+dVb

where ¢, d are integers or half-integers. By the binomial theorem,

P =P 4 (;) P75+ -+ dP(VB)P.
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The binomial coefficients in the middle are all divisible by p. Also, by Fer-
mat’s Little Theorem (or Lagrange’s Theorem),

& =cmod p, d° = d mod p.

(Note the since we are excluding p = 2 this will still be true even if ¢,d are
half-integers.) Hence
P=c+ d5pT_1\/g mod p.

p—1 5)
52 = <—) mod p.
p

Thus if p = £1 mod 5 then (§) =1 and so
p

By Gauss’ Lemma,

szc—l—d\/g:zmodp;

while if p = 42 mod 5 then <§> = —1 and so
p

2» =c¢—dv5=Zmod p.
The result still holds if p = 2; for if z = a + bw then

2? = a® + b*w? mod 2
=a+b(w+1) mod 2
=a+b(—w+ 1) mod 2
equiva + bw mod 2

Z mod 2.

Now suppose p = £1 mod 5. Then by the Lemma
w? =w mod p

Since w is a unit, it follows that

WPt = 1 mod p.
Similarly
&P~ =1 mod p,
and so
wP~t — opt 1-1
Up—1 = = = 0.

w — omega w—w
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On the other hand, if p = +2 mod 5 then by the Lemma
w? = ® mod p.
Hence
WP = wd = —1 mod p.
Similarly,
oP*t == —1 mod p;
and so
wp+l _ (DZ%H —1+1
Upy) = ——————— = — = 0.
w — omega w—o
|

It’s worth looking a little more closely at the congruences

» zmodp ifp=+1modb
i
Zmod p if p=+2mod 5.

In the first case, p splits in Z[w], say
P = MTo.
Thus if 2z, w € Z[w] the congruence
z=w mod p
splits into the two congruences

z =w mod m, 2 = w mod 7.

The Chinese Remainder Theorem holds equally well for the primes 7y, mo;
that is, given any remainders a mod 7 and b mod 7y, there exists a unique

remainder ¢ mod p = mmy with

¢ =amod m,c = bmod 7.

This follows, for example, on applying the Euclidean algorithm (which as we

have seen can still be used in Z[w]) to my, 7.
Algebraically, there is a ring-isomorphism

©: Zwl/(p) = Z[w]/(m1) x Z[w]/(m1)

sending
zmod p — (z mod 7y, z mod 7).
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Now there are p? remainders modp in Z[w], namely
i+jw (0<i<p0<j<p).

Since my ~ 77, it is clear that the number of remainders modm; and modmy
are equal. It follows that the number of remainders modm is p:

1Z[w]/ (m)ll = 1Z[w]/ (m) ]| = p.

But since 7y, 7y are primes, each of the rings Z[w]/(m), Z[w]/(ms) are
in fact fields; and in particular, the non-zero elements form a multiplicative
group of order p—1. It follows therefore by Lagrange’s Theorem that if 7y { 2
then

271 =1 mod .

Thus Fermat’s Little Theorem still holds:

2 = z mod my
for all z € Z[w]. Similarly

2P = z mod

for all z € Z[w]. It follows that
2P = zmod p

for all z € Z|w], as indeed we saw.

Now suppose p = £2 mod 5. In that case p does not split in Z[w]. It
follows that the residue-ring Z[w]/(p) — which still contains p? elements —
is a field. In particular, the non-zero elements form a group of order p? — 1;
and so, by Lagrange’s Theorem,

=1 mod p

if ptz;or
2 =z mod p

for all z € Z[w].
The map
Dz 2P modp

is an automorphism of the field Z{w]/(p) since
(z+w)? = 22 + w” mod p, (zw)? = zPw” mod p.
Moreover, this automorphism is of order 2, since

P?(2) = ()P =27 = 2.
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But the automorphism z +— 2 of Z[w] — also of order 2 — induces an
automorphism of Z[w]/(p).

But it is easy to see that Z[w]/(p) has only 1 non-trivial automorphism
U. For such an automorphism necessarily sends w into a root of

?—x—1=0,

ie U(w) is either w, in which case V¥ is trivial; or else ¥(w) = @.
It follows that
2P = Z mod p,

as indeed we found, by a different route.

5.5 The primality of Fermat numbers

In the next section we shall give a necessary and sufficient condition for the
Mersenne number M, to be prime, the proof of whose validity makes use of
factorisation in Z[w].

As an introduction, we give a simpler condition — but along much the
same lines — for the primality of the Fermat number

F,=2"+1.
Proposition 5.9. The Fermat number F,, is prime if and only if
57" = 1 mod F,.
Proof » Suppose n > 2. Then
2" = 0 mod 4.
Since 2* = 1 mod 5, it follows that
22" =1 mod 5.

Thus
F, =2 mod 5.

Suppose F,, is prime, say P = F},. By the Quadratic Reciprocity Law,

51  (P\ (2 1
rP) \5) \b)
Hence, by Gauss’ Lemma,
57 =1 mod P,
ie
52" = —1 mod P.

Conversely, suppose this is so; and suppose p is a prime factor of F,.
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Lemma 16. Suppose a € (Z/p)*; and suppose

a¥ = —1 mod p.

Then the order of a in this group is 2" 1.

Proof » Since )
a®" = (=1)> =1 mod p,

the order of a certainly divides 2"*!, ie it is 2¢ for some i < r 4+ 1. But if

1 < r then

=1 = o =) =1,
whereas by hypothesis
a¥ = —1mod p.
<
Now
2" —1 2" —1
52 = —1mod F, = 52 = —1 mod p.

It follows by the Lemma that the order of 5 in the group (Z/p)* is exactly
22" But by Lagrange’s Theorem, the order of an element divides the order
of the group, which in this case is p — 1. Hence

22" | p—1.
In particular,
2> <p-1,
ie
p>2" +1=F,.

Hence F), is prime. |

5.6 The primality of Mersenne numbers

Recall that
M, =2V -1,

where p is prime.
Proposition 5.10. Suppose p = 3 mod 4. Then M, is prime if and only if

w? = —1mod M,.
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Proof » Suppose M, is prime. Since 2* =1 mod 5,

p=3mod4d = 2> =2*mod 5
== Mp523—1mod5
= M, =2 mod 5.

Accordingly, M, does not split in Z[w]. It follows therefore that — writing
P for M, —

¥ =% mod P
for all z € Z[w]. In particular,
w” =@ mod P.
Thus
wftl =% = —1mod P,

le
D
w? = —1 mod M,

as required.
Conversely, suppose this is so; and suppose M, is composite. Then we
can find a prime factor ¢ of M,, with

q < /M,

Now

2P 2P

w” =—1mod M, = w” = —1modgq.

It follows that the order of w in the group Z[w]/(q) is exactly 2°*!. Since
this group is of order ¢> — 1, it follows by Lagrange’s Theorem that

P+ | g2 — 1.
Hence
<t -1,
ie
¢ > 41> M,
ie
q> /M,

contrary to assumption. <
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We can express this result in a form not involving algebraic numbers, by
introducing the sequence of Lucas numbers.

Definition 5.2. The Lucas sequence v,(n € N) is defined by the same linear
recurrence relation
Upnt2 = Upy1 + U, (n€N)

as the Fibonnaci numbers, but with initial values
Vo = 2, v = 1.
Proposition 5.11. The Lucas numbers are given by
n o oon w'+w™™  if n is even
Vp =W +w' = ) ]
w" —w™™ if n is odd.

