Chapter 1

Introduction

Definition 1.1 An elliptic curve £ over a field k of characterstic # 2 1is
defined by an equation

y: =2 4+ ax® + bx +c,

where the cubic on the right has distinct roots.

Remarks:

1. There are several ways of defining elliptic curves. We have chosen the
definition above because it is the most concrete, and requires no further
explanation.

2. An alternative definition is that an elliptic curve over a field k is a
non-singular cubic curve over k containing at least one point defined
over k.

By a cubic curve we mean a curve defined by a cubic polynomial
az® 4 b’y + cay? + dy® + ex® + foy + gy’ + hr +iy+ 5= 0.

We will see in Chapter 2 exactly what is meant by non-singular; but
informally it means that the curve does not cross itself like

y' =2+,

or have a cusp like

We shall see too that the curve
y?=2® +ax® + br +c
is non-singular precisely when the cubic on the right is separable, ie has

distinct roots.

428-99 1-1



3. The additive group on an elliptic curve is most naturally seen in this
context; if P, @, R are three points defined over k (ie with coordinates
in k) on the cubic curve then P+ @ + R = 0 if and only if P,Q, R are
collinear.

Note one subtle (and important) point about this definition: if P,Q
are two points on the curve defined over k then the line P() meets the
curve in a third point defined over k. This follows from the fact that if
two of the roots «a, 3 of the cubic polynomial

p(r) = Az* + Ba* +Cax+D (A, B,C,D € k)
lie in k£ then so does the third root ~, since

a+p+vy=—-B/A

It follows that the points defined over k form a group. Since a curve
defined over k is also defined over any extension field K D k, there is
a group E(K) defined for each such field.

In particular, in the rational case k& = QQ which specially concerns us
we can consider the groups over Q, R and C, as well as over the p-adic
fields Q, which we shall introduce in Chapter ?77. Each of these groups
tells us something about the elliptic curve we are studying.

4. We've skated over one difficulty; the line P() may not meet the curve
again. We have to pass from affine to projective geometry, in effect
adding a line at infinity where P() can meet the curve in this case. All
this will be detailed in Chapter 2

5. There is an even more general definition. To every curve there corre-
sponds a non-negative integer g, the genus of the curve. An elliptic
curve over k is a curve of genus 1 over k containing at least one point
defined over k.

(The reason for adding the condition that the curve must contain a
point over k is that the set of points defined over k£ form an abelian
group, as we have said; and a group, by definition, must be non-empty.)

Lines and conics are curves of genus 0. Such curves are said to be
rational, since the points on the curve can be parametrised by rational
functions, at least if k£ is algebraically closed. For example, the circle
2% + y? = 1 can be parametrised by

?—1 2t
rT=——>, Y= .
t2+1’y 2 4+1
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From this point of view, elliptic curves are the least complicated curves
after the conics studied by the ancient Greeks.

Our earlier definitions of an elliptic curve were set in the plane; but
this definition — an elliptic curve is a curve of genus 1 — extends to
curves in any number of dimensions.

. An elliptic curve defined by an equation
y? =2+ ax® + br +c

is said to be in Weierstrass normal form, or just normal form.

If the characteristic of k is # 2 or 3, we can simplify this equation by
the change of coordinate 2’ = z+a/3, making the coefficient of 22 zero,
ie bringing the equation to the form

v =2 +bx +c.

We shall say that the curve in this case is in Weierstrass reduced form,
or just reduced form.

. Although we excluded fields k of characteristic 2 in our definition above,
we do consider elliptic curves over such fields. But in this case we have
to allow the equation to take the more general form

92 +cxy +c3 = 3+ ng2 + c4x + c.
(We shall see in due course the reason for this rather curious numbering
of the coefficients. Note that there is no coefficient ¢;.)

We shall say that the curve in this case is in Weierstrass general form.

Note that if the characteristic of k is not 2 then we can bring the
equation above to standard form by ‘completing the square’ on the
left:

(y+e1z/2+c3/2)* = 2 + (e + ¢} /4)a” + (ca + cres/2)a + (6 + ¢3/4),
ie by the change of coordinate y' =y + c1x/2 + ¢3/2.

. There is another way of looking at elliptic curves, through the theory
of doubly periodic functions f(z) of a complex variable. Although this
does not lend itself to a definition, it was in fact the origin of the
theory of elliptic curves, as well as the explanation for the use of the
word ‘elliptic’.
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The familiar trigonometric functions cos x, sinz, tanx, etc, are singly
periodic functions f(x) of a real variable:

fla+27) = f(2).

By analogy, we say that f(z) is doubly periodic, with periods wy,ws
(where wy /wy ¢ R), if

fz+w) = [(2), fz+w) = [(2).

It turns out (as we shall see in Chapter 8) that all such functions can be
expressed in terms of one such function, Weierstrass’ elliptic function

(p(z) = Puwi,wa (Z)

More precisely, if f(z) is even then it is a rational function of ¢(2):

where P(w), Q(w) are polynomials.

As we shall see, ¢(z) and its derivative ¢'(z) satisfy an equation
#'(2)" = 4p(2)” + Beo(z) + C.

(This is where the term elliptic comes from; because of this relation
the function ¢(z) can be used to compute integrals around an ellipse.)

We see from this equation that the points (¢(z), ¢'(2)/2) parametrise
the elliptic curve
vt =23+ br +c,

where b = B/4, ¢ = C/4 — much as (cost,sint) parametrises the
circle 22 + 3> = 1. It turns out that every elliptic curve over C can
be parametrized by a Weierstrass elliptic function in this way; and this
provides a powerful analytical tool for studying elliptic curves.

1.1 The discriminant

Since our definition requires that the cubic polynomial

p(x) = 2° + az® + bx + ¢

on the right hand side of our equation should be separable, ie should have
distinct roots, it is useful to establish a criterion for this.
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Definition 1.2 Suppose the polynomial

flx)=a"+ca" '+ +e,

has roots ay, ..., a,. The discriminant of f is defined to be
D(f) = [ [ (e — ay)*.
i<j
Equivalently,

D(f) = (=" V2 T (e — o),

i#]

where now each pair occurs twice, once as a; — «; and once as o; — ;.
The following is an immediate consequence of the definition.

Proposition 1.1 The polynomial f(x) is separable (has distinct roots) if

and only if -
D(f) #0.

Since D(f) is a symmetric function of the roots (ie any permutation of
the roots leaves D(f) unchanged) it is expressible as a polynomial in the

coefficients of f:
D(f) :‘D(Ch”'ucn)‘

To determine this polynomial explicitly we start with the following result.

Proposition 1.2 The polynomial f(x) has a multiple root if and only if f(x)

and its deriwative f'(x) have a factor in common:

f(z) separable <= gcd(f, ') = 1.

Proof » Suppose first that f(x) has a multiple root, say

f(@) =(z—a)g(z).
Then
Thus if r > 1,

(z — ) | ged(f (x), f'(x))-

Conversely, suppose this is so. If
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then

and so

= (z—a) [g(z)
= (z—a)’| f(a).

(z—a) | f'(x)

<
As this suggests, the discriminant of a polynomial is closely related to the
resultant of two polynomials, which tells us if those polynomials have a root
in common.

Definition 1.3 Suppose the polynomials
f@)y=a™+az™ "+ +ay, g@)=a"+ba" 4+ b,

have roots
A1y Qo and By, ..., By,

respectively. Then the resultant R(f,g) of f and g is defined to be

R(f.9)= JI 8 —a).

Il i R

The following result is immediate.

Proposition 1.3 The polynomials f(x),g(x) have a root in common if and
only if R(f,g) = 0.

Now

f@) = (@ —ar)-(z—am), g(w)=(@—=0) - (z—P)

Thus
R(f,9) = g(ai)g(az) - - - glam).

Since the expression on the right is symmetric in aq, ..., a,,, it follows that
R(f,g) can be expressed as a polynomial in the coefficients of f and g.
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Proposition 1.4 The resultant R(f,g) can be expressed as an (m + n) X
(m +n) determinant:

1 a1 ay ... ap 0 o 0

0 1 a ... ame1 Gm ... 0

B 0O 0 0 ... cor Q-1 Qm
Rifig)=det |y w0 . 0
0 1 b b1 by, 0

0 0 O b,—1 b,

Proof » Let us denote this determinant by S(f,g). Suppose f(z) and g(x)
have a root, say t, in common. Consider the m + n equations

" f(t) =0
t"2f(t) =0
f(t)=0
t"g(t) =0
t"2g(t) =0
g(t) =0
as linear equations in ¢+~ ¢m*tn=2 1. The determinant of these linear

equations is precisely S(f,g). Thus S(f,g) =0 if f(z) and g(x) have a root
in common.
This will certainly be the case if any of the mn relations

a;,—B;=0 (1<i<m,1<j<n)

holds. It follows by the Remainder Theorem that each of these is a factor of
S(f,g); and so
R(f,9) | S(f,9)-

But now if we express the coefficients of f(x) and g(x) in terms of the a’s
and (’s we see that R(f,g) and S(f, g) are of the same degree in 3y,..., B,;
and on comparing the coefficients of G]*...3" in R(f,g) and S(f,g) we
conclude that

R(f,9) = 5(f,9)
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Let us apply this argument to the polynomials f(z), f’(x). We have seen
that f(z) has a repeated root if D(f) = 0; and we have also seen that f(z)
has a repeated root if R(f, f') = 0. It is not surprising therefore to find that
there is a relation between these entities.

Proposition 1.5 If f(z) is a monic polynomial then
D(f) = (=1)""D2R(f, ).

Proof » On differentiating

and setting = o,

It follows that
R(f, f) =] f(e)
j
= H(%‘ — ;)

i#]

= (12 e - i)
J<i

= (=1)"""VED(f).

In other words,
D(f) = ()" V2R(f, f').

<
Now we can apply this result to our cubic. First we consider the reduced
case.

Proposition 1.6 The discriminant of the polynomial
f(x)=2°+br +c

18
D(f) = —(4b® 4 27c%).
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Proof » We have

f'(z) = 32> + b,
and so
D(f) = —=R(f, f)

1 0 b ¢ O
01 0 b ¢

=—det|{3 0 b 0 0
0300DbO0
00300

= —4b® — 27

<

It is probably a good idea to remember the discriminant in this reduced
case, but not the more general case we turn to now.

Proposition 1.7 The discriminant of the polynomial
flz) =2 +az® + bz +c
15
D(f) = —4a®c + 18abc — 4b* — 277

Proof » We could determine this in the same way, by computing the deter-
minant

1 a b ¢ O
0 1 a b c
D(f)=—det |3 2a b 0 0
0 3 2a b 0
0 0 3 2a b

Alternatively, it may be simpler to observe that D(f) is left unaltered by
the “change of origin” ' = x + a/3, since this leaves each factor (o; — o)
unchanged. Thus we can derive the formula for D(f) from the reduced case
a = 0 by substituting b — a?/3 for b and ¢ + 2a3/27 — ab/3 for c:

D(f) = —4 (b—a?/3)" — 27 (¢ + 24°/27 — ab/3)*.

In either case, the details are left to you! <
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1.2 Weights

The transformation
z— &z, y— dy

leaves our equation in standard form, taking
y: =2+ ax® + br +c

into
y2 = +d?+Vr+
where

a = d?a, b = d*,d = d.

We may say that the terms a, b, ¢ have weights 2,4, 6 respectively. The
various invariants we shall meet — in particular the discriminant defined
above — are all homogeneous, ie consist of terms of the same weight. This
offers a valuable check on the sometimes complicated formulae we shall en-
counter.

In particular, we see that the disciminant is of weight 12. So it could not
contain, for example, a term a?b, since that has weight 8.
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Chapter 1

Introduction

A simple geometric construction allows us to add points on an elliptic curve
— that is, a non-singular cubic curve. The resulting abelian group is the
basis for the application of elliptic curves in cryptography, number theory
and elsewhere.

Our aim in this Chapter is to explain informally — so for the moment we
are not on oath! — how points are added, and why this operation is asso-
ciative. Then in Chapter 3, when we have the tools of projective geometry
at our disposal, we can set the theory on a rigorous footing.

1.1 The operation x

Let I" be a cubic curve over the field k defined by a polynomial equation
flz,y) =0,

where f(x,y) is a polynomial of degree 3 with coefficients in k, say

f(z,y) = a12® + apr®y + azzy® + agy® + asz® + agry + a7y’ + agw + agy + aso.

Let I'(k) denote the set of points P = (z,y) € I' defined over k, ie with
coordinates x,y € k.

Suppose P,Q € I'(k). Let ¢ be the line PQ if P # @, or the tangent at
P if P=(@. Then ¢ meets I' in a third point R € I'(k).

For if ¢ is the line

y=mz+d
then
Y2 — 1
m =
T2 — X1
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if P # @); while

if P = (). In either case,

and so also
d=1y, —mx € k.

But PQ meets I" where
u(z) = f(x,mz+d) =0.
Now u(z) is a cubic polynomial, say
u(z) = box® + byw* + byx + b3,

with coefficients bg, by, by, b3 € k.
If the roots of this equation are x1, xo, x3 then

b
X1+ Tg+ X3 = —1 € k.
bo
Thus
X1,To € k— 23 = —(.Tl + X2 +b1/b0) € k.
Since
ys =mzs+d €k,
it follows that
R = (x3,y3) € I'(k),

as we claimed.

We set
R=P=xQ.
Evidently this binary operation is commutative:
Q*P=PxQ. (x1)

Moreover, the relation between P, (), R is symmetric:
R=P+«Q—=P=Q*«xR—Q=RxP.
In other words,
Px(PxQ)=Q. (x2)
It follows from this that
P+x@Q=Px+xR<= (@Q=R. (x3)

We have skated round two problems in the discussion above:

428-99 1-2



1. The line PQ may not meet the curve I' again, since the coefficient of 23
in the polynomial u(z) may vanish, leaving a quadratic with the two
solutions x1, .

For example, consider the curve
2 =y3 + 1.
The points P = (2,3), @ = (—2,3) lie on this curve; but the line
y=3

joining them only meets the curve at these two points.

As we shall see in Chapter 2, we can solve this problem completely by
passing to the projective plane — in effect adding a ‘line at infinity’ to
the affine plane k2. Now every line PQ in the projective plane does
meet the curve in three points, the third point perhaps being on the
line at infinity.

2. More seriously, in the case P = () the tangent at P may be undefined.

This happens if
Of /0x =0f/0y =0

at this point. Such a point is said to be singular.

We have to restrict ourselves to non-singular curves, ie those without
singular points. That is why we define an ‘elliptic curve’ as a non-
singular cubic curve. This again will be dealt with in Chapter 2.

1.2 Addition

The operation * is not associative. For if it were it would follow from (x1)
that if S = P x P then

SxQ=(PxP)xQ=Px(PxQ)=Q

for all ), which is absurd.
Remarkably though, if we choose any point O € I'(k), and set

P+Q=0x%(PxQ)

for P, € T'(k) then the operation + is not only commutative — that is
obvious — but is also associative:

P+(Q+R)=(P+Q)+R
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for all P,@, R € I". That is far from obvious.
It is clear however that O is a neutral (or zero) element with respect to
this operation:

O+P=0x(0O*xP)=P,

by (x1). Moreover, if we set

S=0x0

then the point
P =SxP

is the additive inverse of P. For
Px«P=(S*xP)xP=S
and so
PP+P=0xS=0%(0%0)=0.

Thus we may write
—P=5SxP.

It follows that if the operation is associative then it defines an abelian
group on I'(k).

It might seem surprising that we can choose any point O € I' as the
neutral (or zero) point. However, that is not really so. For if we have an
abelian group structure on a set A then we take any element a € A and
define a new abelian group structure on A by the operation

rfy=x+y—a.
It is readily verified that this new operation is associative:

(zty)Tz=x4+y+z—2a=x7(yt2).
Moreover
rfa=x4+a—a=u,
so the element a is the new zero element; and if we set

¥ =—x+2a
then
r4+2 =x+(—x)+2a—a=a,

ie ' is the inverse of x with respect to the new operation.
In effect, all that we have done is to ‘move the origin’ from 0 to a, through
the transformation
T =T —a.
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1.3 The choice of O

Recall that we can choose any point O € I'(k) as the zero point of our group.
What is the best choice?
We saw that
—P=Sx%P,

where S = O % O (ie S is the point where the tangent at O meets I' again).
It turns out that life is much simpler if we can choose O so that S = O,
le
Ox0=0.

That is, the tangent at O meets I' in three coincident points: O,0,0. In
other words, O is a point of inflexion (or flex) on T
For then, as we have seen,

—P=0xP.
It also follows in this case that
P+Q+ R=0<«<= P,Q,R are collinear.
For if P, @, R are collinear then

R=P+«xQ=0xR=0x(Px*xQ)
= —R=P+Q
= P+Q+R=0.

Conversely, if P+ @ + R = 0 then

P+Q+R=0=——-R=P+Q
= O0xR=0x%(Px*Q)
— R=P=x(Q
= P, @, R collinear

However, in general a cubic I' over k does not contain a point of inflexion
over k. In fact, I' may contain no points defined over k£ at all — let alone
points of inflexion — as for example the curve

D3 4+29° =4
over Q. For if (x,y) € T, where z,y € Q, then we can write
X Y

552279:27
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where XY, Z € Z and ged(X,Y, Z) = 1; and now
X +2Y° =42°
Evidently 2 | X, say X = 2X’. Then
AXP +Y? =227°
It follows that 2 | Y, say Y = 2Y’. But now
2X"° 4" = 75,

Hence 2 | Z; andso 2 | X, Y, Z, contradicting our assumption that ged(X,Y, Z) =
1.

On the other hand, we shall show in Chapter 3 that if the elliptic curve £
does contain a point P € £(k) then we can find a birational transformation
over k taking £ into another elliptic curve £ over k having a point of inflexion
O € &'(k). Moreover, this birational transformation preserves the group
structure; so nothing is lost, from our point of view, in passing from & to &’

We may describe an elliptic curve with this property (having a point of
inflexion O defined over the base field) as Weierstrassian, since in this case
— as we shall see in Chapter 3 — the equation of the curve can be taken in
a simple form, due to Weierstrass.

In the rest of the course we shall assume that every elliptic curve &€ is
Weierstrassian, unless the contrary is stated.

1.4 Associativity

There are several ways of showing that our addition is associative. But since
we defined addition geometrically, it is appropriate to give a geometric proof
of associativity. For the moment, we merely sketch the proof; we shall fill in
the details in Chapter 3.

We want to show that

P+(Q+R) =(P+Q) +R
Ox(Px(O%(Q+R)))=0x*((0Ox(P*xQ)*R).

Since
OxX=0xY <— X =Y,
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we can ‘hive off” the last Ox; it is sufficient to show that
Px(Q+R)=(P+Q)*R.

There is an equivalent, more symmetric, form of this identity: for any 4
points X,Y, Z. T € &,

(X*Y)x (ZxT)=(X*Z)* (Y xT). (x4)

To see that this follows from the associative law, note first that it is sufficient
to prove the result in any extension of the ground field £; so we may assume
that k is algebraically closed. In that case we can certainly find a point of
inflexion O € &; and on taking this as our zero point,

X#Y =0%(X+Y)=—(X+Y).
Thus
(X*xY)*(ZxT)=X+Y +Z+T=(X*Z)* (Y xT).

Conversely, suppose this result holds. On taking X = O, Y = PxQ, Z =
Q* R, T = (), we derive the required result:

(P+Q)*R=(Q+R)=*P.

It remains to prove the identity (x4).
The general cubic curve I', as we saw, is defined by 10 coefficients:

I+ a2x2y + agxy2 + a4y3 +asz? + agxry + a7y2 + agx + agy + aig = 0.

Suppose we are given 8 points Py, P, P3, Py, Ps, Ps, P;, Py in the plane,
no three of which are collinear. Let us also suppose that there is an elliptic
curve &£, ie a non-singular cubic, passing through these 8 points.

The cubic I" passes through a given point P if the coefficients (ay, ..., ap)
satisfy a certain homogeneous linear equation. Thus I" will pass through the
8 points if the 10 coefficients satisfy 8 homogeneous linear equations.

Now we know from linear algebra that the solutions of m linear homoge-
neous equations in n unknowns form a vector space of dimension > n — m.
Thus the cubics passing through our 8 points form a vector space of dimen-
sion d > 2.

Suppose first that d > 2. We shall show that this leads to a contradiction.
For in this case we can impose 2 further homogeneous linear equations; in
particular we can find a cubic I' passing through any further two points @), R.
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Let us choose these two points on the line £ = P; P,, say, then this line
will meet I' in 4 points, and so will lie wholly in I', which must therefore be
degenerate:

I =(C,

where C'is a conic.
But this conic C' must pass through the 6 points Ps, Py, Ps, Ps, P, Pk.
Now a general conic is defined by 6 coefficients:

C 2 byx® + bywy + bsy® + by + bsy + bg = 0.

It follows that we can always find a conic passing through 5 points @1, Q2, Q3, Q4, Q5.
In fact, if no 3 of these 5 points are collinear, then there is exactly one
such conic. For if there were two we would have a pencil

C = Gy + p2Cy;

and we could find a conic in this pencil passing through any further point
R. But now if we choose R on ¢ = ()1Q)2, say, then the line £ meets C' in 3
points, and so lies wholly in C'. Thus C' is degenerate:

C =Im,

and the line m must pass through @3, @4, Q)5, contrary to our assumption
that these points were not collinear.

Let C be the conic determined by the points Py, Ps, Ps, P7, Ps. Then it
follows from the argument above that this conic passes through P;. But there
was nothing special about our choice of Py, P, out of the 8 points; we could
equally well have chosen P,, P3 and P;, P3, in which case we would conclude
that C passed through P; and P,. It follows that all 8 points must lie on the
conic C.

But a conic C' and a cubic I' meet in at most 6 points, unless the cubic
is degenerate and contains the conic:

I'=14ac.