Proof » We know that
v, = Cw" + D",

Taking C'= D =1 gives
v=14+1=2, vn=w+tw=1,
as required. <

The Lucas sequence runs
2,1,3,4,7,11,18,29,47,76,123,199, . ...
Definition 5.3. Forn > 1 we set
Ty = Ugn.

Proposition 5.12. The sequence r, satisfies the non-linear recurrence rela-
tion
Tny1 =72 -2 (n>1),

with initial value r;{ = 3.

Proof » If m is even then

Uy =W +w™ ™.

Hence

[\

v2 = (W +w™™)?
—_ w2m 192 +w72m

= U2m+2.
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Proposition 5.13. Suppose p = 3 mod 4. Then M, is prime if and only if
rp—1 = 0 mod M),
where 1, 1s the sequence defined above.
Proof » We know that M, is prime if and only if
w? = —1 mod M,
ie
w” = —w¥ " mod M,
ie

p—1 p—1
Tp—1 = w4+ omega® =0 mod M,,.

Example. Consider the Mersenne number
M; =2"—1=121.

We have to determine rg mod 127.

Note that we work modp throughout. If p is large it would be foolish to
try to compute 7,_; completely, Since r, is roughly speaking squared each
time n increases by 1, which M, is roughly speaking multiplied by 2, it is
clear that r,_; will be vastly larger than M, for large p.

We have
r =3,
rg=232-2=71,
ry =T —2=4T7,
ry =472 — 2
=47-48 — 49
=(47-3)-16 — 49
=14-16 — 49 mod 127
= 173 mod 127
= 48 mod 127, r; = 48% — 2 mod 127

= (47* — 2) 4+ 95 mod 127

= 48 + 95 mod 127

= 16 mod 127, r¢ = 16% — 2 mod 127
=2-128 — 2 mod 127

= 0 mod 127.

We conclude that M; = 127 is prime.
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This test only determines the primality of M, when p = 3 mod 4. We
shall give a similar, but slightly more complicated, proof in the next Chapter
which works for all p.



Chapter 6
Arithmetic in Q[v/3]

We have already established the basic facts about this field. In particular,
since 3 # 1 mod 4 the integers are the numbers

a+b/3 (a,b€Z).

ie the integer-ring is Z[v/3].
The fundamental unit, by inspection, is

w=243;
and so the general unit is
tw" (n€Z).

Note that
Nw) =wi=2"-3-1>=1.

It follows that
N(e) =

1
for all units, unlike in Q(v/2) and Q(+/5) where the fundamental unit had

norm —1.

6.1 The Fundamental Theorem

We extend the Euclidean Algorithm to Z[w] in the usual way; given z,w €
Z[/3] we determine
z/w =z +yV3,

take a, b to be the closest integers to x,y, say
1
p=ats, y=bat 0< st < 5

and set
g=a+bw, r=2z—quw.

6-1
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Then

It follows that

and so 5
[N(r)] < ZIN(w)].

Thus we have established

Proposition 6.1. Suppose z,w € Z[V3] with w # 0. Then there exist
q,7 € Z[\/3] such that

z=quw+r, |N(r)| <|N(w).
From this we derive the Fundamental Theorem for Q(v/3).

Theorem 6.1. Each number z € Z[v/3] can be factorised into prime factors;
and the factorisation is unique up to the order of the factors, and multipli-
cation by units.

6.2 The primes in Z[\/3]

Proposition 6.2. A prime number p € N splits into at most 2 factors in
Z]w].

As usual, we omit proofs given earlier.

Proposition 6.3. Suppose p € N is a prime number, p # 2,3. Then p € N
splits in Z[\/3] if and only

Proof » Suppose p splits, say

p = mTa.
Let
T =a+bV3.

Then
N(m) = a* — 3b* = +p.
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Hence
(ab™")? = 3 mod p,

(-

Conversely, suppose this is so. Then we can find a € (0, p) such that

and so

a’ = 3 mod p,
ie
a?—3= pm,
ie
(a—V3)(a+V3) = pm.

If p does not split then by the Fundamental Theorem it must divide one of
the factors on the left, say

a+ V5= plc+dVs),

and so p | 1, which is absurd. <

Proposition 6.4. Suppose p € N is a prime number. Then

splits into two equivalent factors ifp=2,3
P { splits into two non-equivalent factors if p = £1 mod 12
does not split if p= 45 mod 12

Proof » Evidently,
3= (\/§)27
ie the prime number 3 splits into 2 equal primes in Z[v/3].
The prime number 2 is also ramified; for if
n=1+V3
then
n? =224 V3) = 2w.

Thus

2 ~ 2.
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Now suppose p # 2,3. From the previous Proposition, we have to deter-

3
mine | —|. By Gauss’ Law of Quadratic Reciprocity,

0)- (£) itr=tmoas

p —(g) if p =3 mod 4.
(p)_ 1 ifp=1mod3
3) | -1 if p =2 mod 3.

(3)_ 1 if p=41mod 12
p)  |-1 ifp==+5mod12,

from which the result follows. <

On the other hand,

We conclude that

6.3 The primality of Mersenne numbers

Proposition 6.5. The Mersenne number M, = 2P — 1, p > 2 is prime if
and only if

w¥ " = —1mod M,,
where
w=2+3.
Proof » Suppose M, is prime, say P = M,
Then

P= (-1’ —1mod 3
= 1 mod 3.

On the other hand,
P=0—-1=—1mod 4.

Combining these,
P =7 mod 12.

It follows that

and P does not split in Z[v/3].
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Suppose

z=a+b0V3 € Z[V3,

where a,b € Z. Then

,ZPECLP+bP3g mod P

Ea—l—bS%\/gmodP
za—i—b(%)\/ﬁmod]?

=qa—bV3mod P

= Zmod P.

Hence
In particular,

It follows that
w¥ ' =41 mod P.

To apply the same argument that we used in the previous test (based on

computations in Q(y/5)) we need to show that
w? = —1mod P.
This we can prove as follows. If
n=1+ V3

then
n = 2w,

as we have already seen. Raising this to the 2P~ *th power,

(2@))21)_1 = n?
_ P
= N(n) mod P
= 2.
On the other hand,
22 = 2.2
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since

2
P=-1 d — | =
mod 8§ — (P)

It follows that

2w = —2mod P,
ie

w¥ = —1mod M,.

The converse argument is identical to the previous test. If M, is composite
then it must have a prime factor ¢ with

q2§Mp<2p.

But

2p—1 P

w =—-1lmod M, — w = —1 mod q.

It follows that the order of w in (Z[v/5]/q)* is exactly 2P. But we know that
this group has < ¢? elements. It follows by Lagrange’s Theorem that

2 < ¢,
contrary to our hypothesis about g. |

As before, we can re-state this result so that it does not explicitly use
algebraic numbers.

Definition 6.1. The Lucas-Lehmer sequence w, is defined for n € N by

w, =w"+w ",

where w = 2 + /3.

Proposition 6.6. The sequence w, is defined by the linear recurrence rela-
tion

Wy = 4w, —w,—1; (n €N)
with initial values wy = 2, wy = 4.

1

Proof » This follows at once from the fact that w,w™ = @ are roots of

(x —2)* =3,
ie

22 —4x+1=0.
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The sequence starts
2,4,14,52,194,724, . ...

Proposition 6.7. Let p > 2 be a prime number. The Mersenne number
M, = 2P — 1 1s prime if and only if

rp—1 = 0 mod M)y,
where 1, (n > 0) is the sequence defined by the non-linear recurrence relation
R
with initial value r; = 4.