Thus all the cubics in our pencil must be degenerate. But that is impossible,
since we supposed that there was a non-degenerate cubic (the elliptic curve
&) passing through the 8 points.
We have shown, therefore, that d = 2, ie the pencil of cubics through the
8 points takes the form
I'= )\1F1 + )\QFQ‘

Now I'; and I's meet in at most 9 points. For on eliminating y say from
the equations for I'y and I'y we obtain a polynomial equation of degree 9 in =z,
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to which the z-coefficients of P;, ..., Py provide 8 solutions. It follows that
there is a 9th solution, giving a 9th common point Py on I'; and T'y. (It also
follows — although we make no use of this — that if Py,..., Py € I'(k) then
Py € T'(k), by the same argument we used to show that if P,Q € ['(k) then
PxQeI(k).)

We have proved (more-or-less) the remarkable result that given any 8
points Pp,..., Py (no 3 of which are collinear) there exists a unique 9th
point Py with the property that every cubic I' through P, ..., P also passes
through F.

To prove the associative law, we apply this result to the 8 points

XY, 2T, XY, X+ Z,Y+T,Z +T.

These points all lie on the elliptic curve &, of course, and they also lie on 2
sets of 3 lines, as follows

| ¢ | m | n |
A X Y X *xY
m/ Z T Z xT
n | XxZ|Y*xT

Now consider the 3 cubics
E, tmn, 'm'n'.

Each of these passes through the 8 points, and so belongs to the pencil defined
by those points. Hence
E = Mmn + Nt'm'n’

for some A\, N € k.
Moreover, £ and ¢mn meet in the further point

(X*Y)x(ZxT) € &Nlmn;
while £ and ¢/m'n’ meet in the further point
(X*xZ)x (Y *T)eENlmn';
It therefore follows from our argument above that
(X*Y)x (ZxT)=(X*Z)* (Y xT).

This establishes the identity (x4), and so the associativity of our addition.
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Chapter 2

From Affine to Projective
Geometry

2.1 Projective spaces

One of the great discoveries of the Italian school of algebraic geometry around
the turn of the century was that life becomes much easier if one “completes”
the affine space k™ by adding “points at infinity” to form the projective space
P (k).

Suppose V' is a vector space over the field k. The associated projective
space PV is the set of 1-dimensional subspaces of V. In other words, PV is

the quotient-set
PV = (V —{0}) /k~,

where k* denotes the multiplicative group on the set & — {0}.
Thus each non-zero vector v € V defines a point of PV; 2 non-zero vectors
u, v defining the same point if they are scalar multiples of one another, ie

v =pu (pek™).
The dimension of PV is defined to be
dim PV =dimV — 1.

Each r-dimensional vector subspace U C V defines an (r — 1)-dimensional
projective subspace of PV.
We define n-dimensional projective space P™(k) over k to be

P"(k) = P(E™) = (k"' — {0}) /k*.
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Each point of P"(k) is represented by a set of n+ 1 homogeneous coordinates
(X1, ..o X, X
not all 0. Proportional coordinates define the same projective point:
Pl X1, X, Xoa] = [pXa, - p X, p X = [ X, -0 X, Xoga]-
There is a natural embedding of the affine space k™ into the projective

space P"(k), 0
K C P (),

defined by the injective map
(X1, ..oy ) — [T, T, 1.
The points of P"(k) not in k™, namely the points of the form
[(Xi1,..., Xp, 0]

are called ‘points at infinity’. They form an (n — 1)-dimensional projective
subspace of P"(k).

2.2 The Projective Plane
We shall be mainly concerned with geometry in the projective plane
P2(k) = {[X,Y, 2] : XY, Z € K]}.
We identify the affine plane k? with the subset Z # 0 of P?(k), by the map
(z,y) = [o,y,1] + k* — P(k).

The points of P?(k) not in k? form the line at infinity Z = 0.
Each affine line
ar+by+c=0

in the affine plane k? extends to the projective line
aX +0Y +cZ =0

in P?(k), with the addition of a point [—b, a,0] at infinity.
In general each linear homogenous equation

aX +0Y +cZ =0
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defines a line in the projective plane P?(k). Each such line except for the line
at infinity Z = 0 intersects the affine subspace k? C P?(k) in an affine line.
Any 2 distinct projective lines

aX +bY +cZ=0, dX+VY+IZ=0

intersect in a point; while any 2 distinct points in P?*(k) define a unique pro-
jective line. This perfect duality between points and lines (or in n dimensions,
between points and (n — 1)-dimensional subspaces) is a minor advantage of
projective geometry.

Two affine lines are parallel if and only if the corresponding projective
lines meet on the line at infinity.

2.3 The Projective Group

An invertible (non-singular) linear map
t:V-V

induces a map

f:PV — PV,

where PV is the corresponding projective space. Such a map is called a
projective transformation.

Two linear maps t,pt (p € k™) define the same linear transformation.
Thus the projective transformations form the projective group

PGL(V) = GL(V)/k*.

In particular
PGL(n,k)=GL(n+1,k)/k>.

If Py, Py, P3, P, are 4 points in the projective plane, no 3 of which are
collinear, and )1, )2, )3, Py is a second similar set, then there is a unique
projective transformation sending

Py— Q1 Po— Qa, P3— Q3, Py Q.
For if we choose coordinates
P =[X;,Y;, 2] (i=1,2,34)
then

(X4, Yy, Zy) = an[ X1, Y1, Z1) + ao[Xo, Yo, Zs] + as[ X3, Ys, Zs)
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for some a; € k; and the a; are all non-zero since no 3 of the points are
collinear. But now we can take a;[X;,Y;, Z;] to represent P;; and then

P, =P, + P, + Ps.
Similarly we can choose coordinates to represent the second set with

Qs = Q1+ Q2+ Qs.

Each point P can now be written in the form
P=XMNP + XP5+ \3Ps5.
and the required projective transformation is then given by

P— Q= MQ1 + MQ2 + A3Qs.

In projective geometry, two curves — or other geometric entities — which
can be mapped into one another by projective transformations are regarded
as ‘the same’.

2.4 Affine and Projective Varieties

An affine variety in k™ is defined by a set of simultaneous polynomial equa-
tions

Pi(xy,...,2,) =0,..., P(x1,...,2,) = 0.

(In general one is interested in the solutions of these equations not only in
k, but also in its algebraic closure k.) Algebraic geometry is the study of
varieties.

We shall only be concerned with the simplest of varieties, namely curves
in 2 dimensions defined by a single polynomial equation

F(z,y) =0.

When we pass to projective space P"(k) we deal exclusively with homoge-
neous polynomials P(Xy, ..., X, X,,11), ie those with all terms of the same
total degree, eg X2Y + X Z2+2Y3. If P(X1,...,X,, X,11) is a homogeneous
polynomial of degree d then

P(pX1,. . pXos Xoi1) = p'P(X1, o, Xy Xop):

Thus it makes sense to speak of the points in projective space P"(k) satisfying
the equation P(Xy,...,X,, X,11) if (and only if) P is homogeneous.

428-99 24



If p(x1,...,2,) is a polynomial in k™ of degree d then the corresponding
homogeneous polynomial is

PIX,Y,Z) = 2 (X/2,Y)Z).

For example, the homogeneous form of the polynomial

p(z,y) =y* —2° —az® —bx — ¢

of degree 3 is
P(X,Y,Z)=Y?*Z — X® —aX?Z —bX7Z* — cZ>.

If effect we replace x and y by X and Y, and multiply each term by a power
of Z to bring it up to degree d.
In this way, every affine variety V in k™ extends to a projective variety V
in P*(k), with
VAE"=V:
ie the restriction of the projective variety V to affine space is just the affine
variety V. In general V will contain additional ‘points at infinity’.

2.5 Tangents to a projective curve

Suppose 7 is an affine curve in k? defined by the equation

f(z,y) = 0.

Let T' be the corresponding projective curve in P?(k), defined by the ‘ho-
mogenised’ equation

F(X,Y,Z) =0,
where
F(z,y,1) = f(z,y).
We assert that the tangent to I' at the point P = [Xj, Yy, Zy] is the line

oF oF oF
— X+ =Y +—7=0
ax" Tav' Taz” ™Y
where the partial differential coefficients are computed at the point [ Xy, Yy, Zp].
Let us verify that this is indeed the projective line corresponding to the
usual tangent, if P is a point in the affine plane.
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First note an important identity satisfied by the partial differential coef-
ficients of a homogeous polynomial F(z,y, z). If F' is of degree d then

F(pX,pY,pZ) = p'F(X,Y, 7).
Differentiating with respect to p and setting p =1,

OF . OF_  OF
o X oy + 5,2 =dF(X.Y. 2).

The tangent to the affine curve f(z,y) = 0 at the point (xg, o) is

="z o)
Y yo—dxl‘ Zo)-

Differentiating f(x,y) = 0 with respect to z,

af Lof of dy _
or oy dr

Thus the tangent can be written

of of
ax(x—xo)Jra—y(y Yo) = 0,
o of of of  of
9" " ay? T o™ ™
Now

(%), ()
O (%0,%0,1) O ($o7yo)7

since F(z,y,1) = f(x,y). Moreover

OF +aF LOF _
oxO T oy T 57

since F'(xg, Yo, 1) = 0. Thus the affine tangent can be written in the form

of af of
8x$+ 8yy+ 0z

0,

corresponding to the projective line

OF oF oF

as we claimed.
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This tangent is defined unless

or _oF _OF _
oxX oY 9z

In this case we say that P is a singular point on the curve. A curve is said to
be non-singular if contains no singular points, either in & or in any extension

field of k.
We say that the curve F'(X,Y,Z) = 0 is degenerate if the polynomail F'
factorises:
F(X,Y,Z) = G(X,Y, 2)H(X,Y, Z).

A degenerate curve is always singular. For the points where the constituents
meet,

G(X,Y,Z) = H(X,Y,Z) =0,

are necessarily singular.

2.6 The characteristic 2 case

Now that we have defined what we mean by a singular point or a singular
curve we can extend our definition of an elliptic curve over k to the case
where char(k) = 2.

Definition 2.1 An elliptic curve over a field k is given by an equation
Y2+ azy + gy = 2° + 0a” + e + ¢ (c1,¢2,¢3,¢4,06 € k)

subject to the condition that the curve must be non-singular.

Note that the new definition is equivalent to our original definition of an
elliptic curve when char(k) # 2. For in that case we can complete the square
on the left, and bring the equation to standard form; and we have seen that
the curve is non-singular in this case precisely when the condition in our
original definition — that the cubic on the right should be separable — is
satisfied.

First we verify that there is no singularity at infinity.

Proposition 2.1 The curve
y2 + 1Ty + c3y = 3+ 02x2 + cuxr + cq

meets the line at infinity in just one point, [0,1,0]. This is a point of inflec-
tion on the curve, and is non-singular.
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Proof » The homogeneous form of the curve in this case is
F(X,)Y,2)=Y?*Z+ e XYZ+c3YZ? — X? — o X*Z — ey X 7% — ¢sZ° = 0.
This meets the line at infinity Z = 0 where

X3 =0,

ie thrice at the point [0, 1, 0], which is thus a point of inflection. To see that
this point is non-singular, note that
oF 2 2 2
8_Z =Y + ClXY + 203YZ - CQX - 2C4XZ - 3032
=1

at [0, 1,0], since all the terms except the first vanish. <

Now suppose char(k) = 2. We shall establish a condition on the coeffi-
cients ¢; for non-singularity.

We have seen that the point [0, 1, 0] on the line at infinity is non-singular.
So any singular point is in the affine plane.

In characteristic 2, —1 =1, 2 =0, 3 =1, etc; so we have

OF

% = aYZ 4+ X%+ e 22,

oF

—— =aXZ+ 32 =Z(e1 X +e37),
oY

OF

57 = Y24+ XY + X2 + ¢ 22

Thus if the point (z,y) = [z, y, 1] is singular then

ay+x*+c, =0,
cx +c3 =0,

y2 + vy + cox? 4+ ¢ = 0.
From the second equation,
C1T = C3.

If ¢; = 0 this implies that ¢3 = 0, so that 9F/JY = 0 identically. In that
case the point (x,y) = [z,y, 1] is singular if

2?4+ ¢y =0,

y2—|-02x2+66 = 0.
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We may not be able to solve these equations in k, but we can always solve
them in an extension of k, for example in its algebraic closure k. Thus we
have established what we said earlier; the curve

y? =2® +ax® + br+c

15 always singular in characteristic 2.
Now suppose ¢; # 0. In that case

x =c3/cr.
So from the first equation,
y =c3/cl +afe;
and then from the third equation,
c3/S 4 cijcl + 3/t + eseafer + cacs /i + g = 0.

(Note that (a + b)? = a® + b? in characteristic 2.) Multiplying by ¢} and
re-ordering the terms,

6 4 2 4.2 3.3 5 4 _
C1Ce + Cieacs + €y + ey + cjesey + 3 = 0.

Conversely, if this is so then either ¢; = ¢3 = 0, or else ¢; # 0, in which case
on taking

r=c3/cr, y= cg/c? +c4/cq

we see that
oF B oF B oF B

oX oY 97
at the point (z,y) = [z,y, 1].
Finally we observe that this point is necessarily on the curve, since

oFr oF or
FIXYZ2)=X—+Y—+27—.
XY 2) = Xox Yoy 252
We have established
Proposition 2.2 The equation
y2 + iy + c3y = z° + 02582 + c4x + g

defines an elliptic curve in characteristic 2 if and only if

6 5 4.2, 42 33 4
c1C6 + clcgeq + cicacs + cicy + cics + c5 # 0.
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2.7 The discriminant of an elliptic curve

We have established two conditions for non-singularity: the condition above
when char(k) = 2, and the condition that if char(k) # 2 then the curve

P =2+ ax® + br+c

is non-singular if D(p) # 0, where p(x) is the cubic polynomial on the right.
It is natural to ask if we can find a polynomial D(cy, ca, c3, ¢4, cg) such
that the general Weierstrass equation is non-singular — and so defines an
elliptic curve — if and only if D # 0, in all characteristics. We shall show
that this is indeed the case, though the polynomial we get is so complicated
that we shall never write it out explicitly.
Suppose for the moment that char(k) # 2. Then we can bring the curve

y* 4+ ciwy + 3y = 20 + e + cqr + g
to standard form by completing the square on the left, giving
y: =2+ ax® + bxr +c

with
a=co+ /4, b=cy+cic3/2, ¢ =c+ /4

We know that the curve is non-singular in this case if
D(p) = —4a’c + a*b* + 18abc — 4b* — 27¢* # 0.
Substituting for a, b, ¢ gives us a horrendous polynomial, say
Aley, g, ¢3, ¢4, Cg).

It is clear that the coefficients of this polynomial will have denominators
of the form 1/2". We claim that the highest power of 2 appearing in these
denominators is 2* = 16. In other words, the polynomial 16A has integer
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coefficients. To see that this is so, consider

20A = —2%(cy + 3 /4)* (6 + 3 /4)
+ 26(02 + C%/4)2(C4 + C103/2)2

+ 2732(02 + cf/4)(c4 + cie3/2)(c6 + c§/4)

— 2%(cy + 103/2)°
— 2933%(ce + 3 /4)?
= — (dez + 1)’ (4cs + ¢3)
+ (dey + 1) (2¢4 + c103)?
+223%(4ey + ¢3)(2¢4 + c103) (4 + ¢3)
—25(2¢4 + c1c3)?
— 2233 (4cg + c3)2.

Working modulo 4,
2°A = —cfci + Bci mod 4.

Thus 2*A is a polynomial with integral coefficients.
Definition 2.2 We define the discriminant of the curve
y2 + iy + c3y = 3+ 02502 + ¢4 + Cg

to be
D(€) = 2*A.

Proposition 2.3 The equation
y2 +cixy + c3y = 23+ cox? + ey + cg
defines an elliptic curve if and only if

D(E) #0.

Proof » There is nothing to prove if char(k) # 2, since the factor 2% then
makes no difference; D(E) = 0 if and only if the discriminant of the cubic
2% + ax? + bx + ¢ is 0, which we know is the condition for the curve to be

singular.

If char(k) = 2 it is sufficient to show that D(E) reduces to the polynomial
in Proposition 2.2. In effect, we have to determine 2°A mod 8. From the

formulae in the calculation mod4 above,

2°A = —12¢icacs + Acfcg + Acich + Acicsey + 2°3°cicl — 2°3%¢; mod 8

— 4 2 6 4 2 5 3.3 4
= 4 (cieacs + cfeg + cicf + cieseq + ¢l + ¢;) mod 8
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Thus in characteristic 2
_ 04N _ 6 5 4.2 42, 33 4
D(E) = 2°A = cJcg + cleseq + cleacs + ¢ci + ¢ic; + 5,

which is exactly the polynomial which we showed vanished if and only if the
curve is singular. <«

2.8 On the Intersection of Curves

Suppose I'y, 'y are 2 non-degenerate curves in P? defined by homogeneous
equations
F(X,)Y,Z)=0, [,(X,Y,Z) =0,

of degrees ni,no; and suppose
Pel{NTs.

Then one can define an integer I(P;I'1,T'y) > 1, the intersection number of
I'y and I'y at P.

In the ‘generic’ case, where I'; and I'y are non-singular at P, and the tan-
gents to the 2 curves at P are distinct, the intersection number I(P; 'y, T'y) =
1.

We shall not define the intersection number in the general case — al-
though the definition is not particularly complicated — but only in the spe-
cial case which we need, where one (or both) of the curves is a line.

Let A then be the line

aX +bY +cZ = 0;

and let I' be the curve
F(X,Y,Z) =0,

where F(X,Y, Z) is homogeneous of degree d.
If
Pl == [X17}/17 Zl]7 P2 = [XZa}/Qa ZQ]

are 2 points of A then the general point P € A can be written
P = uP1 + UPQ = [UXl + UXQ,UYi + UY&,UZl + UZQ].

We may regard u, v as homogeneous coordinates for the line A.
This line meets the curve where

H(u,v) = F(uP, +vP,) =0,
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which is a homogenous equation of degree d in u, v.

If now P = (ug,v9) € ANT then uvy — vug is a factor of H(u,v). We
define the intersection number I(P; A, T") to be the multiplicity of this factor
in H(u,v).

It is readily verified that this number is independent of the choice of
points Py, P, € A.

If the ground field k is algebraically closed then H(u,v) factorises com-
pletely into linear factors; and it follows that the sum of the intersection
numbers is equal to the degree:

> I(P;AT) =degT.

PeAnl’

In the general case — where k is not algebraically closed — this reduces
to an inequality:
> I(P;AT) < degT.
PeANT

These results break down if A is a factor of T, ie
F(X,Y,Z)= (aX +bY +cZ2)G(X,Y, Z),
where G is of degree d—1. In this case the intersection numbers are undefined.

Proposition 2.4 Suppose P is a point on the non-singular curve I' of degree
> 2. Let A denote the tangent to I" at P. Then

I(P;A,T) > 2.

Proof » Let us take P = [Xy, Yy, Zo] and a second point @ = [X71,Y7, Z1] on
A to define the homogeneous coordinates (u,v) on A. By the 2-dimensional
version of Taylor’s Theorem,

H(u,v) =F(uP 4+ vQ)
=u'F(P) +

o |(G5) =X+ (55) i-v+(5g) @-z)] v

Since P and @ both satisfy

oF OF oF
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the coefficient of u?~'v is 0; while the coefficient of u? is 0 since F(P) = 0.
Thus H has a double zero at u = 0, ie

I(P;AT) > 2.
<
Remarks:

1. The result still holds if I" is singular, provided the tangent A is not a
factor of T'.

2. We can use the intersection number to define the ‘badness’ or multi-
plicity of a singularity. For suppose P is a singular point on the curve
[. It follows from our equation for H(u,v) above that the coefficient
of u4~'v vanishes identically, for any line A through P. Thus

min [ (P; A, T) > 2.
AP

We define this minimum to be the multiplicity of the singularity at P.

2.8.1 Bezout’s Theorem

Proposition 2.5 Two curves I'1,T'y in P? of degrees ni,ne cannot meet in
more than ning points, unless they have a factor in common.

Proof » We may assume that the field £ we are working over is infinite; for
otherwise we can pass to an infinite extension of k (for example, the algebraic
closure k of k, or the field k(t) of rational functions over k).

Let the curves be given by the homogeneous equations

F(X,)Y,Z)=0, [5,(X,Y,Z) =0,

of degrees nq, ns.
Suppose the curves have nins + 1 points in common, say

Py, Pr,...,Pyin,.

We can find a line az + by + cz not passing through any of these points; and
we can take this line as the line at infinity. Thus we may assume that the
nine + 1 points are all in the affine plane k2. In this way we can reduce the
problem to the affine case, in which the curves are given by affine equations

fl(x7y) = Oa f2($’y) = 07
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where fi, fo are non-homogeneous polynomials of degrees < ny,ns.
By making a further change of coordinates, if necessary, we may assume
that the nins + 1 points

P = ($i,yz’)

have distinct z-coordinates and distinct y-coordinates.

Now let us regard fi, fo as polynomials in y, and let us compute their
resultant R(f1, f2). This is a polynomial of degree < nins in z.

For each z; the polynomials fi(z;,y), fa(z;,y) have a factor y — y; in
common. It follows that the resultant R(x) must vanish for these values of
x. Thus R(z) has more roots than its degree, and so must vanish identically.

But that implies that the polynomials fi(x,y), f2(x,y) have a factor in
common, say

fil@,y) = m(z,y)q1(z,y), f2(z,y) = m(x,y)gi (2, y).

It follows that the original homogeneous polynomials have a factor in com-
mon:

F(X,Y,2) = M(X,Y,2)G\(X,Y, Z), F5(X,Y,Z) = M(X,Y, 2)G:(X,Y, ).

<

Remarks:

1. If the curves have a factor in common, and if the field we are working
over is infinite, then of course the curves have an infinity of points in
common.

2. The Proposition above is a very feeble form of Bezout’s Theorem, which
states in its fullness that if T'y, Ty are curves in P*(k), where k is an
algebraically closed field, and 'y, Ty have no factor in common, then

Y I(PiTy,Ty) = degTy degT.

Pel'1Nl'a

In other words, the number of points of intersection, if each is counted
with due multiplicity, is equal to the product of the degrees.

There is a small addendum to Bezout’s Theorem which we shall find very
useful.

Proposition 2.6 Suppose the curves I'y,I'y of degrees ni,ny over k have
(ning — 1) points over k in common, but have no factor in common. Then
they have a further point over k in common.
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Proof » When we eliminate Z say as above (in the proof of Bezout’s The-
orem) we are left with a homogeneous polynomial over k of degree nins in
X,Y. We know that this polynomial has (nyns — 1) roots in k. It follows
that the last root is also in k, by the homogeneous analogue of the fact that
the sum of the roots of the polynomial

a4 ag=0
is equal to —a;. <
In effect we have used a particular case of this result (with n; = 1, ny = 3)

in our assertion that if P,() € £ then Px(Q € &; the line PQ meets £ in two
points over k, so it meets £ in a third point over k.

2.9 Points of Inflection

Consider the curve
Y* 4+ oy + csy = 28 + a4 cqr + c,
or in homogeneous form,
FX,Y,Z2)=Y?*Z +c, XY Z+c3YZ? — X? — uX*Z — ey X 7% — ¢ 2% = 0.
This meets the line at infinity Z = 0 where
X3 =0,

ie thrice at the point [0, 1,0]. Thus the line at infinity is the tangent to the
curve at [0,1,0] — but it is more than that, it is a point of inflection.

Definition 2.3 A non-singular point P on the curve
' F(X,)Y,Z)=0

is said to be a point of inflection (or flex) if the tangent A at P intersects I’
with multiplicity at least 3:

I(P;A\,T) > 3.
Proposition 2.7 Suppose P is a non-singular point on

I:F(X,Y,Z)=0,
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where F(X,Y,Z) is a homogeneous polynomial of degree > 2. Then P is a
point of inflection on I if and only if it satisfies the hessian equation
9*F 9*F 0*F
A T
H(X,Y,Z) = det Xy oy ooz
O*F 9°F 9%°F
0X0Z OYoZ  0Z7

=0.

Proof » Let P = [X,Y, Z]; and suppose @ = [X', Y’ Z']. Each point of the
line P() can be written in the form

uP 4+ vQ = [uX + v X' uY + oY uZ +vZ'].

We can regard (u,v) as homogeneous coordinates on the line PQ. This line
meets [' where

F(uP +vQ) = 0.
If deg F' = d, this expands to

oF oF oF
d d—1 1 ! /
u'F(P) +u®v [—aXX + Y 57+

2p 2p 2p g 2p
X’2+8—Y’2+ 4 VAR 0 XY +2 0 X'7' 42 0

2" X2 Y2 022 OXOY 0X0Z 0X7Z

1 d—2, 2 {aQF
Thus the line PQ will intersect I at P with multiplicity > 3 if and only
if
oF oF oF
/ / N — = / i !/ - ! —
L(X,Y,Z)_aXX +8YY+GZZ 0

and
0’F 2 0*’F 2 0’°F 0*F 0*F

P2F
x2Sty O e X'y 12 X'Z' 42
ax2 Tave' Tarz? Taxav. ' TCaxez 4 TCaxez

The first condition simply states that P(Q) is the tangent to I' at P.
On setting Q) = P,

MX'\Y', 7)) =

F(uP +vP)=0.

Hence
M(P) = 0.

Thus the equation
QX,Y,Z)=0

represents a conic through P.

Lemma 1 The tangent to the conic M(X,Y,Z) =0 at P coincides with the
tangent to I" at P.
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Remark: Tt would be surprising if this were not so; for in that case we would
have defined in an intrinsic way a second line passing through any point P
of a curve. One might think of the normal to the curve at P. But angle is
not a projective invariant, so this would not make sense.

Proof of Lemma > To avoid confusion, let us for a moment set P = [ X, Yy, Zo].

Then the tangent to M (X,Y,Z) =0 at P is

O*F O*F O*F O*F O*F O*F
(550 + scar ™o+ ooz ) ¥+ (5070 + Gya¥o+ aypz2) ¥

0X?2 0X0Y 0X07 0X0Y BYE oY oz
92F 92 F 92F
<8X82X0 Tovaz T oz ZO> Z=0.

Now 0F/0X,0F/0Y,0F/0Z are all homogeneous polynomials of degree
d — 1. But recall that if F/(X,Y,Z) is a homogeneous polynomial of degree

d then OF _ OF. OF

Applying this with 0F/9X in place of F,

O2F N O2F N 02F Z—(d—l)a—F
0X?2 0XoY 0xXoz~ 0X’
Similarly
O’F 0’F O°F OF
axov s tave) TavezZ — - Vay
O°F O’F O’F OF

axoz Tavez Topl =Ny,

Thus the tangent to the conic M (X,Y, Z) at P is just

oF OF oF
which is the tangent to ' at P«

Now suppose P is a point of inflection. Then

L(X,)Y,Z)=0= M(X,Y,Z)=0.
It follows that L is a factor of M, say
M(X,Y,Z)=L(X,Y,Z)L'(X,Y, Z),

where L’ is a second line. In particular the conic M(X,Y, Z) is degenerate.
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Lemma 2 The conic
C(X,Y,Z)=aX?+bY* +cZ°+2fYZ +29XZ +2hYZ =0
degenerates into 2 lines if and only if
det A =0,
where

A=

Q@ >
- o >
Q=
I
o

Proof of Lemma 1> Suppose

C(Xa Ya Z) = Ll(X7}/aZ)L2(X7 Y7 Z)

Let the lines L; = 0, Ly = 0 meet in the point (X, Yy, Zp). Then the tangent
at (Xo, Yo, Zo) is undefined. Thus

AUO = O,

where
Xo

Vo = Yo
Zy

Hence A is singular, ie det A = 0.

Conversely, suppose det A = 0. Then we can find X, Yy, Z, satisfying
the equation Avg = 0. It follows that the tangent to I' at any point P passes
through Py = [Xo, Yo, Zo]. But now take any point P. The tangent at P cuts
the conic C(X,Y,Z) = 0 twice at P and at Fy. But a line can only cut a
conic twice. It follows that the line FPyP lies wholly in the conic, which must
thus degenerate into 2 lines. <«

Putting this together, if P is a flex, then the conic M (X,Y,Z) = 0 is
degenerate and so H(X,Y,Z) =0.

Conversely, if H(X,Y,Z) =0 then M(X,Y,Z) = 0 is degenerate. Since
the tangent to this conic at P is L(X,Y, Z) = 0, this line must be one of the
lines making up the conic:

Thus L is a factor of M, and so P is a flex. <
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As we saw, the point [0, 1, 0] is a flex on an elliptic curve given by Weier-
strass’ equation. We shall always take this point as the zero element O of
the group on the curve. The other flexes are just the points of order 3 in the
group. Thus flexes play an important role in the theory.

The hessian curve of a cubic is itself a cubic. But 2 cubics meet in at most
9 points — as may be seen by considering the resultant of the 2 polynomials,
which is a homogeneous polynomial of degree 9 in 2 variables. It follows that
an elliptic curve has at most 9 flexes.

We shall see that an elliptic curve over the reals R has at most 3 flexes;
and the same is therefore true of an elliptic curve over the rationals Q (which
is our main focus of interest).

2.10 Milestones on the Road to Modern Ge-
ometry

Euclid (c325BC—c265BC) Whether the work of one man or a school, the
introduction of axiomatic methods in Euclid’s Elements surely marks
the greatest leap in the history of mathematics.

René Descartes (1596-1650) By representing a point P in the plane by
its coordinates (z, y), Descartes converted geometric into algebraic prob-
lems — the start of algebraic geometry.

Bernard Riemann (1826—-1866) Although not explicitly geometrical, Rie-
mann’s study of what are today known as Riemann surfaces had a pro-
found influence on the theory of curves — in particular his definition
of the genus, the most important characteristic of a curve.

Felix Klein (1849-1925) In his Erlangen program Klein distinguished be-
tween different geometries according to their transformation groups —
as for example, Euclidean geometry, affine geometry and projective
geometry.

David Hilbert (1862-1943) The polynomials satisfied by the points on a
variety form an ideal in the ring k[xq,...,z,]. Hilbert showed in his
Finite Basis Theorem that every such ideal is generated by a finite
number of polynomials.

Severi (1879-1961) and the Italian School studied general algebraic va-
rieties, that is, the points satisfying a set of polynomial equations.
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André Weil (1906-1998) In his seminal work, The Foundations of Alge-
braic Geometry, Weil provided a secure foundation for the work of the
Italian school, and extended it to varieties over finite and other fields,
not just C.

Alexandre Grothendieck (1928-) In what is perhaps the greatest math-
ematical work of the 20th century, Grothendieck merged algebraic ge-
ometry with commutative algebra, by extending the notion of variety
to include the “scheme” of a commutative ring. For example, to the
integers Z there corresponds a ‘scheme’ — a generalized variety — over
the space

spec(Z) = {0,2,3,5,...},

whose points correspond to primes p (more precisely, to prime ideals,
hence the inclusion of 0).
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Chapter 3

The Group on an Elliptic Curve

FEvery elliptic curve E(k) has a natural structure as an abelian group. We
will always represent this group additively, denoting the sum of two points
P,Q e &(k)by P+ Q.

The basic idea is that

P+Q@Q+ R=0<«<= P,Q,R are collinear.

But as we shall see, this is not quite sufficient to define the group structure.
Also, since this is the basis for the entire theory of elliptic curves we need to
ensure that we are on a firm foundation.

Proposition 3.1 Suppose P,Q are points on the elliptic curve E(k). Then
the line PQ) (or the tangent at P if P = Q) meets £(k) again at a unique
point R.

Proof » Let the line PQ (or the tangent at P) be
IX+mY +nZ =0.

If n # 0 then we can eliminate Z by substituting

X +mY
n

7 =
in the original cubic equation, giving a homogeneous cubic in X, Y:
a0 X’ + a1 XY 4+ a; XY? + azY? = 0.

(If n = 0 then we eliminate X or Y in the same way instead.)
Two of the roots of this cubic are given by P, (), leaving the third root
(which must be in the field k) to determine the point R. <
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Remark: When we speak of a root of a homogeneous polynomial in X, Y we
mean of course the ratio Xy : Yp; and when we say that the root is in k we
mean that we can find X, Y, € k in this ratio.

The proposition that if n — 1 roots of a polynomial p(x) € k[z| lie in k
then so does the nth root carries over unchanged to the homogeneous case.

3.1 Choice of zero point

Recall that the elliptic curve
E(k) :y* + crry + csy = 2° + cx® + c4w + o

has just one point on the line at infinity, namely [0,1,0]. We will always
choose this as the zero point of our abelian group:

O =10,1,0].

Accordingly, the inverse — P of any point P is the point where O P meets
E(k) again:
—P=0xP.

This gives us the definition of P + Q).
Definition 3.1 Let E(k) be the elliptic curve
Y2+ ey + csy = 2 + 01”4 e + cp.
The sum of two points P,Q € E(k) is defined to be
P+Q=0x%(PxQ).
It is evident that this operation is commutative:
Q+P=P+Q.
It is clear too that the point O serves as neutral element:
O+P=0x(0OxP)=P.
Also each point P has negation —P = O % P, since

P+(OxP)=0x%(Px(0xP))
=0 x(Px(Px*0))
=0x0
— 0,
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since the tangent at O meets £ again at O, as O is a point of inflection.
However, it is far from evident that the operation is associative:

(P+Q)+ R=P+(Q+ R)?

We shall prove this important result in the next Chapter. But for the moment
we shall assume that it is true, and look at some concrete examples of the
group on an elliptic curve.

First though, let us get an explicit expression for —P when

P = (*r07y0> = [xoayoa 1]-

The line OP is
X —20Z =0,

since this certainly goes through P and O = [0, 1,0].
In affine terms this is the line

Tr = Xy,

ie the line through P parallel to the y-axis.
Suppose the elliptic curve is in standard form

y* =2 +ax® +br+c=0.

In this case the line © = zp meets the curve again at the point (zq, —yo).
Thus if the elliptic curve is given in standard form then

—(z,y) = (7, —y).

In the more general case
y2 + 1y + c3y = 3 + 02932 + cyx + ¢4
the line x = xg meets the curve where
y? + (c1o + c3)y — (T + comp + a7 + ¢6) = 0.

One root of this equation for y is yy. If the other root is y; then

Yo + 1 = —(c1wo + ¢3),
ie

Y1 = —Yo — C1%p — Cs.
Thus

—(z,y) = (x,—y — 1z — ¢3).
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3.2 Examples

1. Consider the curve
EQ) i =a2+1
over the rationals Q. There are 5 obvious points on this curve:

P=(-1,0), Q=(0,1), —Q = (0,—1), R=(2,3), =R = (2, -3).

(These all have integer coordinates; but it is important to bear in mind
that we are interested in any rational solutions.)

Let us determine P + (). Suppose the line P(Q is
Yy =mx + c.
The slope m is
1-0

:O——(—l):L

m

Thus PQ is the line
y=x+ 1.

This meets the curve where
(r—1) =2+ 1.

We know two of the roots: —1,0 from P, Q. It follows (by looking at
the coefficient of 22 that if the third root is x5 then

—1+0+z =1,
ie
Ty = 2.
Thus y, = x5 + 1 =3, ie
Px@Q=(2,3)=R.

It follows that
P+Q=—-R=(2,-3).

Next let us determine 2R. To determine the slope at R note that

dy _

2 = 322,
yda: v
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ie
dy 32
de 2y’

In particular the slope at R is

12 5
m = — = N
6 Y
and so the tangent at R is
y =2z — 1.

This line meets the curve again where
2z +c)? =2° + 1.

Two of the roots of this are 2,2 from R (twice). Thus if the other root
is x5 then (from the coefficient of z%)

242+ a9 = 2%

ie

z9 = 0.
Thus

RxR=(0,—1)=-0Q,

and so

2R= Q.
Note that

—P=(-1,0)=P,
ie
2P = 0;
the point P is of order 2.
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In fact it is clear that the point P = (xo,y0) on the curve
=23+ ar? + b +c

is of order 2 if and only if yo = 0, ie if and only if P lies on the x-axis.

More generally, suppose the curve is given by
y2 + cxy + c3y = z° + 023:2 + c4r + cg.
If P = (z0,y0) then as we saw
—P = (20, —Yo — 179 — ¢3).
Thus P is of order 2 if and only if
2yo + crzo + 3 = 0,
ie if and only if P lies on the ‘line of symmetry’

2y 4+ cx + c3 = 0.

In either case, the line meets the curve in 0, 1 or 3 points. Thus there
are either 0, 1 or 3 points of order 2 on an elliptic curve.

Finally, let us determine 2Q). The slope at @ is
m=—=0.

2

Thus the tangent at @ is y = 1. If this meets the curve again at (s, y2)
then

0+ 0+ 2 =07
ie
z9 = 0.
Hence
RQ*Q=Q,
ie
2Q = -Q,
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ie
3Q = 0.

Thus @ is of order 3, ie () is a point of inflection on the curve. Since
P + @ = —R, while P is of order 2, it follows that £R are of order 6;
and the 6 elements

{0, P,+Q, £R}

form a cyclic group of order 6.

We shall see later that these are the only rational points on this elliptic
curve:

In particular there are no integers such that
v =2"+1

except (z,y) = (—1,0),(0,£1), (2, £3). However, this will require con-
siderable apparatus to establish.

The group on the elliptic curve in this case is finite. There is no known
algorithm to determine whether the group on a general elliptic curve
over Q is finite or infinite. There are techniques which are likely to
work in any given case, but there is no guarantee that they will work.

One important property of the group is known: Mordell’s Theorem
states that the group on an elliptic curve £ over Q is finitely-generated.
In other words, there are points Py, ..., P. € £ such that every rational
point P € £ is expressible in the form

P:?’Llpl—i-"'—i—nrpr.

Our main aim in the first part of the course is to prove Mordell’s The-
orem.

. Let us look at the same equation
E(Fs) :vy* =2 +1
but now over the finite field 5. The curve is still non-singular, since
D=-4=1

in.7:5.
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We can easily find all the points on the curve. We have to find all (z,y)
with 0 < x,y < 4, or if we prefer x,y € {0, 41, +2}, for which

y® = 2° + 1 mod 5.

In other words, we have to determine for each x whether or not 22 + 1
is a quadratic residue mod>.

The quadratic residues mod5 are 0,1,4. The results are given in the
following table:

v |23+ 1]y
0 1 +1
1 2

2 4 +2
-2 3

—1 0 0

We see that there are 6 points in the group, including the zero point
O =0,1,0]:
0, (0,£1),(2,£2),(—1,0).

There is only one abelian group of order 6, namely the cyclic group
Cs =7/(6). Thus
E(Fs) = Cs.

There is just one element of order 2, namely P = (—1,0), since this is
the only point of the curve on the z-axis y = 0.

Let us determine the order of @ = (0,1). The method is exactly the
same as in the rational case. As there, the slope of the curve is given
by

dy  3a?

de ~ 2y’
In particular, the slope at @) is m = 0, so that the tangent at @) is
y=1.
Since this is the only point with y = 1 it follows that
Q*Q=0Q,

and so
Q+Q=-0Q,
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ie
3Q = 0.

Thus @ is of order 3, as also is —(). The remaining 2 points must be of
order 6, since Cg has 1 element each of orders 1 and 2, and 2 elements
each of orders 3 and 6.

(You may feel a little queasy about using the differential calculus over
a finite field, or even the rationals. But in fact we are only using the
derivative in a formal or algebraic sense, as for example if f(z) is a
polynomial over k then

f(@) = f(a) = (z = a) f'(a) mod (z — a)*,

ie

for some polynomial g(z).)
What is P + Q7 We leave that to the reader.

Elliptic curves over finite fields are used in cryptography, both in cre-
ating codes and in trying to crack them.

More generally, such curves provide on of the most powerful tools for
trying to factorise large numbers.

Determining the number of points on an elliptic curve over a finite
field has been an important topic in the development of the theory of
elliptic curves, and many questions in this area remain open. If we take
an elliptic curve over the field F, (where p # 2) in the form

E(Fp) 1 y* =2+ az® +bx + ¢

then we may expect the cubic p(z) = 23 +az?+bx +c to be a quadratic
residue for about half the values x € {0,1,...,p — 1}. Each of these
will give two solutions 4y unless y = 0, in which case it gives one. To
these we must add the point O = [0, 1, 0]. Thus the ‘expected’ number
of solutions is about p+ 1. Hasse’s Theorem tells us that if the number
of points is actually p+ 1+ a,, then the ‘discrepancy’ a, is bounded by

ay] < 2y/5.
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The values of a, for the same equation but different primes p have
remarkable and mysterious properties, related to modular forms and
Fermat’s Last Theorem, which have still not been elucidated.

That is well beyond the scope of this course (although we shall have
something to say about modular forms), but there is one related topic
that we shall deal with.

It turns out that any elliptic curve £(Q) over the rationals can be ‘re-
duced modp’ to give a curve £(F,) over the finite field F,. This curve
may be singular for a finite set of so-called ‘bad’ primes (for that partic-
ular curve), but it will remain an elliptic curve for the remaining primes.
Furthermore it will emerge that there is a natural homomorphism

E(Q) — E(Fp)

for each of these ‘good’ primes p; and the study of these homomor-
phisms is one of the many tools we shall have to hand for studying the

curve £(Q).
. Let us look now at the elliptic curve
E(Q):y* =2° -2z
We see that this contains the points
P=(0,0), Q=(22), —Q=(2,-2).
We know that P has order 2.

Let us determine 2(). The slope is given by

d
oy = 342 2,

dx
1e
dy_3x2—2
de 2y
At P,
o105
42

Thus the tangent at P is

(y-2)=2(~2)
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ie
or —2y — 6 =0.

If this tangent meets the curve again at (z9,y2) then

25
2+2+a9 =m? = =,
4
1e
9
:1:2:1.
Thus
9 21
PxP=|- —
‘ (4,8),
and so

9 21
oP= (-2,
(%)

We shall show later that a point (x,y) of finite order on the elliptic
curve
y2 + iy + c3y = x3 + CQIQ + ¢4 + cq

necessarily has integer coordinates x,y € Z. (This is quite difficult to
prove — though not as difficult as Mordell’s Theorem! Essentially we
have to show that as we successively double the point, 20Q),4Q), 8@, ...,
the denominator of the slope m gets larger and larger.)

It will follow from this that the point () is of infinite order. In particular
the group £(Q) in this case is infinite.

. Next, let us look at a curve in general Weierstrass format:
EQ): vy —y=2a°—2

We could bring this to standard form, as follows. Completing the square
on the left,

(y—1/2) =2 —x+1/4,

428-99 3-11



ie
=2 —x+1/4

after the change of coordinate y; =y — 1/2.

Note that an equation in standard form remains in standard form under
any change of coordinates of the form

2 3
Ty =ax, Y2 = a Y,

since the coefficients of 3? and 3 will still be the same after such a
change. In the present case, if we take a = 2 the equation becomes

ys = x5 — 1625 + 16,
under the change of coordinates

Ty =4z, Yo = 8y — 4.

This device can be used to bring any equation
E(Q) :y? + 1oy + csy = 2 + o1 + c4 + 6

with rational coefficients to an equation

y'2:x'3+ax’+b

with integer coefficients a, b.

However, this is not necessarily the best policy, since the coefficients
a, b one finishes up with will in general be much larger than the original
coefficients.

In the present case, we shall stick with the original equation
EQ:y*—y=2a’—u
This curve contains a number of obvious points:

P=(0,0), Q= (1,0), R=(-1,0), = (0,1), T = (1, 1), U = (~1,1).