Proof » The proof is as before, except that now we set

2n—1 72n—1
Ty = Won-1 = W + w

As before,
ri _ (wzn—l + w72n—1>2
= +2+w
= Tpt1+ 2,

From the previous Proposition,

. -1
M, prime <= w? = —1mod M,
—2 —2
— W = —w?  mod M,
—2 2
— W 4+ 0™ =0mod M,

< rp_1 = 0mod M,,.

p—



Chapter 7

Primality Testing

7.1 Complexity

Factorising a number n € N is thought to be “hard” or “intractable”, while
determining whether n is prime or not is known to be “tractable”.

A problem is said to be tractable if it can be completed in polynomial
time in terms of the length of the input.

The length ¢ of n € N is defined to be the number of bits in n. Thus

¢ =[logyn] + 1.

Since we are only concerned with the order of the quantities involved, we
may take ¢ = log, n.

Accordingly, a problem about n € N — such as whether n is prime or
not — is said to be tractable if we can find an algorithm which determines
the primality of n in < p(¢) steps, where p(z) is a polynomial.

What do we mean by a “step”? To define this precisely, we would have
to introduce the notion of a wniversal Turing machine. Such a machine
operates at discrete “moments” ¢t = 0,1,2,..., and we take ¢ as a measure
of the ‘time’.

Since one universal Turing machine can ‘emulate’” another, the times com-
puted by two universal machines will differ by less than a constant; so cer-
tainly if one universal machine completes the computation in polynomial
time then so will the other. The notion of tractability is thus well-defined.

7.2 The Fermat test

Proposition 7.1. The number n is prime if and only if

n—1 _

a 1 modn

fora=1,2,....n—1.
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Proof » Suppose n is prime. Then the numbers a = 1,2,...,n — 1 form a
group (Z/n)* under multiplication modn. Since this group contains n — 1
elements it follows from Lagrange’s Theorem for finite groups that

n—1 _—

a 1 mod n.

Conversely, suppose n is composite, say p | n. Then

n—1 _

p" " = 0 mod p,
and so
p" ' # 1 mod p.

A fortiori,
p" ' # 1 mod n.

Ezxample. Suppose n = 21. Taking a = 2,
2° =32 =11 mod 21.
Hence
2% =117 = 121
= 16 mod 21.
Thus 21 has “failed the Fermat test”, with witness a = 2.

If the only Fermat witnesses to the non-primality of n are the factors of n
then the Fermat test is tantamount to finding a factor of n, which we believe
to be intractable. So if such numbers exist, the Fermat test must be rejected
as a practicable test for primality.

Definition 7.1. A Carmichael number is a number n € N which is composite
(non-prime) and > 1 but which has the property that

a" ' =1 mod n.
for all a coprime to n, ie with ged(a,n) = 1.

Ezxample. The smallest Carmichael number is 561 = 3 - 11 - 17. To see that
this s a Carmichael number, note that 560 is divisible by 3 — 1, by 11 — 1
and by 17— 1. Thus if ged(a, 561) = 1 then ged(a, 3) = 1, ged(a, 11) = 1 and
ged(a, 17) = 1; and so, by Fermat’s Little Theorem,
a>=1mod3 = a°° =1mod3
a® =1mod 11 = ¢ =1 mod 11
a'®=1mod 17 = ¢°* =1 mod 17.

It follows that
a’%’ = 1 mod 561.

It has recently been shown that there are an infinity of Carmichael num-
bers. We must therefore reject the Fermat test for primality.
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7.3 The Jacobi symbol

Although we have rejected the Fermat test, a simple modification of it, using
Gauss’ Lemma, is more plausible. Before describing this, we must extend

the definition of the Legendre symbol (g), which we recall is only defined
if p € N is a prime number (and p 1t a). !
Definition 7.2. Suppose n € N is odd. Let
n=pip
where the p; are prime (but not necessarily distinct). Then we define the

Jacobi symbol (@) form e Z by

RNC N

if ged(m,n) =1, and 0 otherwise.

Note the when the Legendre symbol and the Jacobi symbol are both
defined, ie when n is an odd prime and n t m, both take the same value; so
there is no ambiguity in using the same symbol.

(- ()
66

Ezample.

It is important to note that this does not imply that 17 is a quadratic
residue mod21. In fact this is certainly not the case, since it would imply
that 17 was a quadratic residue mod3 and mod7, both of which are false.

The Jacobi symbol (as opposed to the Legendre symbol) is best seen
simply as a computational tool, without great significance on its own.

Proposition 7.2. 1. a=bmodn = (ﬁ) = (9)

@00

3. If m € N is odd then
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Proof » The first two parts are immediate consequences of the corresponding
results for the Legendre symbol.
For the third part, suppose

m=4q-- (s,

where the ¢; are prime (but not necessarily distinct). Then

()6 -1E)G)

= (_1)Zm R
_ (Tt

Thus the result will follow if we can show that

n:Hpi _ Zpiz_lznglmodl

Since

Y

n—1 ]0mod2ifn=1mod4
2  |lmod2ifn=-1mod4

this simply states that n = +1 mod 4 according as the number of factors
p; = —1 mod 4 is even or odd, which is more or less self-evident.

Alternatively, the result follows on repeated application of the fact that
if a, b are odd then

-1 b-1 b—1
a + Ea mod 2

since

7.4 Congruences to composite moduli

To establish our primality test, we need to consider what happens if the num-
ber is not prime; and for that we need to consider congruences to composite
moduli n = pi*---ptr.

The study of congruences to composite moduli divides into two parts:
firstly, the reduction to congruences modulo prime powers p°, using the Chi-
nese Remainder Theorem; and secondly, the reduction to congruences modulo
p, which can usually be accomplished by Hensel’s Lemma.
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7.4.1 The Chinese Remainder Theorem

Suppose n € N. Recall that Z/(n) denotes the ring formed by the remainders
(or residues) modm.
Now suppose m,n € N. Since

r=ymod mn — r =y modn

there is a natural map
Z[(mn) = L] (n);

and it is easy to see that this map is a ring-homomorphism. Similarly there is
a homomorphism Z/(mn) — Z/(m); and these two homomorphisms combine
to define the homomorphism

©:Z/(mn) — Z/(m) x Z/(n)

under which
x mod mn — (x mod m,z mod n).

(Recall that the product of two rings A, B is the ring defined on the
cartesian product A x B by setting

(a,b) + (d',V) = (a+d,b+ V), (a,b)(a’,b) = (ad’,bb").

This product-ring has zero (0,0) and identity (1,1), assuming that A, B are
rings with 1.)
For example, if m = 2 and n = 6 then the homomorphism © sends

), 2+—(0,2), 3+—(1,3), 4~(0,4), 5~ (1,5),
1,3

0 (1,1), 1+ (1,1), ,
), 8+ (0,2), 9~ (1,3), 10— (0,4), 11+ (1,5).

1,1
6 (0,0), 7+~ (1,1

Proposition 7.3. (The Chinese Remainder Theorem) Suppose m,n € N;
and suppose ged(m,n) = 1. Then the ring homomorphism

©:7Z/(mn) — Z/(m) x Z/(n)
s an isomorphism.

Proof » Since the two rings Z/(mn) and Z/(m) x Z/(n) both contain mn
elements, to prove that © is bijective — and therefore an isomorphism — it
is sufficient to show that © is injective.