If P=(z,y) € € then
Thus
—-P=S -Q=1T, —R=U.
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Let us determine P + (). The line PQ has slope

so PQ) is the line
y = 0.
This meets the curve again at (—1,0). Thus
P+Q@Q=-(-1,0)=(-1,1),
ie
P+Q="U.
Now let us determine 2¢). The slope is given by

dy 2
20 —1)-—= = -1
(2y )dx 3 — 1,

ie

dy 3x*—1
dvr  2y—1"
In particular, the slope at ) is
2
m=—=—-2.
-1
Thus the tangent at @ is
y=—2x+ 2.

This meets the curve where
(22 +2)*— (22 +2)=12°—u.

Thus if the tangent meets £ again at (z3,y2) then (looking as usual at
the coefficient of z?)

L+ 1+a=m?=4,

and so
Qx*xQ=(2,-2).
Thus
2Q0 = —(2,-2)=(2,3)=V.

We leave it to the reader to determine 2V'. Is the order of @) finite or
infinite?
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5. Finally, let us look at the same equation over the field F5:
EF):y—y=2"—uz.

First we must verify that this is an elliptic curve, ie that the curve
remains non-singular under ‘reduction mod2’.

The curve takes the homogeneous form (remember that in characterstic
2, —x = x, so that we do not need to worry about sign):

FX,Y,2)=Y?Z+YZ* + X* + XZ? =0.

Hence

oF

ox — X 4
oF

—— — 72

)4 ’

oF

— =Y

07

Thus at a singular point, Y = Z = 0, ie the point would be [1,0,0],
which is not on the curve.

The projective plane P?*(F,) contains just 7 points: 4 points in the
affine plane 2, and 3 points on the line at infinity. (In general, the
projective plane P?(F,), over a finite field with ¢ elements, contains
q> + q + 1 points.

It is trivial to see that £(F;) contains just 5 points: all 4 affine points
(0,0),(0,1),(1,0),(1,1) together with the point O = [0, 1, 0] at infinity.

The only abelian (or non-abelian) group with 5 elements is the cyclic
group of order 5. Thus
E(FQ) — 05.

As an exercise, verify that if P = (0,0) then 5P = 0.

3.3 Change of origin

It is perhaps worth noting that we can choose any element in an abelian
group A as neutral or zero element. More precisely, if a € A then we can
define a new group operation on A by

rfy=z+y—a.
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This operation is evidently commutative; and it is associative, since
@ty tz=z+y+z—2a=a7(yt2).
The element a acts as new zero element, since
rta=r+a—a=ux;
while x has inverse 2a — x since
rt(2a — ) = a,

which is now the neutral element.

Thus we could have taken any point A € £(k) on the elliptic curve as
zero element. However, unless A is a point of inflection we must lose the
geometric property that

P+Q+ R=0<«<= P,Q,R are collinear.
In fact, if P, @, R are collinear then
P1QiR=P+Q+R—-2A= 24,
S0

Pi1QtR=A<+= 3A=0<«= Ais a point of inflection.

As we shall see, an elliptic curve can have up to 9 points of inflection.
But in general the curve

E(k) 1 y* + crwy + czy = 2% + cor® + cux + ¢

has just one point of inflection: O = [0, 1, 0].
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Chapter 4

The Associative Law

Theorem 4.1 The addition
P+Q=0x%(PxQ)
on the elliptic curve
E(k) :y* + crry + csy = 2° + cox® + c4w + o

1S associative:

P+ (Q+R)=(P+Q)+R.

Proof » We have
P+(Q+R)=0%x(Px(Q+R)), (P+Q)+R=0%((P+Q)*R).

Since

Ox(0xP)=P,

it follows that
OxA=0+«xB <<= A=0B.

Thus it is sufficient to show that
P+(Q@+R)=(P+Q)*R,
ie
Px(Ox(Qx*R))=(0x(P*Q)x*R.
Lemma 3 The associative law holds if and only if
(PxQ)* (R*S)=(P*xR)x*(Qx*S5)
for any four points P,Q, R, S € E(k).
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Proof of Lemma 1> Suppose the associative law holds, so that £(k) is an

additive group. Recall that

PxQ=—-(P+Q).
Thus
(PxQ)*(R*xS)=—((PxQ)+ (Rx2S))
=~ (~(P+Q) - (R+5))
=(P+Q)+(R+09).
Similarly,

(P R)*(Q+5) = (P+R)+(Q+5)
=(P+Q)+(R+5)
= (PxQ)x(R*S).

Conversely, if this relation holds for all P,Q, R, S then in particular, on
setting P = O,

which as we have seen is equivalent to the associative law. <«
This reduces the theorem to a rather complicated geometric result, in-
volving 10 points on the curve:

X1:P7X2:Q7X3:R7X4:S)
Xs=PxQ, Xe=R*S, Xo=P*R, Xg =Q x5,
X9:X5>I<X6, X10:X7>X<X8.

The following are collinear:
b = X1 X0 X5, by = X3 Xy Xg, 3 = X1 X3X7, Uy = XoXyXs, U5 = X5X6Xy, s = X7XsX10.

We have to show that
X9 = Xyp.

We shall establish this identity for any non-singular cubic curve.
The basic idea is to use pencils of cubics. Suppose

T : F(X,Y,Z) =0, Ty: Fy(X,Y,Z) =0,

are two cubic curves. By the pencil defined by I'y, 'y we mean the family of

cubic curves
Ls:rFI(X,Y, Z)+ sFy(X,Y, Z) = 0.
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This is a one-dimensional pencil, since each cubic in the family is determined
by the ratio [r, s]. More generally, we can consider two-dimensional pencils

Dose i rFU(X,Y, Z) + s (X, Y, Z) + tF5(X,Y, Z) =0,

etc.
Note that a general cubic I' (we are not concerned with singularity or
non-singularity for the moment) is defined by 10 coefficients:

I a X4 XY +a3 X2 Zas XY +as XY Z+as X 72 +a: Y3 +asY* Z+agY 7% +a107° = 0.

The cubic is unchanged if we multiply all the cubics by the same scalar
p € kX, so we may say that the cubics form a projective space of dimension
9.

We can always find a cubic passing through any 9 points, since m simul-
taneous homogeneous linear equations in n > m unknowns always have a
non-zero solution.

In general there will be just one such cubic; but there may well be more
than one for some sets of 9 points.

Note that three lines ¢, m,n define a cubic

I' =/mn.
So our pencil could perfectly well consist of cubics
FT’S = T€1m1n1 + Sggmgnz,

where 01, mq,n1, s, ma, Ny are 6 lines.
<
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Chapter 5

The p-adic Case

5.1 The p-adic valuation on Q

The absolute value |z| on Q defines the metric, or distance function,
d(x,y) = |z —yl.

Surprisingly perhaps, there are other metrics on QQ just as worthy of study.

Definition 5.1 Let p be a prime. Suppose

m
r=—€Q,
n

where m,n € Z with gcd(m,n) = 1. Then we set

0 if v =0,
zll, = §p~¢ ifp° | m,
p¢ ifpt | n.

We call the function x — ||z||, the p-adic valuation on Q.

Another way of putting this is: If z € Q, z # 0, then we can write

m
r=—p°
n

where p Jm,n. The p-adic value of x is given by
]l = p~°

Note that all integers are quite small in the p-adic valuation:

rel=|z|, <1
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High powers of p are very small:
p" — 0 asn — oo.
The following result is immediate.
Proposition 5.1 1. ||z]|, > 0; and ||z||, = 0 <= x = 0;

2 lzylly = lllpllyllp;
3. |l + yllp < max([|lp, [lyll,)-

From (3) we at once deduce

Corollary 1 The p-adic valuation satisfies the triangle inequality:
3z 4yl < llzllp + 1yl

A wvaluation on a field k is a map
x|z k—R
satisfying (1), (2) and (3’). A valuation defines a metric
d(z,y) = [z =yl
on k; and this in turn defines a topology on k.
Corollary 2 If ||z||, # ||y|l, then
[z +yllp = max({lz]lp, lylly)-
Corollary 3 In a p-adic equation
r1+ -+ x, =0 (1,..., 2, € Q)

no term can dominate, ie at least two of the x; must attain max | z;||,.

To emphasize the analogy between the p-adic valuation and the familiar
valuation |z| we sometimes write

][0 = f]-
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5.2 p-adic numbers

The reals R can be constructed from the rationals Q by completing the latter
with respect to the valuation |z|. In this construction each Cauchy sequence

{z; € Q:|z; —xj| = 0asi,j — oo}

defines a real number, with 2 sequences defining the same number if |z;—y;| —
0.

(There are 2 very different ways of constructing R from Q: by completing
Q, as above; or alternatively, by the use of Dedekind sections. In this each
real number corresponds to a partition of Q into 2 subsets L, R where

leL,reR=1<r.

The construction by completion is much more general, since it applies to
any metric space; while the alternative construction uses the fact that Q is
an ordered field. John Conway, in On Numbers and Games, has generalized
Dedekind sections to give an extraordinary construction of rationals, reals
and infinite and infinitesimal numbers, starting ‘from nothing’. Knuth has
given a popular account of Conway numbers in Surreal Numbers.)

We can complete Q with respect to the p-adic valuation in just the same
way. The resulting field is called the field of p-adic numbers, and is denoted
by Q,. We can identify = € Q with the Cauchy sequence (z,z,x,...). Thus

QC Q.

To bring out the parallel with the reals, we sometimes write

R = Q..

The numbers x € Q, with ||z]|, < 1 are called p-adic integers. The p-adic
integers form a ring, denoted by Z,. For if z,y € Z, then by property (3)
above,

[z +ylly < max({lzfl,, [lyll,) <1,

and so x + y € Z,. Similarly, by property (1),

lzylly = llllpllyll, <1,

and so xy € Zy.
Evidently
L C Zy.
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More generally,

m
r=—¢€Z
n P

if p Jn. (We sometimes say that a rational number z of this form is p-
integral.) In other words,

@ﬂZp:{%:pJ/n}.

Evidently the p-integral numbers form a sub-ring of Q.
Concretely, each element x € Z, is uniquely expressible in the form

r=cotap+op +-- (0<c<p)
More generally, each element x € QQ,, is uniquely expressible in the form
z=cpHeipmp T4 Fotapt (0< 6 <p).

We can think of this as the p-adic analogue of the decimal expansion of a
real number x € R.

Suppose for example p = 3. Let us express 1/2 € Q3 in standard form.
The first step is to determine if

1
550,10r2mod3.
In fact 22 = 1 mod 3; and so
1
552mod3
Next
1/1 1
(z-2)=—2=1
3(2 ) 5 mod 3
ie
1 2
5—251-3m0d3.
Thus

1
552+1-3moc132
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For the next step,

giving
1 2 3
5:2+1-3+1-3 mod 3

It is clear that this pattern will be repeated indefinitely. Thus
%:2+3+32+33+-~ .

To check this,

2+3+3% 4+ =1+(1+3+3"+---)
1

=1 -
t1 3

1

2

1
5
As another illustration, let us expand 3/5 € Q;. We have

—=2mod 7
%(g_ :—1_4m0d7
%(_%_4):—§E5mod7
%(_2_5):—§52m0d7
%(_%_2):—§51m0d7
%(_g_l):—%z4mod7

We have entered a loop; and so (in Q)

3
5:2+4-7+5~ﬂ+2-ﬁ+¢-%+4-ﬁ+6-ﬁ+-~
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Checking,

1 960

1+ (14+4- P42 7)) =1 —

+(1+4-7+5- 7+ 7)1_74 5100
B 2
N 5
_3
==

It is not difficult to see that a number z € Q, has a recurring p-adic
expansion if and only if it is rational (as is true of decimals).
Let © € Z,. Suppose ||z||, = 1. Then

T =c+yp,
where 0 < ¢ < p and y € Z,. Suppose first that ¢ =1, ie
r =14+ yp.
Then z is invertible in Z,, with
e =1y Yt -y
Even if ¢ # 1 we can find d such that
dc =1 mod p.
Then
dxr = dc =1 mod p,
say
dr =1+ py,
and so x is again invertible in Z,, with
e l=d(l—yp+y*p’—--).
Thus the elements x € Z, with ||z||, = 1 are all units in Z,, ie they have

inverses in Z,; and all such units are of this form. These units form the

multiplicative group
Ly ={r € Zy: ||lz], = 1}.
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5.3 In the p-adic neighbourhood of 0

Recall that an elliptic curve £(k) can be brought to Weierstrassian form
Y’ + czy + ey = 2% + cx® + ca + ¢

if and only if it has a flex defined over k. This is not in general true for
elliptic curves over ,. For example, the curve

X3+py3+p223:0

has no points at all (let alone flexes) defined over Q,. For if [X,Y, Z] were a
point on this curve then

1X2], = 2%, Y2l = 27, (Ip°2°]|, = P72
for some integers e, f,g. But if a,b,c € Q, and
a+b+c=0

then two (at least) of a, b, c must have the same p-adic value, by Corollary 3
to Proposition 5.1.

On the other hand, Q, is of characteristic 0; so if £(Q,) is Weierstrassian
— as we shall always assume, for reasons given earlier — then it can be
brought to standard form

v =2 +bx +c.

In spite of this, there is some advantage in working with the general Weier-
strassian equation, since — as we shall see in Chapter 6 — this allows us to
apply the results of this Chapter to study the integer points (that is, points
with integer coordinates) on elliptic curves over Q given in general Weier-
strassian form. Such an equation over Q can of course be reduced to standard
form; but the reduction may well transform integer to non-integer points.

As in the real case, we study the curve in the neighbourhood of 0 = [0, 1, 0]
by taking coordinates X, Z, where

(X,2)=1X,1,7].
In these coordinates the elliptic curve takes the form
EQ) : Z+aXZ+c3Z? =X+ X Z + ey X2+ e Z°.

As in the real case, if Z(P) is small then so is X (P).
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Proposition 5.2 If P € £(Q,) then
121l < 1= X1, <1;

and if this is so then
1Z1l, = 1 X1];-

Proof » Suppose || Z]|, < 1. Let
X1 = P
If e > 0 then X3 will dominate; no other term can be as large, p-adically
speaking.
Thus e < 0, ie || X, < 1; and now each term
lexX Zlp, llesZ2 Iy, lea X Z g, lea X Z2lp, s X Z 1l < [|Z ]l
Only X3 is left to balance Z. Hence
1Z1l, = 1 X7, = 1 X115
<
Definition 5.2 For each e > 0 we set
Eory ={(X,Z) €€ | Xl <p™ 1Zll, <™}

Recall that in the real case, we showed that Z could be expressed as a
power-series in X,

Z=X’—c X'+ (d+c)X°+---.
valid in a neighbourhood of O = [0, 1,0]. It follows that
F(X,Z(X))=0
identically, where
F(X,Z)=Z+caXZ+ 372 — (XP 4+ uX?Z + ey X 72 + e 7).

This identity must hold in any field, in particular in Q,.
Note that in the p-adic case, convergence is much simpler than in the real
case. A series in Q, converges if and only if its terms tend to O:

Z a, convergent <= a, — 0.
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Remember too that in the p-adic valuation integers are small,
re€l=|z|, <1

Thus a power—series
2
ao—i—alx—i—agx —+ -

where a; € Z—or more generally, a; € Z,—will converge for all x with
], < 1.

Proposition 5.3 Suppose ||Z]|, < 1. Then we can express Z as a power-
series in X,
Z =X+ X" +a,X® +---

where
1. ay = —ci, a3 =& + ¢y, 3= —(c3 + 2ci03 + ¢3);

2. each coefficient a; is a polynomial in cy, ¢, c3, Cq, cg with integer coeffi-
cients;

3. the coefficient a; has weight i, given that c; is ascribed weight i for

(i=1-14,6.

Proof » By repeatedly substituting for Z on the right-hand side of the equa-
tion

7 =X+ X Z + ey XZ? 4+ 27 — (a1 X Z + c327)

we can successively determine more and more terms in the power series. Thus
suppose we have shown that

Z=X"(14+mX+ - +a, 1 X"").

On substituting for Z on the right-hand side of the equation and comparing
coefficients of X"*3,

Ay = Colp_o + C4 E a;a; + Cg E a;Q;ar — C10p_1 — C3 5 a;agj,
i+j=n—4 i+j+k=n—6 i+j=n—3

from which the result follows. <
Corollary If the elliptic curve is given in standard form
y: = 2%+ ax® + bxr +c

then
Z =034+ do X+ dy X"+,

where

428-99 59



1. only odd powers of X appear, ie d; =0 for i odd;
2. dgza, d4:a2—|—b, d6:a3—|—3ab—|—c;
3. each coefficient dy; is a polynomial in a,b, c with integer coefficients;

4. the coefficient do; has weight i, given that a,b,c are ascribed weights
2,4,6 respectively;

Proof » We note that in the standard case the (X, Z)-equation
7 =X+aX*Z +bX 7?4 cZ?

is invariant under the reflection (X, Z) — (=X, —Z) (corresponding to P —
—P). Thus
Z2(=X) = =Z(X),

from which the absence of terms of even degree X% follows. <

As in the real case, the sum of 2 points near O is defined by a function
S(X1, X5), where
X (P + B) = S(X(P), X(P)).

Proposition 5.4 Suppose || X1 ||, || X2|l, < 1. Then we can express S(Xi, Xa)
as a double power-series in X1, Xo,

S(Xl,XQ) = X1 + X2 + CleXQ + -
= 5i(X1, X,)

=) sy XiX3
i,J
where
1. Si(X1, Xs) is a symmetric polynomial in X1, Xo of degree i;

2. 51(X1, Xo) = Xq + Xo, S5(Xq1, Xo) = 1 Xh Xy

3. the coefficient sji. of X7X* is a polynomial in c1,cs, c3, ¢, cg with inte-
gral coefficients.

4. all the coefficients in S;(X1, X2) have weight i.
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Proof » As in the real case, let the line

PP Z=MX+D

meet £ again in P3 = (X3, Z3), ie
P3 = P1 * PQ.

Then X, X5, X3 are the roots of the equation

X34 o X*(MX 4 D) + ey X(MX + D)* + cs(MX + D)?
—(MX +D) -, X(MX + D) —c3(MX + D)*=0.

Hence
coeff of X?
X+ X0+ Xg=——— ———
1At A coeff of X3
o 01M+ 203M2 — (CQ +C4M+ C6M2)D
n 1+ oM + caM? + cgM3

Now
Iy 7
XX,
X-X XN -X)
= — C
XQ_X]_ 1X2—X1
= X2 Xy X+ X2 — (XD + XX+ Xy X2+ XD + -
X7y —
p = X2l XZ

X, — X,

X2 - X? X3 _ X3

=X X 2 L_ 2 L.

' 2(X2_X1 ClXQ—X1+
:X1X2<X1+X2—Cl(X22+X1X2—|—X22)_|_...)_

M

Thus M, D are both expressible as symmetric power-series in X7, X5; and
|M]l, < p~%, 1D, < p7°,
or more precisely,
M= X2+ X, Xy + X2 mod p?
D = X1 X5(X, + X3) mod p*.
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Hence
X7 4+ X5 4+ X3 = 0 mod p°.

More precisely,
X1+ X+ X3 = (X2 + X1 Xy + X?) mod p?,
ie

X3 = —(X1 + Xo) + 1 (X7 + X1 X5 + X3) mod p°.

In particular,

X5l < P77,
and so
1Zs]l, = [M X3+ D| < p~°,
ie
P, P&y = Py &y

Recall that
P1+P2:O*(P1*P2):O*P3.

By our formulae above, with O, X3 in place of X7, X5,

X (O % P3) == — X3 mod p?,
or more precisely
X(O* P3) == — X3+ ¢, X3 mod p*,

Hence
X(P,+ P) = X, + X5 mod p?,

or more precisely

X(P+P) =X+ Xy — (X7 + X1 Xo + X3) + a1 (X1 + X5)? mod p?
= X; + Xy + ¢; X; X5 mod p?
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Finally, we turn to the normal coordinate function #(X), defined as in
the real case by

o _ 1
dX OF/0Z

1
14+ X 42037 — X2 — 20, X7 — 3¢ 22

Proposition 5.5 Suppose || X||, < 1. Then we can express 6 as a power-
series in X,

9:X+§X2+...

= t, X"

where
1. tl = 1, tg = —61/2,'
2. for each i, it; is a polynomial in ¢y, co, c3, C4, Cg With integral coefficients;

3. t; 1s of weight 1.

Proof » Since

db 1
AX 146X 42032 — X2 — 204X 7 — 3¢ 22
=1— (a1 X +2c37 — 3 X? — 24X 7 — 3¢5 7%)
+ (1 X + 2037 — o X? = 2c,X 7 — 3¢ Z*)? + - -

the coefficients in the power-series for df/dX are integral polynomials in the
ci- It follows on integration that the coefficients ¢; in the power-series for
0(X) have at worst denominator 4.

It remains to show that this power series converges for ||.X||, < 1.

Lemma 4 For all 7,
11/l <.

Proof of Lemma 1> Suppose

léllp =P~
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Then

poli—=p°<i

<
If now || X[, <1 then
1
Xl < =;
p
and so ,
: i
X1, < =
X7 <

which tends to 0 as ¢ — co. The power-series is therefore convergent. <«
Note that ' ' .
p>2=(1+1)>i*/2

if ¢ > 2, while if p is odd, ||1/2][, = 1. Thus

IX[l, <p = | X/, <p?fori>2  (podd)
X[ <272 = | X /i, <22 fori>2  (p=2).

So if p is odd,

0(X) =X +00p") if | X[, <p~;
while if p = 2,

0(X)=X+0(2% if | X, <272

That is why in our discussion below the argument often applies to P € &)
if p is odd, while if p = 2 we have to restrict P to &ae.

Theorem 5.1 For each power p®, where e > 1,

g(pe)(@p)

is a subgroup of £(Q,). Moreover the map
0: Epey(Qp) — pZy

is an isomorphism (of topological abelian groups), provided e > 2 if p = 2.
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Proof » The identity
0(S(X1, Xs) =0(X1) + 0(Xy),

which we established in the real case, must still hold; and we conclude from
it, as before, that
(P + Py) = 60(Py) + 0(P)

whenever
Pl, PQ S g(pe)((@p)-
It follows from this that £ is a subgroup; and that

0 : Epey — Py

is a homomorphism, provided e > 2 if p = 2.
Since

0(X)=X —c, X?/24 -+,

we have

10CX) | = [ Xl
for all || X ||, < p~°. In particular

0(X)=0<= X =0.

Hence 6 is injective.
It is also surjective, as the following Lemma will show.

Lemma 5 The only closed subgroups of Z, are the subgroups
p"Z, (n=0,1,2,...),

together with {0}. In particular, every closed subgroup of Z,, apart from {0},
is in fact open.

Proof of Lemma > 7Z is a dense subset of Z,:
Z-1,
For the p-adic integer
r=ct+apt+ep +-- (aef{0l,...,p-1})
is approached arbitrarily closely by the (rational) integers

Tr=cot+cp+---+ep.
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Now suppose S is a closed subgroup of Z,. Let s € S be an element of
maximal p-adic valuation, say
sl =p~*.
Then
s =p°u
where u is a unit in Z,, with inverse v, say. Given any ¢ > 0, we can find
n € Z such that

v —nl| <e.
Then
ns —p° = p°(nu—1)
= pu(n —v);
and so
Ins — p°|| < e.

Since ns € S and S is closed, it follows that
peeSs.
Hence -
PL=pl,CS.
Since s was a maximal element in 9, it follows that

S = pLy.

<
It follows from this Lemma that im 6 is one of the subgroups p™Z,. But
since
XN =p~ = 0(X)]| = p~",

im 6 must in fact be p°Z,, ie 0 is surjective.

A continuous bijective map from a compact space to a hausdorff space is
necessarily a homeomorphism. (This follows from the fact that the image of
every closed, and therefore compact, subset is compact, and therefore closed.)
In particular, 8 establishes an isomorphism

g(pe) = peZp = Zp.

<
It follows from this Theorem that g,y is torsion-free, since Z, is torsion-
free. Thus there are no points of finite order on &€ close to O, a result which
we shall exploit in the next Chapter.
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5.4 The Structure of £(Q,)

We shall not use the following result, but include it for the sake of complete-
ness.

Theorem 5.2 Let F C £(Q,) be the torsion subgroup of the elliptic curve
E(Qp). Then
EQy) =F DLy

Proof » The torsion subgroup F splits (uniquely) into its p-component F,
and the sum F, of all components F, with g # p:

F=F,®Fy.
(See Appendix A for details.) Explicitly,
F,={P €& :p"P =0 for some n},
Fy={P €& :mP =0 for some d with ged(m,p) = 1}.

(We write € for £(Qy,)).
We also set
E,={Pe&:p"P — O asn— oo}

Evidently
5p D) S(p) .

Since Ey) is an open (and therefore closed) subgroup of &, it follows that the
same is true of &,.

Lemma 6 p"&, = &y for some n,e > 0.
Proof of Lemma > For each P € &,

p"P € g(p)

for some n > 0 since p"P — O and &) is an open neighbourhood of O.
Hence the open subgroups p~"&,) cover &,. Since &, is compact, it follows
that p™"&,) D &, for some n, ie

pngp C 5@) = Zp.

But by Lemma 5 to Theorem 5.1, the only closed subgroups of Z, are the
p°Z,, which correspond under this isomorphism to the subgroups &g,y of &).
We conclude that

for some e. <«
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Lemma 7 Suppose A is a finite p-group; and suppose ged(m,p) = 1. Then
the map ¢ : A — A under which

a — ma

s an isomorphism.

Proof of Lemma > Suppose a € ker A, ie

ma = 0.

Then order(a) | m. But by Lagrange’s Theorem, order(a) = p° for some e.
Hence order(a) =1, ie a = 0.

Thus ¢ is injective; and it is therefore surjective, by the Pigeon-Hole
Principle. Hence v is an isomorphism. <

It is not difficult to extend this result to &£,, which is in effect a kind of
topological p-group.

Lemma 8 Suppose ged(m,p) = 1. Then the map 1 : €, — &, under which
a+— ma
s an isomorphism.

Proof of Lemma 1> Suppose P € ker ), ie

mP = 0.
By Lemma 1,
pngp C g(p2) = Zp

for some n.
But Z, is torsion-free. Thus

mP =0= m(p"P =0) = p"P =0.

Hence
m,p" | order(P) = order(P)=1= P =0

since ged(m, p") = 1. Thus
kery =0,

ie v is injective.
Now suppose P € &€,. We have to show that P = m( for some ) € &,.
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Since &,/p"&, is a finite p-group we can find @) € &, such that
m@ = P mod p"&,
le
m@ = P+ R,

where

Rep"E, =7,

Now the map
P mP : 2, — Z,

is certainly an isomorphism, since m is a unit in Z, with inverse m~t e /S
In particular we can find S € p"E, with

mS = R.
Putting all this together,
P=mQ+ R=mQ+mS=m(Q+59).
Thus the map 9 is surjective, and so an isomorphism. <

Lemma 9 £(Q,) = F, @ &,.

Proof of Lemma 1> Suppose

P e Fp/ ﬁgp,

say
mP = O,

where ged(m, p) = 1.
On considering p mod m as an element of the finite group

(Z/m)* = {r mod m : ged(r,m) = 1},
it follows by Lagrange’s Theorem that
p" =1 modm

for some n > 0. But then
PP =r;
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and so
p"P — 0= P=0.

Now suppose P € £. Since £ is compact, and &, is open, £/&, is finite
(eg since €& must be covered by a finite number of £,-cosets). Let the order
of this finite group be mp®, where ged(m,p) = 1.

We can find u,v € Z such that

um + vp® = 1;
and then
P=Q+R,
where
Q =u(mP), R=v(p°P).
Now
p°Q = u(mp°P) € &,.

Hence

p"Q — 0asn— oo
ie
Qe

On the other hand,
mR = v(mp°P) € &,.

Hence by Lemma 8, there is a point S € &, such that
mR =mS,
and so
T=R-SecFy.
Putting these results together,
P=T+(Q+)5),
withT € Fy and Q+S €&,. <

Lemma 10 F, C &,.
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Proof of Lemma > Suppose

P=Q+RcF,
where Q) € F,y, R € &,. Then
p'"P=0=p"Q =0, p"R=0,
since the sum is direct. But
p"Q =0 = order(Q) | p" = order(Q) =1 = Q =0,
since the order of () is coprime to p by the definition of F,. Thus
P=Recé&,.

<
It remains to split &, into F, and a subgroup isomorphic to Z,.
Consider the surjection

w . Sp — g(pe) = Zp.
Let us choose a point
By e Epe \(S‘(pe+1)7

eg if we identify &) with Z, we might take the point corresponding to
1 € Z,. Now choose a point P; such that

1/1(P1) = Po;

and let L
81 - <P1>

be the closure in &, of the subgroup generated by P;. We shall show that
the restriction

hr=y & & = Epe

is an isomorphism, so that
&1 = Epey = Ly

Certainly 1, is surjective. For & is compact, and so its image is closed;
while (FPy) > is dense in ey =2 Zy,.
Suppose
Q € keryy = keryp N &
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By definition, @ is the limit of points in (P;), say
ni Py — Q,
where n; € Z. But then, since 1 is continuous,
n; Py — ¥(Q) = 0.

Hence

in Z,. But then it follows that
nipl — 0

ﬂ p"E, = 0.

in &,, since

Hence @) = 0, ie kery; = 0.
It remains to show that

5;, - .;Ep @ 51.
Suppose P € &,. Then
V(P) =v(Q),
for some @ € &;. In other words,
V(P -Q) =0

Thus
R=P—-QcF
On the other hand, if
F,Nné& =0,
since as we have seen,
81 = g(pe) = Zp,
and Z, is torsion-free.
We have shown therefore that
E=FyDéE
=F, @& (F,®&)
=(Fy@F) @&
- f EB (C/’1
= F @ Zy,.
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Remark: We can regard &, as a Z,-module; for since p" P — O we can define
2P unambiguously for x € Z,:

n; — = n;P — xP.

Moreover, &, is a finitely-generated Z,-module; that follows readily from
the fact that &) = Z, is of finite index in &,.

The Structure Theorem for finitely-generated abelian groups, ie Z-modules,
extends easily to Z,-modules; such a module is the direct sum of copies of
Z, and cyclic groups Z/(p°). (This can be proved in much the same way as
the corresponding result for abelian groups.)

Effectively, therefore, all we proved above was that the factor Z, oc-
curred just once, which simply reflects the fact that we are dealing with a
1-dimensional curve.
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Chapter 6

Points of Finite Order

6.1 The Torsion Subgroup

The elements of finite order in an abelian group A form a subgroup F C A,
since

a,be F=ma=0,nb=0= mn(a+b)=0=a+beF.

This subgroup F' is commonly called the torsion subgroup of A. (See Ap-
pendix A for further details.)

It turns out to be much easier to determine the torsion subgroup F' C
£(Q) of an elliptic curve than it is to determine the rank of the curve — that
is, the number of copies of Z in

EQ=F6Zs &L

In effect the discussion below provides a simple algorithm for determining F',
while there is no known algorithm for determining the rank.

Proposition 6.1 The torsion subgroup of an elliptic curve E(Q) is finite, ie
& has only a finite number of points of finite order.

Proof » Suppose £ has equation
y2 + iy + c3y = 3+ cpr? + ey + Ce,

where ¢; € Q. Choose an odd prime p not appearing in the denominators of
the ¢;, and consider the p-adic curve £(Q,). Any point P € £(Q) of finite
order will still have finite order in £(Q,).

We know that £(Q,) has an open subgroup

‘9(11)(@:0) = Zy.
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The only point of finite order in this subgroup is 0 (since Z, has no other
elements of finite order).
It follows that any coset

P+ E(p) (Qp)

contains at most one element of finite order. For if there were two, say P, (),
then P — () would be a point of finite order in the subgroup.

But £(Q,) is compact, since it is a closed subspace of the compact space
P%(Q,). Hence it can be covered by a finite number of cosets

P +5(P)(Qp)a U +g(p)(Qp>~

Since each coset contains at most 1 point of finite order, the number of such
points is finite. <

Remark: We shall prove in Chapter 8 the much deeper result that the group
E(Q) of an elliptic curve over Q is finitely-generated (Mordell’s Theorem),
from which the finiteness of F' follows, as shown in Appendix A.

6.2 Lessons from the Real Case

Proposition 6.2 Suppose F' is the torsion subgroup of the elliptic curve
E(Q). Then
F=Z/(n) or F=Z(2n)®Z/(2).

Proof » We know that
ER)=ZTorTHZ/(2).

Since
£(Q) c &(R),

it follows that
FCTorT®Z/(2).

Lemma Fvery finite subgroup of T is cyclic; and there is just one such
subgroup of each order n.

Proof of Lemma 1> The torsion subgroup of

T =R/Z
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is

F=Q/Z.
For if ¢ € T is of order n then nt € Z, say nt = m, ie t = m/n € Q.
Conversely, if t € Q, say t = m/n, then nt =0, and so ¢t € F.

Suppose
AcCQ/Z

is a finite subgroup # 0. Since each ¢ € T has a unique representative
t € [-1/2,1/2), A has a smallest representative t = m/n > 0, where we may
assume that m,n > 0, ged(m,n) = 1.

In fact n = 1; for we can find u, v, € Z such that

um +ovn =1,

and then
— =u— +v,
n n
1e
1
- = u@ mod Z
n n
Thus 1
—c A.
n

Since 1/n < m/n, this must be our minimal representative: n = 1.
Now every element ¢ € A must be of the form m/n; for otherwise we
could find a representative

t—m/n € (0,1/n),

contradicting our choice of 1/n as minimal representative of A.
We conclude that

1 2 n—1
A= — =y =7 :
{022 2 =z

n

Moreover, our argument shows that this is the only subgroup of A of order
n. <
Since this is the only subgroup of T of order n we can write

Z/(n)CT
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without ambiguity, identifying
r mod n «—— r/n mod Z
This establishes the result if /' C T. It remains to consider the case
ACTe®Z/(2).
By the Lemma, A NT is cyclic, say
ANT=7Z/(n).

Thus
Z/(n) CACZ/(n)BZ/(2).

Since Z/(n) is of index 2 in Z/(n) @ Z/(n) it follows that
A=Z/(n)or A=7Z/(n)®Z/(2).

If n is odd then
Z](n)®Z/(2) 2 7Z/(2n)

by the Chinese Remainder Theorem. Thus either A is cyclic or else
A=Z/(n)®Z/(2)

with n even. <«

Mazur has shown that in fact the torsion group of an elliptic curve can

only be one of a small number of groups, namely

Z/(n) (n=1-10,12) and Z/(2n) ®Z/(2) (n =1 = 5).

6.2.1 Elements of order 2

We can distinguish between the two cases in Proposition 6.2 by considering
the number of points of order 2. For Z/(n) has no points of order 2 if
n is odd, and just one point if n is even, say n = 2m, namely m mod n;
while Z/(2n) & Z/(2) has three points of order 2, namely (n mod 2n,0 mod

2), (n mod 2n,1 mod 2), (0 mod 2n,1 mod 2).
Proposition 6.3 The point P = (x,y) on the elliptic curve

EQ):y* =2 +az® +br+c (a,b,c € Q)

has order 2 if and only if y = 0. There are either 0, 1 or 3 points of order 2.
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Proof » If P = (z,y) then —P = (z,—y). Thus 2P =0, ie —P = P, if and
only if y = 0.
Thus there are as many elements of order 2 as there are roots of f(x) =
23 + ax? + bxr + ¢ in Q. But if 2 roots a, 8 € Q then the third root v € Q,
since
a+fB+v=—a.

<
In determining whether

p(z) = 2° +az® + br + ¢

has 0, 1 or 3 rational roots, one idea is very important: if a,b,c € Z then
every rational root r of p(z) is in fact integral, and r | n. (For on substituting
r = m/n and multiplying by n?, each term is divisible by n except the first.)
This usually reduces the search for rational roots to a number of simple cases.

We may also note that if a, b, ¢ € Z then a necessary — but not sufficient
— condition for p(x) to have 3 rational roots is that the discriminant D
should be a perfect square: D = d?. For

D ={[(a=B)(B-(y—a).

6.2.2 Elements of order 3

In any abelian group, the elements of order p (where p is a prime), together
with 0, form a subgroup; for

pa=0,pb=0= p(a+b) =0.
We can consider this subgroup as a vector space over the finite field GF(p).

Proposition 6.4 Ifp is an odd prime then there are either no points of order
p on the elliptic curve E(Q), or else there are exactly p — 1 such elements,
forming with 0 the group Z/(p).

Proof » An element of T @ Z/(2) of odd order p is necessarily in T. Thus
the result follows from Proposition 6.2 and the Lemma in the proof of that
Proposition. <

The elements of order 3 have a particularly simple geometric description.

Proposition 6.5 A point P # 0 on the elliptic curve £(Q) has order 3 if
and only if it is a point of inflexion. There are either 0 or 2 such points.
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Proof » Suppose P has order 3, ie
P+P+P=0.

From the definition of addition, this means that the tangent at P meets £ in
3 coincident points P, P, P. In other words, P is a point of inflexion.

It follows from the previous Proposition that there are either 0 or 2 such
flexes. <

Remark: The point 0 is of course a flex (by choice); so there are either 1 or
3 flexes on the elliptic curve £(Q) given by a general Weierstrass equation.

6.3 Points of Finite Order are Integral

Theorem 6.1 Suppose P = (z,y) is a point of finite order on the elliptic
curve
EQ) :y* + vy + ey = 2% + con® + ey + c,

where ¢y, co, 3,4, 6 € Z. Then either 2P =0 or x,y € Z.

Proof »
Lemma 1 For each prime p, if (x,y) € £(Q,) then

[zl <1 <= llyll, < 1.

Proof of Lemma > If ||z], < 1 but ||y||, > 1 then y* will dominate the

equation. On the other hand, if ||z||, > 1 but ||y||, < 1 then z* will dominate
the equation. «
On combining these results for all primes,

x €L <= yeELl.

(This last result is easily proved directly; for if x € Z then the equation
for £ can be regarded as a monic quadratic equation for y with integral
coefficients; and any rational solution for y is therefore integral; and similarly
if y € Z then the equation for £ can be regarded as a monic cubic equation
for z with integral coefficients; and any rational solution for x is therefore
integral.)

Lemma 2 If P = (z,y) € £(Q,) then either x,y € Z, or else P € £g).
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Proof of Lemma > The equation of the curve in (X, Z)-coordinates is

Z4+ a1 XZ+ 322 = X3+ o X2Z + ey X 7%+ e 23,
Suppose P ¢ &£, ie
[ Xlp = 1 or [ Z]], > 1.

In fact
X[, > 1= [Z], > 1;

for if || X ||, > 1 but ||Z||, < 1 then X? would dominate the equation. Thus

1Z], > 1
in either case.
Since y =1/Z
1Z]l, 2 1= |lyll, < 1.
Hence

x,Yy € 7Ly

by Lemma 1. <«

Lemma 3 1. If p is odd then &y is torsion-free (ie has no elements of
finite order except 0).

2. &2y 1s torsion-free.

Proof of Lemma 1> This follows at once from the fact that

Ep) =Ly (p odd), E o2y = Ly,
as we saw in Chapter 5. <«

Lemma 4 If P € £g) then 2P € E92).

Proof of Lemma > Suppose P = (X,Z). Recall that although &9y was

defined as
Eoy ={(X,2) €& || X|2 1 Z]2 <27},

in fact it follows from the equation

Z+aX +02) =X+ X Z + e, X2+ CsZ°
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that
(X,2) € &gy = 12|l < 27°.

More generally, although &,y is defined as
(r°)
Epy ={(X, Z) €& |IX], <p~" 2]l < 1},

in fact
(X,2) € Epey = 1 Z|l, <p~™

by induction on e.)
The tangent at P is
Z=MX+D

where
_ OF/0X
-~ OF/0Z
- C1Z — <3X2 + QCQXZ + 3C4Z2)
14X + 2637 — (X2 4264 X Z 4 3c622)

The term 3X? dominates the numerator, while the term 1 dominates the
numerator. It follows that
[M]]2 < 272

Hence
1Dl = 17 — MX[; < 27

The tangent meets £ where

(MX + D)1+ e X + e3(MX + D))
= X° 4+ X?*(MX + D) + 4 X(MX + D)* + ¢(MX + D).

Thus if the tangent meets £ again at (X7, Z;) then

coeff of X?
20X + X, = O 2
+ coeff of X3

ClM + 03M2 — (02 + 204M + 3CGM2)D
1+02M+C4M2+C6M3 '

Hence
[ X1lla <272

Since
1Z1]| = IMX, + D| <274,
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it follows that
(Xl, Zl) € 5(22).

We conclude that
2P - —(Xl,Zl) S 5(22),

since Ep2( is a subgroup of £. <
Now suppose P = (z,y) € £(Q) is of finite order.
For each odd prime p,

P ¢ g(p)

by Lemma 3. Thus
x,Yy € Ly

by Lemma 2.
Since 2P is of finite order,

P e 5(2) — 2P € 5(22) — 2P =0,
by Lemmas 4 and 3. Thus if 2P # 0 then
T,y € Z27

by Lemma refIntegrality.
Putting these results together, we conclude that either 2P = 0 or else

x,y € Ly for all p = z,y € Z.
<
Corollary If P = (x,y) is a point of finite order on the elliptic curve
y? =2® +ax® + br +c
then z,y € Z.
Proof » After the Proposition we need only consider the case
QP=0=y=0= a4 az’ +br+c=0.

Since a rational root of a monic polynomial with integral coefficients is nec-
essarily integral, it follows that x € Z. <
Recall that if P = (z,y) is a point of

E(Q) : y* + iy + ey = 2% + con® + cyx + g
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then
—P = (z,—y — 1z — c3).

For by definition, —P is the point where the line OP meets the curve
again. But the lines through O are just the lines

Tr =cC

parallel to the y-axis (together with the line Z = 0 at infinity). This is clear
if we take the line in homogeneous form

IX+mY +nZ =0.
This passes through O = [0, 1,0] if m = 0, giving
r=X/Z=-n/l
Thus —P is the point with the same z-coordinate as P, say
—P = (z,y1).
But y, y; are the roots of the quadratic
v? +y(cx 4 c3) — (2° 4 cor® + caw + ).
Hence
y+y1 = —(c1z + c3),
ie
Y=Yy —axr —Cs.
It follows that
2P=0<«= —-P=P
= y=-—Yy— T —C3
< 2y +cx+c3=0.
Example: Consider the curve
EQ):y* +ay=a°+42° + 1.
If P = (z,y) is of order 2 then

2y +x = 0.
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This meets the curve where
/4 — 2% /2 = 2° + 4a? + 7,
ie
42° 4172 + 42 = 0.

This has roots 0,—1/4,—4. Thus the curve has three points of order 2,
namely (07 0)7 (_1/47 1/8)7 (47 2)

6.4 Points of Finite Order are Small

Theorem 6.2 (Nagell-Lutz) Suppose the elliptic curve £(Q) has equation

where
flx)=2* +az® + bx + ¢ (a,b,c € Z);

and suppose P = [x,y,1] € £ is a point of finite order. Then either y = 0,
or

v | A(S),
where
A = 8a®c — a®b? — 18abe + 4b° + 272

is the discriminant of f(x).

Proof » We start by proving the weaker result

y | A,

since this brings out the basic idea in a more direct way.
Suppose P = (x,y) is a point of finite order. Then so is 2P = (z1,91).
Thus by Proposition ,

x,Y, X1,y € Z.
Recall that
27 + 11 = —a +m?,
where )
)
2y
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Since a € 7Z, it follows that
m*€Z=meZ=2y|f(x).