This in turn will follow if we show that ker © = {0}. But

z€ker® = zmodm=0and z modn =0
= x mod mn =0,

since ged(m,n) = 1. <
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Corollary 7.1. For all a,b € Z the simultaneous congruences
r=amodm, xt =bmodn

have a unique solution x mod mn.

Example. Suppose m =7, n = 25; a = 2, b = 4, ie we are trying to solve
the simultaneous congruences

r=2mod 7, x =4 mod 25.
Perhaps the simplest way to solve this problem is to find u such that
u=1mod 7, u =0 mod 25,

and v such that
v=0mod 7, v=1mod 25.

Then
T = 2u -+ 4v

will be a solution to the original problem.
We can find u,v in this case by inspection. Thus u = 50 solves the first
“auxiliary equation”, while v = —49 satisfies the second. Hence

29 =2-50—4-49 = —96.

is a solution to the original problem.
If x is any other solution then

r—x9g=0mod m, z — xy =0 mod n.
Since ged(m,n) = 1, it follows that
mn | (x — o).
Thus the general solution to the simultaneous congruences is
T =x9+tmn=—-96+ 175t

for t € Z. In particular, there is a unique solution with 0 < x < 175, namely
x="179.

Our proof of the Chinese Remainder Theorem does not provide a practical
way of finding a solution (to simultaneous congruences to coprime moduli).

Fortunately, the Euclidean Algorithm fills this gap.
Recall that if ged(m,n) = 1 then we can always find y, z € Z such that

my +nz = 1;
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in fact y, z appear as ‘bye-products’ when we apply the Euclidean Algorithm
to m,n. But now we note that

nz =1 mod m, nz = 0 mod n.

Thus v = nz is a solution to our first auxiliary equation, while v = my is a
solution to our second. So

xr = anz + bmy

is a particular solution to the original congruences.
In this case, the Euclidean Algorithm yields

25=3-7T+4
7=4-1+3
4=1-3+1.
Working backwards,
1=4-3
=4—(7T-4)
=2-4-7
=2(25-3-7)—7
=2.25-7-7,

giving u = 50, v = —49, as before.

Corollary 7.2. Suppose ny,...,n, € N are pairwise-coprime; and suppose
ai,...,a. € Z. Then there is a unique x mod ny - - - n, such that

z = a; mod n; (1<i<nr).

This can either be derived by repeated application of the previous Corol-
lary, or by proving directly that the homomorphism

Z/(ny---n.) = Z/(ng) X -+ X Z/[(n,)

is an isomorphism.
Now suppose f(z) € Z[z] is a polynomial with integral coefficients; and
suppose n = ny - - -n,, where the n; are pairwise coprime. Then

fx)=0modn <= f(zr)=0modn; (1<i<r).
Thus if we can solve each of the congruences
f(z;) = 0 mod n;

separately, then by the Chinese Remainder Theorem we can find z € 7Z
such that z = x; modn; for 1 < ¢ < r; and this = will satisfy f(z) =
0 mod n. Conversely every solution of this congruence will arise in this way
from solutions of the congruences modulo nq,...,n,.
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7.4.2 The multiplicative group modn

In practice we shall be more concerned with the group (Z/n)* than with the
ring Z/(n). Recall that if A is a ring with 1 then the invertible elements in
A form a multiplicative group A*. In particular, the invertible elements in
Z/(n) form the group (Z/n)*.

Recall too that a € Z is invertible modn if and only if ged(a,n) = 1. If
a is invertible, say ab = 1 mod n then evidently ged(a,n) = 1. Conversely, if
ged(a,n) = 1 then the Euclidean Algorithm gives x,y € Z such that

ar +ny = 1;
and z is the inverse of ¢ modulo n.

Proposition 7.4. Suppose m,n € N; and suppose gcd(m,n) = 1. Then
there is a group isomorphism

(Z/mn)* = (Z/m)* x (Z/n)*.
Proof » This follows at once from the last Proposition, since

ged(x,mn) =1 <= ged(x,m) =1 and ged(z,n) = 1.

<
Example. Taking m =4, n =3,
(2/12)" = (Z/4)* x (Z/3)"
= (Cy x (Y.
Corollary 7.3. Suppose ni,...,n, are pairwise coprime. Then there is a

group isomorphism

(Z/ny - )" = (Z)n))* - x (Z)n,).

7.5 Hensel’s Lemma

Proposition 7.5. Suppose p € N is a prime number; suppose f(x) € Z[x] is
a polynomial with integral coefficients; suppose

f(a) = 0 mod p*;

and suppose
f'(a) # 0 mod p.

If p >2and e > 1, or if p = 2 and e > 2, then there exists a unique
x mod ptt such that
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1. f(xz) =0 mod p“t,
2. x = a mod p°.

In other words, a solution modulo p® can be extended, uniquely, to a
solution modulo p¢*!, provided only that the derivative f/(a) does not vanish
modulo p. (We might say that f(z) was non-singular at a mod p.)

Proof » If © = a mod p° then
r =a+ py.

We expand f(z) using Taylor’s Theorem:

2e, 2

f(x) = f(a) +p°yf'(a) +p2iy F(a) + -

We shall show that each term on the right after the second is = 0 mod p®*!.
Thus we have to find y such that

f(a) +p°yf'(a) = 0 mod p=*'.
By hypothesis, f(a) = 0 mod p°, say
f(a) = p°.

Therefore we have to solve the congruence

p°b = p°yf’'(a) mod p=t,

which is equivalent to
b=yf'(a) mod p.
Since f’(a) # 0 mod p this has the unique solution (modulo p)

y = f'(a)"'b mod p.

¢t1 is determined by the value of y mod p, the

Since the value of x mod p
result follows.
It remains to prove that the terms on the right after the second vanish

modp®*tt. This will follow if we show that

re
et1 | P
b ‘r!
forr=2,3,....

Lemma 17. Suppose p’ || r!. Then

[l
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Proof » The number of numbers in 1, ..., r divisible by p is [r/p]. Similarly
the number divisible by p? is [r/p?], the number divisible by p? is [r/p?], etc.
Thus if p* || j, where 1 < j < ¢, then 7 1’s will be contributed to the terms

on the right, as required. <
Since
r r roor
AN A p——
p p p D
o
=TT

the result will hold if

1
e—i—lSr(e——).
p—1

A fortiori, it will hold if
e+1<r(e—1),

(r—1)(e—1)>2.

Thus the result will certainly hold if » > 3 and e > 2.
On the other hand, the result always holds if 2 < r < p since then p 1 r!
and the result reduces to
e+1<re.

Similarly, if p < r < p? then p || r! and the result reduces to
e+1<re—1,
ie
e(r—1)>2,

which is certainly true in this case.
Remembering that the case p = 2, e = 1 was excluded, it only remains
to consider the case p > 3, e = 1, r > p?. But in this case

m)zo0y)

>2=e+ 1.
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As an illustration of Hensel’s Lemma, let us consider quadratic residues
modulo p?, where p is an odd prime number.

Suppose a € Z, pta. If a € Z is a quadratic non-residue modp, then a
fortiori a is a quadratic non-residue modp?.

On the other hand, if a is a quadratic residue modp then we can apply
Hensel’'s Lemma to the polynomial

f(z) =2* —a.
If x is a solution of this then p t 2, and so
ptf(x) =2z

It follows that z extends to a unique solution modp?.

In particular, a is a quadratic residue mod p? if and only if it is a quadratic
residue modp.