On the other hand
y | flz)
since y* = f(x). Thus
y | fx), fl(z).
Recall that the resultant R(f,g) of two polynomials
f(@) = apx™ + arx™ 4+ -+ apy, g(x) = b + b1+ -+ b,

is the determinant of the (m + n) x (m + n) matrix

ag ay Gy ... Gy 0 0

0 ay a1 ... Qm-1 Gm ... 0

10 0 0 ... ce. Q1 Qm
RUED= 0 b by 0 b, 0 .. 0
0 by b ... b,1 b, ... 0

0O 0 0 ... oo by by,

We saw earlier that R(f,g) = 0 is a necessary and sufficient condition
for f(z),g(x) to have a root in common. Our present use of the resultant,
though related, is more subtle.

Lemma 1 Suppose f(x),g(x) € Z[z]. Then there exist polynomials u(x),v(x) €
Z[z] such that
w(@)f(z) +v(z)g(z) = R(f,g).

Proof of Lemma > Let us associate to the polynomials
u(z) = coz" M+ "+ ey, v(@) =doa™  + dia™ e dy

(of degrees < n and < m) the (m + n)-vector

Co
C1
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It is readily verified that if
u(x) f(z) +v(z)g(x) = eox™ "+ + emyn-1,

then the e, are given by the vector equation

€o
(&1
: €o
Cp— €1
R(f: g) do ! =
dl €m+n—1
dm—l

We are looking for integers ¢;, d; such that

€o 0

€1 :

: B 0
Em+tn—1 R(f> g)

The existence of such integers follows at once from the following Sub-
lemma. (For simplicity we prove the result with det A as first coordinate
rather than last; but it is easy to see that this does not matter.)

Sublemma Suppose A is an n X n-matriz with integer entries. Then we
can find a vector v with integer entries such that

y det A
! 0
al =1 ;
Up, O

Proof of Lemma > On expanding det A by its first column,

det A = a11 A1 + ando + -+ anla,

where the A;;’s are the corresponding co-factors. On the other hand, if ¢ # n
then
ayiArn + agi Ao + - + apiAnr = 0,
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since this is the determinant of a matrix with two identical columns.
Thus the vector

An
Ao
v = .
Anl
has the required property. <
<
We apply this Lemma to the polynomials f(x), f/(x), recalling that
R(f. f") = =D(f).

Thus we can find polynomials u(z), v(x) € Z[x] such that

u(x) f(z) +v(@)f'(z) = D.

Hence
yl flx), f'(x) =yl D.

Turning now to the full result, suppose again the P = (x,y) is of finite
order, and that 2P = (x1,y;). We know that x,y,x1,1; € Z.

Lemma 2 The x-coordinate of 2P 1s

_g(@)
427

where
g(x) = 2* — 2b2* — 8cw — dac + b

Proof of Lemma 1> Recall that

z(2P) = 27 + a — m?,

where

/
iG]
2y
Thus
4y*(2z + a) — f'(2)?
x(2P) = 1
4(x® + ax® + bx + ¢)(2x + a) — (32% + 2ax + b)?

4qy2 ’
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which yields the given result on simplification. <«
It follows from the lemma that

y* | g(x);
Thus
y* | f(x), g(x)

since y? = f(z).
Lemma 3 There exist polynomials u(z),v(x) € Z[x] of degrees 3,2 such that

u(x) f(z) +v(z)g(x) = D.

Proof of Lemma 1> For simplicity we are going to prove the result in the case

a = 0. We leave it to the reader to establish the general result.
Let us see if we can find u(z),v(x) € Q[z] of the form

u(r) =2*+Bx+C, w(x)=2>+D

such that
u(z) f(x) — v(z)g(x) = const.

The coefficients of 2% and z° on the left both vanish. Equating the coef-
3 .2

ficients of z#, 23, 22, x yield

Y. b+ B=-2b+D = D=DB+3b
e+ C=-8 — C=—-9c

2. Bb=101*>—-2Db =>2D+B=b
Bec+Cb=—-8Dc =— B —9b= —8D.

8 8 8 8
.. w

Substituting for D in the third equation gives
B = —5b/3, D = 4b/3.
The final equation then reduces to
—5b/3 — 9b = —32b/3,

which is an identity.
Accordingly, we take

u(z) = 32 — 5bw — 27¢, v(x) = 3% + 4b,
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and then
u(z)f(z) — v(z)g(r) = —27¢* — 4b* = D,

as required <«
The result now follows as before; since x,y € Z,

v | fz),9(z) = y* | D.

<

Remark: The resultant of f(z), g(z) turns out to be
R(f> g) = _D27

so our earlier Lemma would be insufficient. It is not entirely clear (to me at
least) why we can find u(x),v(z) — of lower degrees than expected — such
that

w() f(z) +v(z)g(x) = D.

6.5 Examples

In these examples we compute the torsion group F' of various elliptic curves

£(Q).
1. We look first at the curve
EQ) :y*=2"+1.
Recall that the discriminant of the polynomial
p(z) =2 +bx +c

is
D =— (4> 4+ 27¢%).

Thus in the present case
D = -2T7.

It follows from Nagell-Lutz (Theorem 6.2) that
y=0,+1,43.
There is just one point of order 2, ie with y = 0, namely (—1,0).
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If y = £1 then x = 0, giving the two points (0, £1).
If y = +3 then 23 = 8, giving the two points (2, £3).

It remains to determine which of these points (0, 41), (2, £3) is of finite
order — remembering that the Nagell-Lutz condition y? | D is necessary
(if y # 0) but by no means sufficient.

The tangent at P = (0, 1) has slope

_ V@) _ 32 _
2y 2y
Thus the tangent at P is
y =1
This meets £ where
3 =0,

ie thrice at P. In other words P is a flex, and so of order 3.

Turning to the point (2,3) we have

3 2
=2 9
2y
and so the tangent at this point is
y=2x—1,

which meets £ again at (0, —1). Thus
2(2,3) = —(0,—1) = (0, 1).
We conclude that (2,3) (and (2, —3) = —(2,3)) are of order 6, and
F=17/(6).
. Consider the curve
EQ):y*=2"—1.
Again, D = —27, and there is one point (1,0) of order 2.

But now

y==41=—=2°=2,
y = +3 = 2° = 10,

neither of which has solutions in Z. We conclude that

F=1/)2).
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3. Suppose F' is the torsion subgroup of
EQ):y*=2"+z

We have
D= —4,

and so
y=0,+1,£2.

There is just one point of order 2, ie with y = 0, namely (0, 0).

If y = +£1 then
P 4+r—1=0.

Note that a rational root a € Q of a monic polynomial
"+ a4+,

with integral coefficients a; € 7Z is necessarily integral: o € Z. And
evidently « | a,. Thus in the present case the only possible rational
roots of the equation are x = £1; and neither of these is in fact a root.

If y = 42 then

2 +r—4=0.
The only possible solutions to this are x = +1, £2, +4; and it is readily
verified that none of these is in fact a solution.

We conclude that
F=7/2).

4. Consider the curve
T

This curve is singular, since p(z) = 2* — 2% has a double root, (and so

D = 0). Thus it is not an elliptic curve, and so is outside our present
study, although we shall say a little about singular cubic curves in the
next Chapter.

5. Consider the curve
Q) :y—y=2"—u
This has 6 obvious integral points, namely (0, 0), (0, 1), (1,0), (1,1), (—1,0), (-1, 1).

We can bring the curve to standard form by setting y; = y — 1/2, ie
y = y1+1/2, to complete the square on the left. The equation becomes

=2 —x+1/4
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Now we can make the coefficients integral by the transformation
Yo = 23y1, To = 22567

giving
ys = x5 — 2%wy +2°/4,

since the coefficient of x has weight 4, while the constant coefficient has
weight 6. (In practice it is probably easier to apply this transformation
first, and then complete the square; that way our coefficients always
remain integral.) Our new equation is

ys = x5 — 1625 + 16,
with discriminant
D=—(4-2"%427.2%)

= —25(64 + 27)

= —2%91.
By Nagell-Lutz, if (z9,y2) € F then z5,ys € Z and

yo = 0,1, +2, 4, £8, +16.

Note however that if P is not of order 2, ie yo # 0, then

y2 — 4
’y:

€L
8

by Theorem 6.2. Only the cases yo = £4 satisfy this condition. Thus
we only have to consider
Y2 = 0, +4.

If y, = 0 then
x5 — 1625 + 16 = 0.

But

16 | 25 = 4 | 29
— 32| 73, 161,
= 32| 16,

which is absurd. Thus there are no points of order 2 on £.
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Finally, if yo = £4 then

16 = 2 — 1675 + 16 => 25 — 1615 = 0 => 15 = 0, +4.

This gives the 6 ‘obvious’ points we mentioned at the beginning.

It remains to determine which of these points are of finite order.

Reverting to the original equation, suppose P = (0,0). We have

dy 2
20—1)— =3x“ -1
(2y - 1)~ =32" ~ 1,
1e

@_?mz—l

de  2y—1°

Thus the tangent at P has slope m = 1, and so is
= .
This meets the curve again at (1,1). Hence

2(0,0) = —(1,1) = (1,0).

The tangent at (1,0) has slope m = —2, and so is
Yy = —2r+2,

which meets £ where

(=22 +2)* —2(—22+2) = 2° — x,

ie

22— 622+ 92 — 4 = 0.

We know this has two roots equal to 1. The third root must satisfy

241z =06,
ie
r =4.
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At this point
y=—2x+2 = —6.

We know that this point (4, —6) is not of finite order, by Nagell-Lutz.
It follows that (1, 0) is of infinite order. Hence so is (0, 0) since 2(0,0) =
(1,0); and so too are (1,1) = —(1,0) and (0,1) = —(0,0)

It remains to consider the points (—1,0 and (—1,1) = —(—1,0). Note
that if these are of finite order then they must be of order 3 (since there
would be just 3 points in F'), ie they would be flexes.

The tangent at P = (—1,0) has slope m = —2, and so is
y=—2x—2.
This meets £ where
(=22 — 1) —2(-2r—1) =2° — x.
We know that this has two roots -1. Hence the third root is given by
—24+1x =0,

1e

as before. At this point

y=—2x+2=—14.
So

2(—1,0) = —(8, —14).

Again, we know by Nagell-Lutz that this point is of infinite order, and
so therefore is (—1,0) and (—1,1) = —(—1,0).

To verify that P = (4, —6), for example, is not of finite order, we may
note that the tangent at this point has slope

47
m=——.
11
But the tangent
y=mx+d
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at P meets the curve again where
(mz + d)? — z(mx +d) = 2° — =,
ie at a point (z1,y;) with
2.4+, =m>—m.

By Nagell-Lutz, z; € Z (since we have seen that there are no points of
order 2), and so m? — m € Z, which is manifestly not the case.

We conclude that the torsion-group of this curve is trivial:

F = {o}.
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Chapter 7

Reduction modulo p

7.1 The reduction map

One serendipitous consequence of our adoption of projective (rather than
affine) geometry is that this allows us to ‘reduce’ rational points modulo a
prime p.

Proposition 7.1 Suppose p is a prime. For each dimension n we can define
a map
I, : P"(Q) — P"(GFp)
as follows: Any point P € P"(Q) can be expressed in the form
P = [Xo,Xl, ‘e 7Xn]

where Xo, X1,..., X, € Z and not all X; are divisible by p. We set

II,(P) = P = [ Xy mod p, X; mod p, ..., X, mod p).

Proof » We can ensure that the coordinates X; are all integral, by multiplying
by the lem of the denominators; and then we can ensure that not all the X;
are divisible by p by dividing by the highest power of p dividing all the Xj.
It remains to show that the resulting point P € P"(GFp) is uniquely
determined by the point P. Suppose we have two such expressions for P:

P=[Xo,X1,...,X,] = [X0, X!, ..., X"].
Then
X0, X X = p[Xo, X, .. X
for some p € Q*. Let
r

pP=
S
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where ged(r, s) = 1. Then
rX! =sX;

for all i. Clearly p |/r; for otherwise p | X; for all i. Similarly p |/s. But then
X! =5X;
ie
(X0, X7, .. XT] = plXo, X3, X,

where p = 7/5.
Thus the two representations of P give the same point P. <

Definition 7.1 We call the map
P"(Q) — P*(GFp) : P — P
reduction modulo p.

It is not necessary to choose integral coordinates for reduction; it is suf-
ficient that they be p-integral, that is, of the form ¢ = a/b, where a,b are
integers with p J/b. Note that if b is p-integral then the ‘remainder’ ¢ = a/b
modulo p is well-defined. The following result is readily verified.

Proposition 7.2 Suppose
P=[Xo,..., X,

where Xy, ..., X, are p-integral but X, ..., X, do not all vanish. Then
P=(Xo. X

Proposition 7.3 Each line ¢ in P2(k) defines a line ¢ in P*(GFp); and
Pel= Pel.

More generally, each curve T' in P2(k) defines a line T in P2(GFp); and

Pel= PeTl.

Proof » Suppose /¢ is the line

aX +bY +cZ =0.
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We can ensure that a,b, c are integral, by multiplying by the lecm of their
denominators, and we can ensure that a,b,c are not all divisible by p, by
dividing a, b, ¢ by a suitable power of p; and then we set

(:aX +bY +¢Z=0.

If now P = [X,Y, Z] where X,Y, Z are all integers, but not all are divisible
by p, then - )
aX +bY +c¢Z=0= aX +bY +¢cZ =0.

Thus P lies on the line
0:aX +bY +¢Z =0.

Now suppose I'is a curve in P?(Q), given by the homogeneous polynomial
equation

F(X,Y,Z)=0.

We can ensure that all the coefficients of F' are integral, but not all divisible
by p; and then we can define he polynomial

F[X,Y, 7] € GFp|X,Y, Z],

by taking each coefficient of F mod p.
Suppose P = [X,Y, Z] where X,Y,Z € 7Z but not all are divisible by p.
Then

Pel«= F(X,)Y,Z)=0= F(X,Y,Z)=0+<= Pcl.

7.1.1 Reduction of Elliptic Curves

Definition 7.2 We say that the elliptic curve £(Q) has good reduction mod
p if € is elliptic, ie non-singular.

We often say that £ has good reduction at p.
Consider the elliptic curve

E(Q) : y?* =2° 4+ ax® + br + ¢,

where a, b, c € Z (or, more generally, a, b, ¢ are p-integral).
Reduction modulo p gives the curve

g:y2:x3+dx2+l~):r—|—5
over the finite field GFp.
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Proposition 7.4 The reduction € of & modulo p is good if and only if p # 2
and

p JD,

where
D = —4a3c + a®b® + 18abc — 4b® — 27¢2

is the discriminant of the polynomial p(z) = x3 + ax?® + bx + c:

Proof » If p = 2 then & is necessarily singular. B
Suppose p # 2. We know in this case that &£ is elliptic (non-singular) if

and only if D(E) # 0. The result follows since
D(€) = D(€) mod p.
<

Theorem 7.1 Suppose the elliptic curve E(Q) has good reduction modulo p.

Then the map )
Q) — E(GFp): P— P

1s @ homomorphism.
Proof » The zero point on € certainly maps into the zero point on &:
[0,1,0] — [0,1,0].
Suppose the 3 points P, Q, R € £(Q) satisfy
P+Q+R=0.
In other words P, (), R lie on a line
l:ax+by+cz=0.

Let [ be the reduction of [ modulo p. Evidently [ is a line in P2(GFp), which
contains P, Q, R by Proposition ?77?.
We need to be a little careful at this point. If P,Q, R are distinct then it
follows that
P+Q+R=0.
But can we be certain of this conclusion if 2 or all 3 of these points coincide?
It’s not difficult to see that we can.

Lemma 4 Suppose the line | meets the curve I' C P2(Q) of degree n in the
n rational points P, ..., P, (each repeated according to multiplicity). Then
[ meets I in Py, ..., P, (each repeated according to multiplicity).
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Proof of Lemma > Choose 2 points

Q = [xayaz]a R= [:Clvylvz/]

on ! such that Q # R. We may suppose that z,y, z,z,y, 2 € Z and that
each triple x, y, z and 2/, 3/, 2’ is coprime. the line [ takes the parametric form

P(s,t) = sQ +tR = [sz + ta', sy + ty', sz + t2'].
This will meet the curve I" where
f(s,t) = F(sQ+tR) = 0.

This is a homogeneous equation of degree n in s, ¢, which by hypothesis has
roots (s1,t1),.-.,(8n,t,) corresponding to the points Pi,..., P,. We may
suppose that si,...,8,,t1,...,t, € Z, and that each pair (s1,t1),..., (Sn,tn)
is coprime. Now

f(s,t) = c(sty —tsy) - (st, —tsy)

for some ¢ € Q.
<
Thus
P+Q+R=0=P+Q+R=0.

Since it is readily verified that

—P—_pP,

it follows that the map is a homomorphism.
<

Theorem 7.2 Suppose the elliptic curve
EQ):y* =2 +ar® +br+ec

has good reduction at the prime p. Let T C E(Q) be the torsion subgroup
(formed by the points of finite order). Then the reduction map

p:€(Q) — E(GFp),

sends T ingectively onto a subgroup of E(GFp).
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Proof » We know by the Nagell-Lutz Theorem 6.1 that the non-zero points
P=(X,)Y)eT
all have integral coordinates: X,Y € Z. It follows that
Po[X. 7,1 = (X.7)
This can never be O. (It is always finite.) Thus
ker p = {0},

and so p is injective. <

7.2 An example

By Theorem 7.2, the torsion subgroup 7" of £(Q) has an isomorphic image
in £(GFp) for every good prime p. We can often exploit this to determine
T.

In general, the Nagell-Lutz Theorem provides a surer method of deter-
mining 7. But there may be cases where the method below is quicker.

As an illustration, let us look at the curve

EQ):y*=2"+z+1.

Since
D = —-31.

£ has good reduction at all odd primes p except 31.
Consider first reduction at p = 3 If (z,y) € £(GF3) then 23+ z + 1 must
be a quadratic residue modulo 3, ie

2+ 2x+1=0or 1 mod3.
This does not hold if # = 2 = —1; but it does hold in the other 2 cases
r=0and x = 1.

When z = 0 we have y = +1. When z = 1 we have y = 1.
It follows that

£(GF3) = {(0,1), (0,~1), (1,0), [0,1,0]}.
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We know that the point (X,Y") has order 2 if and only if Y = 0. In this case
there is just 1 such point, namely (1,0). Thus £(GF3) is of order 4, and has
1 element of order 2. Consequently,

E(GF3)=7Z/(4).
New consider the curve defined by the same equation over GF5. We have
234+ x+1=0,1o0r 4 mod 5.
This does not hold if z = 1 mod 5. The other cases yield the points:
(0,£1), (2,£1)m (3,£1), (4+2).

Thus
|E(GF5)| =9,

and so
E(GF5)=7Z/3)®Z/(3) or Z/(9).

We leave it to the reader to determine which is the case.
This does not affect our present purpose, since in either case

T C&(GF3), T cCE&GFS) =T ={0},

by Lagrange’s Theorem.

7.3 Singular cubic curves

Recall that a curve I in P?(k) is said to be degenerate if its equation factorizes:
r'=1ac,

where ¢ is a line and C' a conic.

Proposition 7.5 A non-degenerate cubic curve has at most one singularity.

Proof »

Lemma 5 If P is a singular point on the non-degenerate curve I' then every
line through P meets I' least twice at P.

428-99 77



Proof of Lemma > We may assume (after a suitable projective transforma-

tion) that the equation has no terms of the first order:
I':ax® 4 2hay + by + O(2®,9°).

But any line y = ma through P meets [" where
(a4 2hm + bm?)y* + O(2°, y*),

with a double root (at least) at y — 0, ie at (0,0). <«

Now suppose P, () are singularities. Then the line P() meets I' tiwce at
P and twice at @), by the Lemma. Thus the line meets I' four times, which
is impossible. Hence there is at most one singularity. =

Singularities on cubic curves divide into two kinds: nodes and cusps.
These are distinguished as follows: Let us move the singularity to (0,0).
Then

F(X,Y,Z)=aX?*+2hXY +bY? + O(X,Y)3.

Definition 7.3 A singularity on a cubic curve is said to be a node if the
second order terms split into distinct factors:

aX?+2hXY +bY? = a(X + oY) (X + 3Y),

where o« #£ (; it is said to be a cusp if a = (3, ie if the second order terms
form a perfect square.

Definition 7.4 Suppose £(Q) is an elliptic curve. Then we say that £ is
stable at p if the reduction modp is good. We say that £ is semi-stable at p
if the reduction is bad but the singularity in € is a node. We say that £ is
unstable at p if the reduction is bad and the singularity in € is a cusp.

7.3.1 Nodes and cusps
Suppose we have a cubic curve
L(k) : 9?4 cizy + csy = 2° + c2® + a0 + cg;
and suppose char(k) # 2,3. Then we can bring the curve to the form
y? = 2® + ax® + bx + c.

Now suppose I' has a singularity. We know that there is just one singular
point, and that it is a point («,0) on the line y = 0, where « is a double or
triple root of

p(r) = 2* + az® + bxr + c.
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This root « € k. For if « is a double root then ged(p(z),p'(z)) = = — «,
and we can compute this ged by Euclid’s algorithm within the ring k[z];
while if « is a triple root then 3o = —b.

Thus we may assume that a = 0, after the transformation z — x — a.

Our equation now takes the form

y2 = 2* + az?.

Note that the second-order terms are y* — ax?. This has distinct factors
unless a = 0. Thus by the definition above, the singularity is a cusp if a = 0,
and a node if a # 0. (This accords with the look of the curve if £ = R.)

Let us consider the case where the singularity is a cusp first. Our equation
is

2 _ .3

We parametrize I' \ {(0,0)} by the map

LDt (t72,t7%) ift #0,
— . —
[0,1,0] ift=0.

In other words,
P(t) = [t,1,¢’]

for all t € k.
Suppose the points P, (), R with parameters p, ¢, r lie on the line

aX +bY +cZ = 0.
Then p, q,r are the roots of
at + b+ ct® = 0.
Since the coefficient of #2 is 0,
p+q+r=0.
Thus from our definition of addition on I' \ {(0,0)},
P+Q+R=0<p+q+r=0.

In addition, tt is readily verified that
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It follows that the map
k—T\A{(0,0)} : £ — P(t)

is an isomorphism. Thus the group on T'\{(0,0)} is isomorphic to the additive
group of k.

Now let us consider the case where the singularity is a node. For simplicity
let us take the curve

y? = a® + 2%

This has a node at (0,0) with ‘quasi-tangents’ y = +x.

The line y = maz meets the curve in just one point apart from (0,0),
unless m = 1. We parametrize the curve by setting

t_y+x
— —
This gives
t+1
_— €T.
Y PR
and so
t 4 1)?
Et:;?x? S
1e
4t
Tr =
(t—1)
and
_ At(t+1)
YT

In homogeneous terms
(z,y) = [4¢(t — 1), 4¢(t + 1), (¢t = 1)°] = P(1).
It is readily verified that the map

k—T:t— P(t)
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is bijective, with t = 0 corresponding to the singular point (0,0). Thus we
have a one-one correspondence between ¢t € k* and P € T'\ {(0, 0}.
Suppose the points P, @), R with parameters p, ¢, r lie on the line

aX +bY +cZ =0.
Then p, q,r are the roots of
dat(t —1) +4bt(t + 1)+ c(1 —1)* = 0.
Since the coefficients of #* and 1 are e,

pqr = 1.

Thus
P+Q+R=0<+=pgr=0.

In addition, tt is readily verified that
—P(t) = P(1/t).
It follows that the map
E* —T\{(0,0)} :t — P(t)

is an isomorphism. Thus the group on I\ {(0,0)} is isomorphic to the mul-
tiplicative group k™. B

Recall that the the elliptic curve £(Q) is said to be semi-stable at p if £
has a node singularity, and unstable if £ has a cusp singularity, Because of the
analysis above, the terms ‘multiplicative’ and ‘additive’ are sometimes used
in these two cases. (Note though that we have not proved that the group is

always k* or k in these two cases; the story is a little bit more complicated
than that.)

7.4 Hasse’s Theorem
Consider the elliptic curve
E(GFp) :y* =2° +az® + bz +c.

If (z,y) € € then
p(x) = 2 + az® + bxr + ¢
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must be a quadratic residue modp. Of the numbers {1,2,...,p — 1} just
(p — 1)/2 are quadratic residues, namely

(£1)2,(£2)2,...,(£(p—1)/2)%

Thus if the values of p(z) mod p are randomly distributed, the expectation
would be that p(z) = 0 for one z, and that p(x) would be a quadratic residue
for (p—1)/2 values of . The former would give one point (z,0) on the curve;
each of the latter would give two points (x, +y). Thus the expected number
of points is
I Lank
2 P
To this must be added the point O = [0, 1,0], giving p + 1 points in all.

Definition 7.5 We set

a(p) = [|E(GFp)[ — (p+1).

Thus a(p) measures the discrepancy from the expected value.
Hasse showed that
la(p)| <2v/p

for all elliptic curves over GFp, ie

p+1—-2yp<alp) <p+1+2p.

For example, if £ is an elliptic curve over GF7 then
5 < [|E(GFT7)|| < 11.

Although the proof of Hasse’s Theorem is not particularly difficult, it
would take us too far afield to give it here.

Suppose £(Q) is an elliptic curve. Then a(p) is defined for each good
prime p. Shimura conjectured that there was a modular form f(z) associated
to £ with the property that the a(p) were the coefficients of the corresponding
Fourier series g(q). (See Chapter 8.)

Wiles proved Shimura’s Conjecture for semi-stable elliptic curves, that is,
those for which the bad primes were at worst semi-stable (ie no cusps). This
was the main step in his proof of Fermat’s Last Theorem.

Late last year, Shimura’s Conjecture was proved for all elliptic curves
over Q.
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Chapter 8

The Complex Case

8.1 Periods and Lattices

We shall be concerned in this Chapter exclusively with meromorphic func-
tions on C, the space of complex numbers. Recall that a complex function
f(2) is said to be meromorphic on C if it is defined and regular at all points
of C except for a discrete set of points, at each of which it has a pole of finite
order.

Every rational function P(2)/Q(z) (where P(z),Q(z) are polynomials) is
meromorphic on C, as are the trigonometric functions cos z, sin z, tan z, the
exponential function e, etc.

Definition 8.1 The meromorphic function f(z) on C is said to have period
we Cif

fz+w) = [f(2)
whenever f(z) is defined.

Proposition 8.1 The periods of a non-constant meromorphic function f(z)
form a discrete subgroup of the abelian group C.

Proof w» If wy,ws are periods of f(z) then so are wy + wy. Hence the periods
form a subgroup of C.

To prove that the subgroup is discrete, we have to show that there exists
a constant C' > 0 such that f(z) has no period |w| < C except for w = 0. To
this end, consider the behaviour of f(z) in the neighbourhood of a regular
point zg. In some neighbourhood of this point, f(z) has an expansion

f(’z):CO"’Cl(Z_ZO)—|—CQ<Z—Z0)2+....
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This power-series will be dominated by its first non-zero term, and it is easy
to deduce that
0<|z— 2| <C= f(2) # co

for some constant C' > 0. It follows that there is no non-zero period with
w| < C. =
Note that as an abelian group, C = R2.

Proposition 8.2 A discrete subgroup of R™ is isomorphic to Z™ for some
m <n.

Proof » Suppose S is a discrete subgroup of R™. Let V' = (S) be the vector
subspace of R"™ spanned by the elements of S. We argue by induction on
m = dim V', showing that S has a Z-basis with m elements.

Let s1,...,8, € S be a basis for V; and let

U= <51, c. 75m71>-
By our inductive hypothesis,
S'=85nU

has a Z-basis with m — 1 elements, say t1,...,t,_1.
Suppose s € S. Clearly tq,...,t,,_1, S is a basis for V. Let

S = )\ltl + -+ >\m—1tm—1 + >\m8m-

We claim that there is an s € S minimizing |\,|. For we can find
ny,...,Nym_1 € Z such that

A — n;| < (1<i<m-—1);

| —

and then

s=s—(nti+ 4+ Nm_1tm_1
=M —n)ti+ -+ (A1 — 1) b1 + A

We may assume that A, < 1, since s,,, is a contender for minimal s. Thus s’
has the same )\, as s and

|5/‘ <]+ ] + [sml = R,

say.
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But since S is a discrete subgroup, it has only a finite number of elements
in the compact disk |v| < R. Thus we need only consider a finite number
of elements s € S when minimizing |A,,|; and so the minimum is certainly
attained, at t,, say.

Now suppose s € S. Evidently ty,...,t,,_1,t, is a basis for V. Hence

s = Hltl + e+ ,umfltmfl + ,umtm

But now we can find n,, € Z such that

1
m mg_-
[t = M| < 5

and then
s =5—nmtm
- ﬂltl + -+ ,um—ltm—l + (,um - nm)tm
has smaller s,, component than t,,, contradicting the minimality of ¢,, unless
= Ny, 1€ Uy, € Z.
But now s’ € S = SNU; and therefore 1, ..., ;1 € Z, by our inductive

hypothesis.
We conclude that t¢q,...,t,, is a Z-basis for 5. <«

Corollary 4 A non-trivial discrete subgroup of the additive group C is iso-
morphic either to Z or to Z & 7.

Definition 8.2 A lattice in C' is a discrete subgroup A C C isomorphic to
YASYA

Every lattice has a basis A, u. This basis is not unique. In fact it is easy
to see that
N =aX+bu, ' =c\+du (a,b,c,d € Z)

will form a basis if and only if ad — bc = +1, ie

()= (£ C)
o (4 5) = =1

Proposition 8.3 If A\, i1 is a basis for the lattice A then \/u ¢ R.

where
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Proof » Suppose first that A/ € Q, say

A =m/n.
Then
nA = mpu,

ie A, o are not linearly independent.
(Alternatively, we may suppose that ged(m,n) = 1. Then there exist
a,b € Z such that
am+bn =1

Thus
aX +bu = p/n € A,

and
A =m(p/n), p=np/n),

ie A and g are both multiples of a smaller period.)
Now suppose that

AN eR\Q,

ie the ratio is real but irrational.

Lemma 6 If « is irrational then given any e > 0 we can find m,n € Z such
that
|ma —n| < e.

Proof of Lemma > Choose N with 1/N < e. For z € R, let {2} denote the

fractional part of x, ie
{z} =2 — [x].

Consider the N + 1 fractional parts
0,{a},{2a},...,{Na} €[0,1).
Divide the interval [0, 1) into N equal parts,
[0,1/N),[1/N,2/N),...[(N —1)/N,1).

By the Pigeon-Hole Principle, two of the fractional parts, say {ra}, {sa},
must lie in the same subinterval. But then

{ra} — {sa}| < 1/N <,
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ie
|ra — [ra] — (sa — [sa])le,
le
|ma —n| < e,

where m =r — s, n=[ra] — [sa]. <«
By the Lemma, we can find m,n € Z such that

m(\p) — 1l < e
Hence
|mA —nu| < ep.

Thus we can find lattice points mA — nu € A arbitrarily close to 0, contra-
diction the condition that A be discrete. <

Definition 8.3 Suppose A C C is a lattice. An elliptic function f(z) with

respect to A is a meromorphic function whose periods include all elements of
A, ie
wel= flz+w) = f(2).

Suppose A, i is a basis for the lattice A C C. Then f(z) is elliptic with
respect to A if and only if

[+ X = f(2), f(z+n) = f(2).

In other words an elliptic function is just a doubly-periodic function.
Definition 8.4 A fundamental parallelogram for the lattice A C C is a set
O p,e)={z€C:z=c+ar+yp:0<z,y <1},

where X\, i 1s a basis for A, and ¢ € C.

Suppose II is a fundamental parallelogram for the lattice A. Then each
z € C is congruent modulo A to a unique point zy € II:

2z = zp mod A,

by which we mean that
z— 2z € A.

(Notice that we excluded 2 sides of the parallelogram, to ensure uniqueness.)
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8.2 Applications of Cauchy’s Theorem

Let us recall some fundamental results from complex analysis:

1. Cauchy’s Theorem, the fundamental result of complex analysis, states
that if the function f(z) is continuous on and holomorphic within the
Jordan curve C' then

f(2)dz =0.
c

2. Suppose f(z) has a pole of order n at z = b, so that it has an expansion

C_p X 4 C_q
(z—b)n z—b

in a neighbourhood of b. Then the residue of f(z) at b is defined to be
c1. Suppose f(z) is continuous on and meromorphic within C'; and sup-
pose f(z) has poles at by, by, ... b, inside C, with residues ¢y, cq, ..., Cp.

Then
1

2mi

/f(z)dz:cl+02+---+cr.
c

3. Suppose f(z) is continuous on and regular within C; and suppose a 1is
inside C'. Then .
e,

2m Joz —a

: 1 f(2)
fi(a) = %/c = a)zdz.

Informally, the second result is derived from the first by differentiating
with respect to a under the integral sign.

fla) =

I

and

4. Liouville’s Theorem: Suppose f(z) is reqular and bounded on C. Then
f(2) is a constant. For let us take C' to be a large circle centered on a
with radius R; and let us suppose that |f(z)| < ¢. Then

127rR_c

@) < 5T = 5

Since R is arbitrary it follows that f’(a) = 0 for all a, and so f(z) is
constant.
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5. Suppose the meromorphic function f(z) has zeros at ay,as,...,a, and

poles at by, by, ..., bs inside C; and suppose f(z) has no poles or zeros
on C. Then | ,

— ') dz=r—s,

2mi Jo f(2)

with the understanding that poles and zeros are counted with appro-
priate multiplicity, eg a double zero is counted twice. For the function
f'(2)/ f(z) has a simple pole with residue d at a zero of order d, and a
simple pole with residue —d at a pole of order d.

6. With the same assumptions,

1 f'(2)

2ri Jo ()
For if f(z) has a zero at a of order m then zf'(z)/f(z) has a simple
pole at a with residue ma; while if f(z) has a pole at b of order n then
z2f'(z)/ f(z) has a simple pole at b with residue —nb.

dz= (a1 +--+a,) — (by +---+bs).

7. If each of the functions u,(z) is holomorphic in the open set U C C
and Y u,(2) is uniformly convergent in U then

) = ual2)
1s holomorphic in U, with
Fi(2) = u(2).

Notice that this is much simpler to prove than the corresponding result
for real functions, using the fact that

fay= = [ &4

21 Jo 2 —a

8. With the same assumptions, if C' is a contour inside U then

/C f(2)dz =3 /C n (2)dz.

In applying these results to elliptic functions, we usually take a funda-
mental parallelogram II for C'. Note that if f(z) is elliptic then

1
s / f(2)dz =0,

since the contributions of opposite sides will cancel out.
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Proposition 8.4 An elliptic function f(z) with no poles is necessarily con-
stant.

Proof » Let II be a fundamental parallelogram. Then f(z) is bounded on II,
say |f(z)| < C, since a continuous function is always bounded on a compact
set. But then f(z) is bounded on the whole of C, since we can always find
2o € IT with z = 2y mod A and then |f(2)| = |f(20)] < C.

It follows by Liouville’s Theorem that f(z) is constant. <

Proposition 8.5 Suppose f(z) is an elliptic function; and suppose 11 is a
fundamental parallelogram, containing no poles or zeros of f(z) on its bound-
ary. Then the number of poles of f(z) inside Il is equal to the number of
zeros inside 11, each counted according to its multiplicity.

Proof » This follows at once from the fact that

RN NG
2mi Ju f(2)

For since f'(z)/f(z) is elliptic, the integral is 0, as explained above. <«

dz=1r—s.

Corollary 5 An elliptic function cannot have a singe simple pole inside I1.

Proof » By the Proposition, the residue ¢ at a single pole must vanish. But
a simple pole cannot have zero residue. <

Thus an elliptic function has to have at least 2 poles (or a double pole)
in each fundamental parallelogram.

Proposition 8.6 Suppose f(z) is an elliptic function; and suppose 11 is a
fundamental parallelogram, containing no poles of f(z) on its boundary. Let
the residues of the poles inside 11 be cq,...,c.. Then

ca+-+c=0.

Note that in this case the poles are not counted according to their multi-
plicity.
Proof » This follows at once from the fact that

1
%/Hf(z)dz = 0.
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Proposition 8.7 Suppose f(z) is an elliptic function; and suppose 11 is a
fundamental parallelogram, containing no poles or zeros of f(z) on its bound-
ary. Let the zeros of f(z) inside 11 be ay, ..., a,, and let the poles inside 11
be by, ..., b. (each repeated according to its multiplicity). Then

a1+ ---+a.=b + -+ ¢, mod A.

Proof » From above,

% sz;lé;)dz: (ar4---+a,) = (by 4+ -~ +by).
Thus the result will be proved if we can show that
% /H Z?((zz)) dz € A
The function g(z) = zf'(2)/f(z) is not elliptic; but
o=+ 3~ 9(2) = AEE g ) - g() = L)
f(2) f(2)

Thus the sides [¢, ¢+ p] and [c + A + p, ¢ + A] together contribute

Lo p) A c
omi ). M) = om loe ST

Since f(c+ A) = f(c), the function log f(z) differs at ¢ and ¢ + p by 2mmi
for some m € Z. Thus these 2 sides together contribute £mA. Similarly the
other 2 sides contribute +nu for some n € Z. Hence

1 [,
%/Hzf(z)dz—:tm)\+:|:n,u€A.

8.3 Weierstrass’ Elliptic Function

We have established several properties of elliptic functions. But we have yet
to establish that any non-constant elliptic functions exist.

Proposition 8.8 Suppose A C C is a lattice. The series

converges if and only if e > 2
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Proof » Let A, i be a basis for the lattice A, so that
w=m\+npu (m,n € Z).
Lemma There are constants Cy,Cy such that

Ci(m? +n?) < |mA +nul* < Co(m?® + n?).
Proof of Lemma > For z,y € R,

Q(x,y) = [aA +ypl> = (xA + yi) (@A + yp) = Az® + 2Bxy + ¢y’
is a positive-definite quadratic form. Hence
Q(z,y) — Ci(2* + ?)
is still positive-definite for sufficiently small C;, and so
Ci(z* + ) < Q(z,y).
On the other hand, |2zy| < 22 + y?, and so
Q(z,y) < (A+ B+ O)(2* + 7).

<
Geometrically, this Lemma states that concentric circles can be drawn
inside and outside an ellipse.

Lemma The series )
Z 2 2\e
mazo0) (T )
1s convergent if and only if e > 1.

Proof of Lemma > We compare the sum S with the integral

[ / / dx dy
(22 + y2)°
Changing to polar coordinates,
;- /00/2” rdr db
o Jo T
27 00
= 27r/ / r=dr,
o Jo
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This converges if and only if 1 —2e < —1,ie e > 1.
To see that S and I converge or diverge together, we note that if m >
0, n > 0 then
1 1 1
< <
(n+ 17+ (4 19 = (@40 (2 + g2
form <x <m+1, n <y <n+1. Weleave the completion of the argument,
dealing with the terms along the axes, as an exercise. < <

Definition 8.5 Forn =2,3,4,... we set

weA,w#0
Note that the sums of odd powers all vanish,
1 p—
Z w2+l 0
weA,w#0

forn=1,2,3,..., since the terms in w and —w cancel out.

Proposition 8.9 The series

is absolutely convergent for each z ¢ A, and defined a meromorphic function
of C with a double pole at each w € A.
Proof » Suppose |w| > 2|z|, ie |z| < tw. Now

1 1 2(2w — 2)

(z—w)? w? a w(w — 2)?
But |w — 2| > 1|w|, while [2w — z| < 3|w|. Hence
2|2/’

1 L
(z-w)p w7 e

Since Y 1/|w]? is convergent, it follows that the series
)P

w|>2C (z-w)p w?

is uniformly absolutely convergent — and so defines a holomorphic function

— in |2| < C; and the result follows. <
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Definition 8.6 The Weierstrass elliptic function o(z) with respect to the
lattice A C C 1is defined by

Proposition 8.10 The function p(z) is elliptic with respect to A.
Proof » We have to show that if wy € A then

f(z4+wo) = f(2).

The result would be obvious if we could separate ¢(z) into a variable part
1/22 +3.1/(2 — w)? and a constant part Y 1/w? Unfortunately these 2
parts do not converge separately, so a more careful approach—which we
sketch below—is required.

Given € > 0, choose R so large that

lw|>R |w|>R
and let
p(z) = F(z) + R(2),
where . . .
o=zt Y ()
|w|<R+|z|+|wol
and | .
o= Y (o)
|w|>R+|2|+|wol
Then

o(z4+wy) —(z) = F(z24+wy) — F(2) + R(z + wg) — R(2).

All the terms in F'(z + wy) — F(z) cancel out, except some corresponding to
w satisfying |w| > R. The contribution of these will be < ¢, as will |R(z)]
and R(z + wp)|. Hence

lo(z 4 wo) — @(2)| < 3e.

Since € can be taken arbitrarily small, the result follows. <
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8.4 The Field of Elliptic Functions

Proposition 8.11 ¢(z2) is even.

Proof » This follows at once from the definition of ¢(z) =
Corollary 6 ¢'(z) is odd.

Proposition 8.12 The elliptic functions form with respect to A form a field
over C, of which the even functions form a sub-field.

Proof » If f(z),g(z) are elliptic with respect to A, then so are f(z) £ g(z),
f(2)g(2) and f(z)/g(z); and the same is true if f(z), g(z) are even. =

Definition 8.7 We say that 0 € C is a semilattice point with respect to the
lattice A if 20 € A but o ¢ A.

There are evidently three classes of semilattice points mod A, represented

by A/2, p/2 and (A + u)/2.

Proposition 8.13 An odd elliptic funtion f(z) has a pole or zero at every
semilattice point o.

Proof » Suppose o is not a pole of f(z). Since
20 =weAl

ie
—0=0—w,

it follows that
f(=0) = flo —w) = f(o).
On the other hand, since f(z) is odd.

Hence

ie o is a zero of f(z). «

Corollary 7 Suppose f(z) is an even elliptic funtion. If the semilattice point
o 1s a pole or zero of f(z) then it is a pole or zero of even order.
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Proof » Suppose o is a zero of f(z). Since f1(z) = f'(z)isodd, f2(z) = f"(2)
is even, f3(z) is odd, etc,

Thus the first n for which (o) # 0 is even. Hence the ordero of the zero
Is even.
If f(2) has a pole at o then the result follows on considering 1/f(z). =

Theorem 8.1 The field k of even elliptic functions with respect to A is gen-
erated over C by the Weierstrass elliptic function: k = C(p(2)). In other
words, every elliptic function f(z) is expressible as a rational function of

p(2):

where P, Q) are polynomials.

Proof » If f(z) has a pole or zero at 0, it must have even multiplicity since
f(2) is even. Thus we can find e € Z such that

9(2) = (2)°f(2)

has no pole or zero at 0.

Suppose ¢(z) has zeros ay, ..., a, and poles by, ..., b, in the fundamental
parallelogram II. If a is a zero of g(z) then so is —a mod A. Moreover if
—a = amod A then the zero is of even order, by the Corollary to Propo-
sition 8.13. Thus the zeros can be divided into pairs =+ay,...,+a;, where
2t = r. Similarly the poles can be divided into pairs +bq, ..., £b;.

The function ¢(z) — ¢(a) has just 2 zeros in II, at a mod A. It follows
that we can ‘eliminate’ poles or zeros at 4+-a by multiplying or dividing by

©(z) — p(a). Thus

has neither poles nor zeros, and so is constant. Hence

o (0(2) = p(br)) .. (p(2) = (br))

f(Z) = C‘P(Z) (90(2) — 80(611)) - (gp(z) — @(at».
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Proposition 8.14 Ewvery elliptic function f(z) is expressible in the form

f(z) = R(p(2)) + ¢'(2)S((2)),

where R and S are rational functions.