It follows that just half, that is p(p — 1)/2, of the elements of (Z/p)* are
quadratic residues.

7.6 The Solovay-Strassen test for primality

Theorem 7.1. Suppose n € N is odd, n > 3. Then n s prime if and only if

for all a coprime to n.

Proof » If n is prime then it follows from Gauss’ Lemma that

for all a coprime to n, since the Jacobi symbol reduces to the Legendre symbol
in this case.
Suppose conversely that n is composite, say

— mel Er.
n_pl ...pTT,

and suppose

for all a coprime to n. We must show that this leads to a contradiction.
Suppose first that some e; > 2, ie p? | n for some prime p. Our hypothesis
implies that

n—

2" = 41 mod p?
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for all  coprime to n. It follows that this holds for all x coprime to p; for
given xy coprime to p we can find z such that

] xomodp
r=
1 mod p; (p; # p),

by the Chinese Remainder Theorem; and x is then coprime to n.
But consider the polynomial

fla)=aF 1
Differentiating,
, . n—1 n—3
) = 1o
1 n—3
= ——x » mod
5% = modp,

since p | n. Thus
ptz = f'(x) #Z 0 mod p.

Therefore, by Hensel’s Lemma, the number of solutions of
2" =1 mod P

is the same as the number of solutions modp.
Similarly the number of solutions of

n—1

z 2 = —1mod p?

is the same as the number of solutions modp.
It follows that the number of solutions of

2"7 = +1 mod P

is at most p — 1, leaving at least p(p—1) — (p—1) = (p— 1)? residues mod p?
coprime to p for which
n—1
r 2 # +1 mod p?

contrary to our hypothesis.
We conclude that n must be square-free, ie

n=pi--pr

where the primes py, ..., p, are distinct.
Suppose p is one of these primes. By hypothesis

n—

"7 =41 mod p
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for all  coprime to n. As we saw above, this implies that the result holds
for all x coprime to p.
If x is a quadratic residue modp, say « = y? mod p, then

n—1 n—1 2 2
X2 E(y2> = (£1)"=1mod p

Thus

(—) =1 = x%zlmodp.
p
—1

Accordingly, at least half (ie 25=) of the elements of (Z/p)* satisfy

"7 =1 mod p.

But )
S={xec(Z/p)*: 2" =1modp}

is a subgroup of (Z/p)*. It follows by Lagrange’s Theorem that either S
is the whole group (Z/p)*; or else S is the group of quadratic residues, in

which case
n—1 e
Tz = (—) mod p.
p

x
The first case is impossible; for we can certainly find x such that —) =
n

—1, eg by choosing a quadratic non-residue x; mod p;, and taking

) xy mod py
1 mod p; (i > 1).

But then

() -G) )

=—1-1---1=—1;

and therefore

so that
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But now let us choose quadratic non-residues x; mod p; and x5 mod py. By
the Chinese Remainder Theorem we can find x such that

x1 mod pq
T = § To mod py
1 mod p; (i > 2).

Then

=—1-—-1-1---1
1.
By hypothesis, therefore,
x 2 =1modn.
However, we have seen that
n—1 n=1
r?2 =x;° modp
= —1 mod p.

Since these two congruences are contradictory, we conclude that our hypoth-
esis is untenable, and n is prime. <

Example. Suppose n = 21. Testing with 2, we have
2° = 10 mod 21.

Hence
210 = 100 = —5 mod 21.

Thus )
27 £ +1,

and so 2 is a witness that 21 is composite.

It may not be apparent that this test has any advantage over the Fermat
test. But consider the subset

S ={ze€(Z/n):2"F = (%) mod n}.

This set is a subgroup of (Z/n)*. Since we have shown that S # (Z/n)*, it
follows from Lagrange’s Theorem that

ISl < @/
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Thus at least half the elements of (Z/n)* will witness that n is composite.
(In practice it is likely to be much higher, since there is no reason to suppose
that .

r 2 = =x1modn,

let alone that the left-hand side takes the correct value from these two.)

In fact one can show the if the Extended Riemann Hypothesis holds (we
shall see precisely what that means in the second part of the course) then
given any proper S C (Z/n)* there exists an element a ¢ S with 2 < a <
21og* n.

It follows from this that if the Extended Riemann Hypothesis holds (as
almost everyone believes) then the Solovay-Strassen test determines the pri-
mality or otherwise of n in polynomial time. Accordingly, with this proviso
the problem of primality is tractable.

7.7 Elliptic curve tests

Although perfectly practicable, the Solovay-Strassen test is no longer the
primality test of choice. (We gave it because it fitted in well with the rest of
the course.)

The most popular methods today depend on the properties of elliptic
curves over finite fields. The following remarks are merely intended to give
a taste of the ideas involved, and do not contain any exact results.

Recall that an elliptic curve £ over a field k of characterstic # 2 is defined
by an equation

y: =2 4+ ax® + bx +c,

subject only to the condition that the cubic polynomial on the right must
have distinct roots. (A slightly more general equation is required if char k =
2.) If one adds a point “at infinity” then each line meets the curve in exactly
3 points (possibly coincident in the case of tangents). It is not difficult to
see that one can define an additive group structure on £ such that

P+Q+R=0 <= P Q,R are collinear.

All this holds equally well if k is a finite field of characteristic # 2.

The Solovay-Strassen test (and the Fermat test) were based on the group
(Z/n)*. In elliptic curve primality testing we use the group € instead. Apart
from that, the basic ideas are very similar. Thus one can show that the group
& over a finite field has at most 2 cyclic components:

E=CrxCG (111

It follows that £ has an element of order > /m, where m = ||€|| is the
number of points on the curve.
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If we are given a number n we work on the assumption that n is prime.
(If it is not, and the computation therefore breaks down at some point, then
we know that n is composite.) If we can find a point of order > /m then
it follows (in much the same way as our tests of Mersenne numbers above)
that n must be prime.

These elliptic curve methods have found many applications apart from
primality testing. The newest forms of encryption use the same idea; and so
too do various — unsuccessful to date — attempts to break the factorization
problem (ie to show that factorization is tractable).



Chapter 2

P-adic numbers

2.1 Valuations

Definition 2.1. A valuation on a field k is a map
x> lz]] k=R
such that
1 lz|| >0 and ||z|| =0 < z=0;
2 lz +yll < llzll + lyll;
. Nyl = lllllyll;

4. x|l # 1 for some x # 0.

We sometimes use the term wvalued field for a field k together with a
valuation ||-|| on k.

Proposition 2.1. 1. ||1|| =1;
2 -1 = 1;
3. =l = [lf].
Proof ». 1. This follows from 1% = 1;
2. Similarly, this follows from (—1)? = 1;

3 [l=zll = =11l

Ezamples:

1. The absolute value |z| defines valuations on Q, R and C.

2-1
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2. Suppose k is a field. Recall that k(z) denotes the field of rational

functions (@)
flz) = o)

where u(x),v(x) € klz] are polynomials.

If f(x) is not identically zero then we can write

where 7(0), s(0) # 0 (ie z 1 r(z), s(x)).
It is readily verifed that

If ()]} = 27"
defines a valuation on k(x).

Thus || f(z)] is determined by the order of the pole (or zero) at = = 0.

The choice of 2 was arbitrary. We could equally well have set || f(z)| =
e~ ™. We shall return to this point (or place) shortly.

More generally, for any a € k we can define a norm || f(z)||, on k(x) by
setting

[f(@)la=27"

if n is the order of the pole (or zero) at x = a.
3. We can define another norm on k(z) by setting
[u(z)/v(2)]|oc = degu(r) — degv ().

We can think of this as the ‘norm at infinity’ since
1 (@) lloe = [1/(1/2) 0.

Each non-zero rational
can be written as

where p { u,v. We may say that
P
Recall that if p is a prime and n € Z then we write
p° || nif p° | n but p*t{n.
We can extend this to Q by setting
n

Sifr=p = (pluv).

Pl r=
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Definition 2.2. Let p be a prime. Suppose r € Q, r # 0. If
Pl

then we set

x|, =p
We call ||-||, the p-adic valuation on Q.

Proposition 2.2. The p-adic valuation is indeed a valuation of Q.

Proof ». If
Pl s
then
| rs

while
pmln(e.f) | r4+s.

We sometimes denote the absolute valuation on QQ by
[2]loe = |2].

However, the p-adic valuations ||z, differ in one important way from the
absolute valuation ||z||; they satisfy a much stronger triangle inequality.

Proposition 2.3. Ifr,s € Q then
I+ s|| < max([|r[[, [[s]])

Proof ». Suppose

HT’HPZG, HSHIJ:f’
ie
pllr, s
Then _
pmm(—e,—f) — p_ max(e,f) | r + 87
and so

[+ s[l, < max(e, f).

Definition 2.3. The valuation ||z|| is said to be non-archimedean if
[+ yl| < max([[]], [[y[])

for all x,y. If this is not so the valuation is said to be archimedean.
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Evidently the p-adic valuation on Q is non-archimedean, while the abso-
lute value is archimedean.

The term “ultrametric” is sometimes used for a non-archimedean valua-
tion.

For any field k. there is a unique ring-homomorphism

Z —k
If n € Z we write n € k for the image of n under this homomorphism.
Proposition 2.4. The valuation ||-|| on k is archimedean if and only if
Il > 1
for somen € Z.
Proof ». We have to show that if
lnfl <1

for all n € Z then the valuation is non-archimedean.
Suppose z,y € k. Then

(+y)" =a"+eaz" Y+ Ay

where
¢ = (”) €Z = |lci|| < 1.
)
Thus
|z +yl" = [l(z+y)"|
= [la" + ey + -y
< 2" + Nl yll + -+ [ly" ]
= ™+ Nl l" iyl + - + [yl
< (n+ 1) max(|[z], [ly]])".
Hence

lz + 3l < (n+ )Y max(||z]], |lyl])-
Since (n 4+ 1)Y™ — 1 as n — 0o (as one can see by taking logarithms),

[+ yl| < max({[z], [[y])-

<

Corollary 2.1. A wvaluation on a number field k restricts to a valuation on
Q; and the valuation is archimedean or mon-archimedean according as the
restriction is archimedean or non-archimedean.
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Proof ». All is immediate, except perhaps that a valuation on k£ might be-
come trivial on Q, ie ||¢|| =1 for all ¢ € Q.

Suppose that is so. Then the valuation on & must be non-archimedean.
Suppose ||a|| # 1 for a € k, a # 0. Taking a~! in place of «, if necessary,
we may assume that ||a| > 1.

Since « is an algebraic number it satisfies some equation

"+ a4 4o, =0,
with ¢; € Q. Since ||| = 1,

ladl™ = Nlera™™ + -+ + ol

< max([laf[* [l ., 1)
= [la" ",
whence
lafl <1,
contrary to assumption. <
2.2 Places

A valuation on k defines a metric
d(z,y) = ||z —yl|;
and this in turn defines a topology on k.

Definition 2.4. Two valuations on k are said to be equivalent if they define
the same topology.
An equivalence class of valuations is called a place.

Proposition 2.5. The valuations ||||1, |||z are equivalent if and only if
lzll2 = [l]7
for some p > 0.

Proof ». 1t is evident the valuations will be equivalent if they satisfy such a
relation.
Conversely, suppose the valuations are equivalent. With any valuation,

" =0 <= |z < L
Thus, since the topologies are the same,

x| <1 <= ||lz|2 < 1.
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Hence, taking z/y in place of z,
[zlls <yl <= lzl2 <yl

We have to show, in effect, that

log||x
log]|l2

is constant, ie
log|[z]ly _ log|lz|]2

logllylli — logllylla

for all x,y # 0.
It is sufficient to prove this when ||z||1, ||y|l; > 1. Take a high power z™,
and suppose
Iyl < NIy < llyllr

Then
lyllz* < [zl < llylls
Taking logs,

n = logllyll: logllylla = n
Since this is true for arbitrarily large n,

m _ logllz|s logllzlls _ m+1

logllall, _ loglalls
togllyll: ~ Toglyllz’

as required. <

Note that we do not assert that if ||| is a valuation on k then so is ||z||”.
This is true if 0 < p < 1, but is not true in general; for example, |x|? does
not satisfy the triangle inequality in R. All we are saying is that if we have
two equivalent valuations then they must be related in this way.

2.3 Places in Q

Theorem 2.1. A valuation on Q is equivalent either to a p-adic valuations
||, or to the absolute valuation |-|.

Proof ». Suppose first that ||-|| is a non-archimedean valuation on @, so that
Infl <1

for all n € Z.
We must have ||n|| < 1 for some n # 0; for otherwise we would have
||z|| = 1 for all non-zero x = m/n. Let

n=£p{* - pin.
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Then ||p;]| < 1 for some i.
Set p = p;; and suppose ¢ is another prime. Then we can find u,v € Z
such that
up +vg = 1.

It follows that ||¢|| = 1, since otherwise ||1]] < 1.
But now we see that ||n|| depends only on the power p¢ of p dividing n:

Il = llpll
from which it follows that ||-|| is equivalent to the p-adic valuation ||-||,.
Now suppose ||| is archimedean. We want to show that
[l = f]”

for some p.
It is sufficient to prove this for all @ € N. This is equivalent to showing
that

for all integers a,b > 1.
Take a high power b/ of b; and suppose

a® < b < att.
Then
eloga < flogb < (e+1)loga
ie

e logbge%—l'

f " loga™ f

Now let us express b/ to base a, say

bV =a®+ ot - e,

where
0<c¢g<a (1<i<r).

It follows that

oI < Nlall® + llexllllall™ + - - + el
< C(|lal|® + [lal|*" +..1),

where
C = max([[1]], 2], .-, [lm = 1[]).
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If ||a]] <1 this gives

Thus

ol < (Cle+ 1))

As f — oo,

< (Cle+ 1)) =1,

since

It follows that

hypothesis. We conclude that

for all a > 1.

Ibl}f < C(e +1).

e

< log b

~ loga”’

Il < 1.

Since this is true for all b, the valuation is non-archimedean, contrary to

lall > 1

Now the inequality above yields

Ib]” < Cle +1)all”

1e

flog||b]| < elog|lal| +log C(e + 1).

Thus
log]|b]]
log||all

As before, the last term — 0 as f — oo. Hence

Similarly,

Thus

as required.

< €. logC(e+1)
[ flogllal
logh logC(e+1)
~loga  flogllal|
log||b]] _ logb
log|lal| ~ loga’
log|lal| _ loga
log||b]] — logb
log||b]|  logb
log|lal|  loga’

<

We have shown, accordingly, that there is a place in QQ corresponding to
each prime p, together with a place corresponding to the absolute valuation,
which we denote by co. In general, the places in a number field corresponding

to archimedean valuations are said to be infinite.
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2.4 P-adic numbers

The reals R can be constructed from the rationals Q by completing the latter
with respect to the valuation |z|. In this construction each Cauchy sequence

{z; € Q:|z; —x;] > 0asi,j— oo}

defines a real number, with 2 sequences defining the same number if |z;—y;| —
0.

(There are 2 very different ways of constructing R from Q: by completing
Q, as above; or alternatively, by the use of Dedekind sections. In this each
real number corresponds to a partition of Q into 2 subsets L, R where

leL,reR = Il<r.

The construction by completion is much more general, since it applies to
any metric space; while the alternative construction uses the fact that Q is
an ordered field. John Conway, in On Numbers and Games, has generalized
Dedekind sections to give an extraordinary construction of rationals, reals
and infinite and infinitesimal numbers, starting ‘from nothing’. Knuth has
given a popular account of Conway numbers in Surreal Numbers.)

We can complete Q with respect to the p-adic valuation in just the same
way. The resulting field is called the field of p-adic numbers, and is denoted
by Q,. We can identify x € Q with the Cauchy sequence (z,z,z,...). Thus

Qc Q.

To bring out the parallel with the reals, we sometimes write

R =Q..

The numbers x € Q, with ||z||, < 1 are called p-adic integers. The p-adic
integers form a ring, denoted by Z,. For if z,y € Z, then by property (3)
above,

[+ ylly < max([lzfl,, lyll,) <1,

and so x +y € Z,. Similarly, by property (1),

lzylly = lllpllyll, <1,

and so xy € Z,.
Evidently

More generally,
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if p + n. (We sometimes say that a rational number z of this form is p-
integral.) In other words,

@mzp:{%:pm}.

Evidently the p-integral numbers form a sub-ring of Q.
The p-adic numbers are in many ways simpler than real numbers, as the
following result suggests.

Proposition 2.6. The series

D an

in Q, converges if and only if
a, — 0 as n — oo.
Proposition 2.7. Each element x € Z, is uniquely expressible in the form
T =co+ep+ep’+ -

with ¢; € {0,1,...,p—1}.
More generally, each element x € Q, is uniquely expressible in the form

T=copHeip T Aot apto (0< ¢ <p).

We can think of this as the p-adic analogue of the decimal expansion of
a real number x € R.

Suppose for example p = 3. Let us express 1/2 € Q3 in standard form.
The first step is to determine if

%Eo,lor2mod3.

In fact 22 = 1 mod 3; and so

1
552mod3
Next
1/1 1
—=—2]=—==1mod3
3\2 2
1e
1 2
——2=1-3mod 3°.
2
Thus
1 2
§E2+1-3m0d3
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For the next step,

giving

=2+4+1-3+1-3*>mod3*

DO | —

It is clear that this pattern will be repeated indefinitely. Thus
1 2 | 93
5 =23+ +3

To check this,

2+3+3% 4+ =1+(1+3+3"+---)

As another illustration, let us expand 3/5 € Q;. We have

3
—=2 d7
z mo

1
=——=1 d7
z mo

| =

VR

o] W
|

5 mod 7

|
W

|
|
ot
~ N~
I
|
Gl = Gl ol ot W
Il

TN Ol = Ot W Ot =

|
N

Il
I — DO
= = =
o) 5] o)
o, o, (o}
~ ~ ~

|

|
—_
I

|
1

Nl = N= = g
/\/\/T/\

We have entered a loop; and so (in Q7)

3
5:2+4.7+5.72+2.75”+1.7‘%4-75+5~76+~~
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Checking,

1 960
1+ (1+4- T2 =1 - —
+(1+4- 7457+ 7)1_74 5100

2

5

3

=

It is not difficult to see that a number z € Q, has a recurring p-adic
expansion if and only if it is rational (as is true of decimals).
Let © € Z,. Suppose ||z||, = 1. Then

T = c+yp,
where 0 < ¢ < p and y € Z,. Suppose first that ¢ = 1, ie
=1+ yp.

Then z is invertible in Z,, with

v =1 —yp gyt -y 4

Even if ¢ # 1 we can find d such that

dc =1 mod p.
Then

dx = dc =1 mod p,

say

dx =1+ py,
and so z is again invertible in Z,, with

T =d(l—yp+yp*—--).

Thus the elements x € Z, with ||z||, = 1 are all units in Z,, ie they have

inverses in Z,; and all such units are of this form. These units form the
multiplicative group

Ly ={x € Zp: |Jx]l, = 1}.
2.5 The product formula

Proposition 2.8. Suppose a € Q, o # 0. Then
el =1

for almost all places p, ie for all but a finite number of p; and
[Tlel, =1,
P

where the product extends over all the places in Q.



Appendix A

The Structure of Finite Abelian
Groups

A.1 The p-components

Proposition A.1. Suppose A is an abelian group. For each prime p, the
elements of order p™ in A for some n € N form a subgroup

A,={ac A:p"a=0 for somen € N}.

Proof ». Suppose a,b € A,. Then

for some m,n. Hence
P (a+b) =0,

and so a+b € A,. <
Definition A.1. We call A, the p-component of A.

Proposition A.2. If A is an abelian group of order n then A, = 0 unless
p | n; and A is the direct sum of the A, for p | n:

A=A,

Proof ». Suppose
n=p-p
Let
m; =n/p =pit i Py
Then
pftms =

and therefore
i (mia) =na =0

1-1
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for all a € A. Thus
mia € A,
Now ged(my,...,m,) = 1. Therefore we can find uy,...,u, € Z such
that
miuy + - - -+ myu, = 1.
Then
miua + -+ + mpu,a = a,
ie
a:a1+"'+a’T7
where
a; = m;n;a € Ap.
Hence A is the sum of the subgroups A,.
To see that this sum is direct, suppose
CL1+"'+CLT:0,
where a; € A,,. Suppose
pita; = 0.
Let
m; = pil .. p?_*llpf_’:ll .. .pi"_
Then
mya; = 0 for 7 # j.
Thus (multiplying the given relation by m;),
m;a; = 0.
But ged(m;, p;') = 1. Hence we can find m, n such that
mm; + np;t = 1.
But then
a; = m(m;a;) + n(p;a;) = 0.
We conclude that A is the direct sum of its p-components A,,. |
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A.2 Abelian p-groups

A group G (not necessarily abelian, or even finite) is said to be a p-group if
every element g € GG has order p® for some e.

If G is finite this is the same as saying that ||G|| = p® for some e. That
follows from Sylow’s Theorem; if a different prime ¢ divides ||G|| then G has
a subgroup of order ¢/ whose elements will have order ¢".

If G is abelian this is easier to establish, by induction on ||G||. For if we
take any subgroup S C G then the elements of both S and G/S will have
orders of the form p°.

Theorem A.1. Suppose A is a finite abelian p-group. Then A can be ex-
pressed as a direct sum of cyclic p-groups:

A=Z/p")®---DZ/(p™).
Moreover the powers p°', ... p are uniquely determined by A.

Proof ». We argue by induction on ||A|| = p". We may assume therefore
that the result holds for the subgroup

pA={pa:ac A}.
For pA is stricty smaller than A, since
pA=A = p"A=A,

while we know from Lagrange’s Theorem that p™A = 0.
Suppose
pA = (pa1) & - & (pay).

Then the sum
(a1) + -+ {a;) = B,

say, is direct. For suppose
niay + - -+ n.a, = 0.
If p|ni,...,n., say n; = pm;, then we can write the relation in the form
mi(pay) + -+ +m.(pa,) =0,

whence m;pa; = n;a; = 0 for all 7.
On the other hand, if p does not divide all the n; then

ni(pay) + -+ -+ n.(pa,) =0,

and so pn;a; = 0 for all i. But if p t n; this implies that pa; = 0. (For the
order of a; is a power of p, say p%; and p° | n;p implies that e < 1.) But this
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contradicts our choice of pa; as a generator of a direct summand of pA. Thus
the subgroup B C A is expressed as a direct sum

B={(a)® - @ (a,).

Let
K ={a€ A:pa=0}.

Then
A=B+ K.

For suppose a € A. Then pa € pA, and so
pa = nq(pai) + - - + n.(pa,)

for some nq,...,n, € Z. Thus

pla —nia; —--- —npa,) =0,
and so

a—na —---—nar =k € K.
Hence

a=(nay+---+nea.)+keB+K.
If B = A then all is done. If not, then K ¢ B, and so we can find
ki € K, k; ¢ B. Now the sum
By = B+ (k)

is direct. For (k;) is a cyclic group of order p, and so has no proper subgroups.
Thus

BN (k’1> = {O}a
and so

By = B® (k)

If now B; = A we are done. If not we can repeat the construction, by
choosing ky € K, ky ¢ B;. As before, this gives us a direct sum

By = By ® (k2) = B® (k1) © (ko).

Continuing in this way, the construction must end after a finite number
of steps (since A is finite):

A=B;, = B® (k)@ D (ks)
= (@) ® - ®(a) ® (k1) & D (k).
It remains to show that the powers p®, ..., p° are uniquely determined

by A. This follows easily by induction. For if A has the form given in the
theorem then

PA=Z/p" )@ DL/ (™).
Thus if e > 1 then Z/(p®) occurs as often in A as Z/(p°~!) does in pA. Tt
only remains to deal with the factors Z/(p). But the number of these is now
determined by the order ||A|| of the group. <
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Remark. 1t is important to note that if we think of A as a direct sum of cyclic
subgroups, then the orders of these subgroups are uniquely determined, by
the theorem; but the actual subgroups themselves are not in general uniquely
determined.

For example, if

A=1Z/(p)®Z/(p)

then every non-zero element of A is of order p. Thus if we take any a # 0,
and then any b ¢ (a) we will have

A= (a) ® (b).

In fact it is not hard to see that the component subgroups are never
uniquely determined, unless A is a cyclic p-group (in which case there is only
one summand)

To see this, it is sufficient to consider the case of 2 summands:

A=Z/(p°) B Z/(p).

We may suppose that e > f. Let aq, ay be the generators of the 2 summands.
Then it is easy to see that we could equally well take a| = a; + as in place
of a;:

A= (a1 + az) & (a2).

For certainly these elements a; +as, as generate the group; and the sum must
be direct, since otherwise there would not be enough terms mja) + mqas to
give all the p*/ elements in A.

A.3 The Structure Theorem

Putting together the results of the last two sections, we derive the Structure
Theorem for Finite Abelian Groups.

Theorem A.2. Fvery finite abelian group A is expressible as a direct sum
of cyclic groups of prime-power order:

A=Z[/(p") & BL/(p™).
Moreover the prime-powers pi*,...,pS are uniquely determined by A.
Proof ». We first split the group into its p-components:
A=A, ®A,.

Then we can split each component A, into cyclic p-group, as we have just
seen. |
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Remark. The splitting of A into its components A,, is unique, since A, con-
tains all the elements of order p,.

But as we have seen, the splitting of A, into cyclic summands is unique
only if A, is cyclic.

Thus the splitting of A is unique if (and only if) each component A, is
cyclic. As we shall see in the next Section, this is the case if and only if A
itself is cyclic.

A.4 Cyclic groups
Proposition A.3. If gcd(m.n) =1 then
Z/(m)®Z/(n) = Z/(mn).

Proof ». This is just a re-statement of the Chinese Remainder Theorem.
For any m,n, the natural group-homomorphisms

Z/(mn) — Z/(m), Z/(mn) — Z/(n)
combine to give a homomorphism
©:Z/(mn) — Z/(m)®Z/(n).
If ged(m,n) = 1 then © is injective, since
amodm =0, amodn =0 = a mod mn = 0.

Since the groups on each side have the same order mn it follows that ©
is bijective, ie an isomorphism. <

The converse is also true.
Proposition A.4. If ged(m.n) > 1 then Z/(m) & Z/(n) is not cyclic.
Proof ». Suppose ged(m,n) = d. Let
m=dm', n=dn'.

Then
mn/d =mn' = m'n.

Thus each element a € Z/(m) & Z/(n) satisfies
(mn/d) a = 0.
So there is no element of order mn, and the direct sum is not cyclic. |

Proposition A.5. FEvery subgroup of a cyclic group is cyclic.
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Proof ». Suppose
S CA=a),

where a is of order n.
Let d be the smallest integer > 1 such that

da € S.
We assert that da must generate S
S = (da).
For suppose
s=ma € S.
Divide m by d,
m = qd+r,

where 0 < r < d. Then
ra=s—q(da) € S.
Hence r = 0, from the definition of d, ie
s = q(da).
<4

Theorem A.3. The finite abelian group A is cyclic if and only if each com-
ponent A, is cyclic.

Proof ». If Ais cyclic then so is each component A, by the last Proposition.
On the other hand, if each component is cyclic, then so is their direct
sum A, by Proposition <

A.5 Concluding remarks

A.5.1 Finitely-generated abelian groups

The Structure Theorem above extends to finitely-generated abelian groups.
Such a group splits into a direct sum of cyclic subgroups of prime-power
order (as before), together with a number of copies of the additive group Z.
Furthermore, the prime-powers that arise are uniquely determined by the
group, as also are the number of copies of Z.

The proof depends on the fact that the elements of finite order in a
finitely-generated abelian group A form a subgroup T, the torsion subgroup
of A. The quotient-group A/T is torsion-free, ie it has no elements of finite
order except 0.

Now one can show that a finitely-generated and torsion-free abelian group
is necessarily the direct sum Z" of a number of copies of Z. Moreover, A splits
into a direct sum

A=7Z"T.
The number 7 of copies of Z is called the rank of A.
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A.5.2 Abelian groups and modules

Recall that a module M over a ring R is defined in exactly the same way as
a vector space V over a field k. The only difference is we do not assume that
a non-zero scalar A € R has an inverse.

An abelian group A can be regarded as a Z-module, that is, a module
over the ring of integers, where we regard na as multiplication of a by the
scalar n.

Thus an abelian group can be regarded either as a particular kind of
group, or as a particular kind of module. The second point of view is probably
the more appropriate one in most cases.

In particular, the Structure Theorem of Finite Abelian Groups expounded
above does not extend in any natural way to non-commutative groups. It
does however extend more or less unchanged to modules over Principal Ideal
Domains.

In particular, it extends to modules over the ring k[z] of polynomials with
coefficients in a field k.

One important application of this is to the Jordan Form for a linear
transformation ¢ : V' — V of a finite-dimensional vector space V over C (or
equivalently, of a square matrix 7" over C).

We can regard V' as a module over the ring Clz|, with the polynomial
p(x) acting on V' by

(p,v) = p(T) v.

The Structure Theorem shows that V' splits into “cyclic” components be-
longing to the different eigenvalues A of T' (which correspond to the different
primes p). These cyclic components define the sub-matrices into which the
matrix (or rather, a matrix similar to T°) splits.