Proof » We can split f(z) into even and odd parts:

f2) = f(2) +2f(—Z)+f(2) —2f(—Z)

= F(2)+G(2),

where F(z) is even and G(z) is odd. But then

H(z) = G(2)/¢'(2)

is even, and so
f(z) = F(2) + ¢ () H(z),

where F'(z) and H(z) are both even elliptic functions. The result now follows
from the previous Proposition. <

Corollary 8 The field K of elliptic functions with respect to A is generated
over C by ¢(z) and ¢'(z):

K =C(p(2),¢'(2)) .

8.5 The Functional Equation

Since ¢'(z) is odd, ¢'(2)? is even and so can be expressed as a rational
function of p(z):

¢'(2)* = R(p(2))

by our argument above. In fact we shall see that R is a cubic polynomial.
Proposition 8.15 The function ¢(z) satisfies the functional equation
¢'(2)" = 4(p(2) = ¢(01)) (0(2) = p(02)) (¢(2) = ¢(03)),

where o1,09,03 are semilattice points in distinct classes modA (eg o1 =
/\/27 02 :/L/Qa 03 = ()\+M)/2)
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Proof » The function on the left has a 6-fold pole at z = 0, and double zeros
at each semilattice point. The function on the right also has a 6-fold pole at
z = 0. Consider the function f(z) = ¢(z) — ¢(e;). This has a zero at e;; and
it is a double zero since f'(e;) = ¢'(e;) = 0.

Thus the function on the right has exactly the same poles and zeros as
the function on the left. Hence they differ only by a multiplicative constant
(since their ratio has no poles or zeros).

The value of this constant follows on considering the coefficients of 1/2°
on both sides:

0(z) = % +h(z) = ¢/(2) =~ +O(2)

4 1
= ¢(2)* = T O(;-

<

Theorem 8.2 The functional equation satisfied by ¢(z) takes the form

¢'(2)? = 4p(2)* — 60g2¢0(2) — 140gs3,

1 1
92 = Z Eag:a: Z o

weN,w#0 weN,w#0

where

Proof » We know that o(z) satisfies a functional equation of the form
¢'(2) = 4p(2)" + ap(2)” + bp(2) + c.

To determine the coefficients a, b, c we consider the leading terms in the
expansions of ¢(z) and ¢'(z) about z = 0. We have

1 1 1 1
(z—w)? w?  2(l-z/w)? w?
()t
2 2 w2
2z 32
oW Wt

Thus

1
= = + 3g22% + 5g3z* + O(2°).
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Differentiating,

2
¢'(z) = ~ + 6922 + 20g52° + O(2%).

Thus

¢'(2)* = % — 2ng2 —80g3 + O(2?),
while

o(z)* = % + % + 1593 + O(2?),
and

1
0(2)* = p + 695 + O(2%),
Substituting in the functional equation,

4 24 4 36
_6+ 92+80g3=—6+ 92
¥4 z

a b
+6093+ a +6a92 + ) +C+O(22).
Z zZ

22 22

Comparing coefficients,
a=0, b=—60gy, c = —140g¢3,

as stated. <

8.6 Geometrical Interpretation

The functional equation can be interpreted as saying that the point (¢(z), ¢'(2))
lies on the elliptic curve

y2 = 4> — 60gox — 14093

forall z € C\ A . If 2 € A then p(2) and ¢'(z) are both undefined. We
assign them to the infinite point [0,1,0] on &.

Proposition 8.16 The map ® : C — £(C) defined by

@@ e gA
[07 L, O] if z € A,

15 surjective and continuous; and

D(21) = P(22) <= 21 = zp mod A.
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Proof » Suppose (x,y) = [z,y, 1] € €. Consider the elliptic function
f(z) =o(z) — =

This has a double pole at the points of A, and so has two zeros in any

fundamental parallelogram II. Since f(z) is even, the two zeros are +a mod

A. But there are just two points (z,+y) on € with a given z-coordinate. It

follows that each point (x,y) € £ arises from some z € C, ie ® is surjective.
Since ¢(z) and ¢'(z) are both doubly-periodic,

21 = %9 mod A = @(Zl) = @(ZQ).

Conversely, if ¢(z1) = ¢(z2) then the argument above shows that z; =
+25 mod A. Since ¢'(—z) = —¢/(2), it follows that

D(21) = P(22) = 21 = 2o mod A.

The map ® is certainly continuous at all points z ¢ A, since ¢(z) and
¢'(2) are both differentiable, and so a fortiori continuous. It remains to show
that @ is continuous at 0. In the neighbourhood of 0 € &,

1 9
Changing to X, Z coordinates, where [z,y, 1] = [X, 1, Z], ie

|
x=2 z=2
z z

we see that .
X=2z+0("), Z= —§z3 + O(2%).

It follows that @ is continuous at 0, and so at the other points of A. <

Corollary 9 The map ® induces a homeomorphism
E(C) = C/A.

Let A, 1 be a basis for A. The quotient-group C/A is homeomorphic to
the torus T?, under the map

(x mod 1, y mod 1) — zA + yu mod A.

Since this map preserves addition, it is in fact an isomorphism of topological
groups:
C/A =T
Thus we have a homeomorphism
T?> — £(C) : (x mod 1, y mod 1) — (p(zA +yp), @' (zA +yp)) .

This leaves the question: is this map a group isomorphism? That is, does
the addition on C/A correspond to the addition defined geometrically on £7
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8.7 The Addition Formula

Suppose u,v € C\ A, with v % v mod A. Then we can find A, B,C € C such
that

Ap(u) + Bo'(u)+C = 0
Ap(v) + Bo'(v)+C = 0.

Consider the elliptic function
f(z) = Ap(z) + BY'(z) + C.

This has a triple pole (at most) at each lattice point z € A. Hence it has 3
Zeros ai, as, az in any fundamental parallelogram II, satisfying

ai + as + a3 = 0 mod A,

by Proposition /refZeroPoleSum Two of these are equivalent modulo A to u
and v. It follows that the third is = —(u + v) mod A:

Ap(u+v) — BY'(u+v) +C =0.

Thus, eliminating A, B, C,

ou+v) —¢'(u+v) 1
det o(u) —¢'(u) 1| =0.
(v) —¢(v) 1

This expresses ®(u + v) = (¢(u +v), ¢’ (u+v)) in terms of ®(u) and P (v).
Proposition 8.17 Suppose u,v,w € C/A; and suppose

u+v+w=0.
Then the corresponding points ®(u), ®(v), ®(w) € € are collinear.

Proof » Suppose u,v,w # 0. We have seen that there exists (A, B,C) #
(0,0,0) such that

Ap(u)+ B'(u)+C = 0
Ap(v) + Bo'(v) +C =
Ap(w) + By (w) +C =
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In other words the 3 points ®(u), ®(v), P(w) lie on the line
Ar+ By +C =0.
If say v = 0 then v = —w, and

®(u) = 10,1,0], ®(v) = [(v),¢'(v), 1], ®(w) = [p(v), =¢'(v), 1]
lie on the line z = p(v)z. <

Corollary 10 The map
d:C/A— £(C)

s an isomorphism of topological abelian groups. In particular,
£(C) = T2

In one sense this result is of little practical value, since we already know
that
ER) =T or T' ®7Z/(2),

and this gives us more information about £(Q). For example, the result for
E(R) tells us that the torsion subgroup F', formed by the points of £(Q) of
finite order, is either cyclic Z/(n), or else of the form Z/(2) & Z/(n). The
result for £(C) only tells us that F is either cyclic Z/(n), or else of the form
Z/(m) ®Z/(n).

Perhaps the main interest of the complex case is that it explains in a
natural way why there is a group structure on £.

8.8 The modular group
As we have seen, each lattice A C C gives rise to an elliptic curve
E(C) : y* = 2* — 1599w — 35g3.

It is natural to ask: Does every elliptic curve over C arises in this way from
some lattice A?
Suppose s € C*. Consider the lattice

sA = {sw:we A}

We say that A, sA are similar. Evidently

gr(sA) = Z/ (i% = s " gr(A).

sw)
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In particular, sA gives rise to the elliptic curve
y? = 2® — 155 *go(A)z — 355 Cg3(A).
But this is just the equation we get if we make the transformation
T S_2$, Y — 3_3y,

since the coefficients of x and 1 in the Weierstrass equation have weights 4
and 6, respectively. Thus similar lattices give rise to projectively equivalent
elliptic curves.

In effect, therefore, we are only concerned with lattices up to similarity.
In other words, we are concerned with the ratio

T=Au
rather than with the basis elements A, i themselves. (For the lattice (1, 7) is

similar to the lattice (A, u).)
Recall that 7 ¢ R. Thus 7 either lies in the upper half-plane

H={2€C:3(2) >0}

or else in the lower half-plane —H. It is convenient to restrict ourselves to
bases A, with A/ € H. Let us say that the basis is positive in this case.
(Note that just one of A\, u and —\, p is positive; so we can always make a
basis positive by replacing A with —\ if necessary.)

Recall that if X', ¢/ is another basis then

NY  [fa b\ [A
ILL/ - c d /,,L 7
where a,b,c,d € Z and ad — bc = +1. On setting 7/ = X' /¢ this becomes
, ar+b

et +d

The following result, although apparently rather technical, will prove very
useful.

Proposition 8.18 Suppose

, ar+b
er+d
where
a b
T = (C d) € GL(2,R).
Then

det T
3(7) = Tor 1 P dP%(T).
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Proof » We have

1 _
(1) =5 (7" =7)
i
1 (aT—I—b aT+b)

T 2i\er+d ortd

_l(ad—bc)(T—%)

"~ 2i (et +d)(cT + d)
detT

“fer e

<

Corollary 11 Ifr,7" € H then detT > 0.

Thus if we restrict ourselves to positive bases (those with S(A/u) > 0)
then we need only consider transformations

T € SL(2,Z) = {(z Z) ca,b,c,d €7, ad—bc:l}.

The matrix 7" € SL(2,Z) acts on H by

Notice that the matrices £7" define the same transformation.
Definition 8.8 The modular group G is the quotient-group
G =SL(2,Z)/{£1}.
Thus the modular group G acts on the upper half-plane H, by

az+b
z = )
g cz+d

Each g € G arises from a pair of matrices £7" € SL(2,Z). By ‘abuse of
notation’ we use the matrix 7' to denote g.

Definition 8.9 We define S, T € G by
0 —1 11
s=(10)r=0)
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Thus T corresponds to the translation

z— 2+ 1,

while S’ corresponds to the inversion
z— —1/z.

We shall see shortly that S, T generate the modular group:
G = (S,T).

Proposition 8.19 S? =1, (ST)* =1.

Proof » We have

S?=—1
=1,

since we are working mod £ I. Also

ST = ((1) 11)
satisfies its characteristic equation

?—t+1=0.
Hence ST satisfies

t+D(E—t+1)=+1=0,
ie
(ST)* = —1I
=1,

since we are working mod = /. <

8.9 The fundamental region

Definition 8.10 We define the fundamental region (for the modular group)
F CH by

1 1
.7::{2’67'{:—§<§R(z)§§, |z| > 1 or|z| =1 and R(z) > 0}.
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Notice that we have included half the boundary of F, just as we did (and
for much the same reason) with the fundamental parallelogram II for a lattice
A.

Notice too that F contains the points —w? and ¢; these will play a special
role in what follows.

Theorem 8.3 FEach point z € H has a unique transform

2p=g9z€F (g € G).

Remark: Note that we are not saying g € G is unique (we shall deal with
that question shortly); only that z, is unique.

Proof » The idea is to find a transform gz maximimising 3(gz). By Propo-
sition 11.2, if

az+b
z =
g cz+d
then .
Cx — = ().
3g2) = g )

For a fixed z € 'H, the points
{cz+d:c,deZ}

form a lattice (with basis 1,z). There are only a finite number of lattice
points inside the disk |z| < 1, ie there are only a finite number of ¢,d € Z
with
lcz +d| < 1.
It follows that ¥(gz) can only take a finite number of values > ¥(z). In
particular there must be a maximum such value, attained say at gopz.
Now translation z +— z + r does not affect &(z), so the maximal value is

also attained at each pount 7" ggz.
But we can choose 7 so that zg = 7" (goz) lies in the strip

}.

We claim that this transform zy € F, or else |29| = 1 and Sz, € F.

S:{zeH:—%<§R(z)§

N~

Lemma 7 If |z| <1 then
F(Sz) > (2).
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Proof of Lemma > If z = re? then Sz = —1/z and so

3(Sz) = %Sin@ > rsinf = J(z).

<
In particular, |z9| > 1; for otherwise I(Szg) > $(zp), contradicting the
maximality of J(zg). If |z9] > 1 then zy € F; while if |z9| = 1 then either
R(z0) > 0, in which case zyp € F, or else R(z5) < 0 in which case Sz, € F'F.
Now suppose z,gz € F. We may assume (swapping z,gz if necessary)
that
S(gz) > S(2).

By Proposition 11.2, this implies that
lcz +d| < 1.

The lowest points of F is

Hence
V3

|S(ez +d)| > 7|C|;

and so
le] < 1.

But now cz lies in the strip S, and so
|R(cz +d)| > |d| —1/2.

Hence
d| < 1.
The problem is reduced to just 4 cases: (¢,d) = (1,0),(0,1),(1,1),(1,-1).
If ¢ = 0 then g is a translation

gz =z +r;

and it is clear that z, gz cannot both lie in the strip S.
If d =0 then we can take b =1,c = —1, and so

az +1
gz = —
z
=5z —a.
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Now
zeF = SzeS.

Hence a = 0, ie g = S. But it is clear that
2,92 € F=|z| = 1;
while if |z| = 1 then
R(z) <0< RNSz> 0.

So z, Sz cannot both be in F.
It remains to consider the cases (¢,d) = (1,+£1). The function

lcz + d|

must attain its minimum on F at a boundary point. (It is a general principle
that if the function f(z) is holomorphic on the open set U then |f(z)| can
only attain its minimum at a point of U if this minimum is 0.) But on going
round the boundary of F, it is clear that

1] >1,

with equality only at the corner-points w, —w?. It follows that if z, gz € F

then

2 =gz = —w

<

Remark: The Theorem shows that we can identify the quotient-space H/G
with the fundamental region F.

Suppose the group G acts on the set X. Recall that the stabilizer S(x)
of an element x € X is the subgroup

Sx)={g€G:gx=uz}

During the proof of the Theorem we almost established the following
result. We leave completion of the proof to the reader.

Proposition 8.20 1. S(—w?) ={I,TS,(TS)?*};
2. 5(i) ={I,S};
3. Ifz€ F, z# —w?,i then S(z) = {I}.
Theorem 8.4 The modular group G is generated by S and T':
G=(S,T).
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Proof » Let
H=(S,T)

be the subgroup of GG generated by S, T
On examining the proof of Proposition 8.3 it is clear that the argument
holds equally well with H replacing G. In particular, if z € H then we can
find a transform
hze F  (he€H).

Now suppose g € G. Choose any z € F except —w? or i, and consider

the transform gz. By Theorem 8.3 we can find h € H such that
h(gz) € F.
But then, by the same Theorem,
hgz = z;
and therefore
hg € 5(z) = {1},
ie
hg=1=—g=h"'¢cH.

Thus G = H, ie GG is generated by S and T'. <

8.10 Modular functions

Definition 8.11 The meromorphic function f(z) on H is said to be weakly
modular of weight 2k (where k € Z.) if

flgz) = (cz +d) " f(2)
for each modular transformation

az+b
cz+d

gz =

Remark: Note that it would not make sense to speak of a function of odd
weight, since cz + d is only determined up to +1.
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Proposition 8.21 The meromorphic function f(z) on H is weakly modular
of weight 2k if and only if

f(Tz) = f(2), f(Sz)=2"2f(2).

Proof » If f(z) is weakly modular then the condition is certainly satisfied
by S,T € G.

Conversely, suppose the condition is satisfied S, T" and g, where

az+0b
z= .
I cz+d
We shall show that it is satisfied by S¢g and T'g.
We have . d
cz
S = ——
(92) gz az+0b’
while

(92) % f(g2)

= (az + )" (cz + d)* f(g2)

= (az 4+ b) " (cz + d)* (cz + d) "> f(2)
= ( ) f(2),

so the result holds for Sg.
More simply,

(a+c)z+(b+d)

T — 1=
(92) = gz + o d ;

while

f(Tgz) = f(g2)
= (cz+d) % f(2),

so the result also holds for Tg.
It follows that the result holds where g is any word in S, T, ie for any
€ (S,T). Therefore, since S, T generate GG, the result holds for all g € G.
<
Suppose f(z) is a weakly modular function. Then in particular f(z) is
periodic with period 1:
flz+1) = f(2).
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The map

®:Z|_>q2627riz

maps H onto the interior of the disk
D=A{z:|z| <1}
with the point 0 removed. Moreover
O(z1) = O(22) <= 22 — 21 € Z.

It follows that f(z) defines a meromorphic function ¢g(g) on D\ {0}:

f(z) = g(e*™).

Definition 8.12 The weakly modular function f(z) is said to have a pole (or
zero) of order m at oo if that is true of g(q) at ¢ = 0. It is said to be regular
at oo if it does not have a pole there; and in that case we set f(oo) = ¢(0).

Definition 8.13 The weakly modular function f(z) is said to be modular if
it has at worst a pole of finite order at oo.

It follows that a modular function has an ‘expansion at oo’

9(@) = ang",

ne’

where only finite number of the coefficients a,, with n < 0 are # 0.

Definition 8.14 A modular function is said to be a modular form if it has
no poles in H, or at co.

To each modular function f(z) of weight 2k we can associate the lattice
function F'(A) of weight 2k given by

F((A 1)) = =2 f(N/m).

Conversely, we can recover the modular function from the lattice function by

f(z) = F({1,2)).
Definition 8.15 We define the functions Gy(z) for k > 2 by

1
Gi(z2) = Z m

(m,n)#(0,0)
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Thus G (z) corresponds to the lattice function

a(h) = > ﬁ

weA,w#0
Recall that Riemann’s zeta function f(s) is defined by

1 1
S T I
¢(s) + 5 T n +
In number theory (in particular in the proof of the Prime Number Theorem),
((s) is considered as a function of a complex variable. But our concern is
only with ((n) for integers n > 2.

Proposition 8.22 Gy(z) is a modular form of weight 2k, with

Glo0) = 2¢(2k).

Proof » The series for Gi(z) is uniformly absolutely convergent in &(z) > 0
for any 0 > 0, by comparison with the corresponding integral, as in the proof
of Proposition 8.8. It follows that G (z) is holomorphic in H.

On the other hand, G(2) is weakly modular of weight 2k from the same
property of the associated lattice function go(A).

It remains to see how Gg(z) behaves near co. As z — o0,

(m + nz)? m=2k if n = 0.

1 {0 ifn 0
—

Since the series is uniformly convergent, it follows that
Gr(z) — 2((2k) as z — oc.

It follows from this that ¢g(q) is regular at ¢ = 0, with g(0) = 2¢(2k). (For
the coefficient a_,, in the Laurent series is given by

1

= d
a 2mi )9 9(q)dq

round a small circle C' with centre 0, and this vanishes as the radius of the
circle tends to 0.) <

Proposition 8.23 A modular function has only a finite number of poles and
zeros in F.
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Proof » The function g(¢q) has an expansion

g<q) :qn<an+an+lz+"') (an #0)

in some neighbourhood of 0. It follows that g(g) is regular and has no zeros
in some disk
0<|q <r<1L

Hence f(z) has no poles or zeros in the half-plane
{zeH :3(z) >e}.

On the other hand, f(z) has only a finite number of poles or zeros in the
compact set -
{zeF:Q(z) <€}

It follows that f(z) has only a finite number of poles or zeros in F. <

Definition 8.16 Suppose f(z) is a meromorphic function on U. For each
u e U we set

m  if f(2) has a zero of order m at u
vu(f) =< —m if f(2) has a pole of order m at u

0 otherwise

Remark: If f(z),g(z) are meromorphic functions on U then
Lo, (f + g) < max(va(f), vu(9)),

2. vu(fg) = vu(f) + vulg).

Thus v, (f) is a valuation on the field of meromorphic functions on U; in fact,
it satisfies the same stronger conditions as the p-adic valuation we considered
in Chapter 5.

8.11 The Modular Counting Theorem

Theorem 8.5 Suppose f(z) is a modular function of weight 2k. Then

gt Y ()=
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Proof » Let
1R
2mi Jp f(2)

where I" runs round the boundary of F, truncated at the top. More precisely,

dz,

I'=A+B+C+D+E,

where A is the line joining —w? to 1/2+ Ri, B is the line joining 1/2 + Ri to
—1/2+ Ri, C is the line joining —1/2 + Ri to w, D is the circular arc joining
w to i, and E is the circular arc joining —w?.

Let us assume for the moment that f(z) has no poles or zeros on I', and
also that R is so large that all the poles or zeros of f(z) inside F are inside
I

As we know, if f(z) has a pole or zero at uw € ‘H then f’(2)/f(z) has a
simple zero at u with residue v,(f). It follows that

I=> v,(f)

We consider the contributions to I from the five parts of the contour.

1. Since f(z + 1) = f(z), while the integrals are in opposite directions,

A+L=&

where for simplicity we write

1)
Aﬁ’%ixﬂ@“

2. As z moves from w to i on D, Sz moves from —w? to i on E. If f(z)
were of weight 0, so that f(Sz) = f(z), then the contributions from
D and E would cancel out in the same was as those from A and C.
However, if f(z) is of weight 2k,

£(52) = /() = ['(52) =~z f(2) + 72

£(82) _ 2% [)
[EE R E)
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(In effect, f'(2)/f(z) = d/dz(log f(z)).) Thus the main parts of the
integral cancel out, leaving

/ / 1 /Qk:
+f =— [ Za:
D g 2m Jp 2
w/2
= % 10do

27(7/ 271./3

3. Finally, on B we have '
f(z) = g(e™).

2miz

Changing variable from z to ¢ = e“™7,
- g'(q)

e,
7o)~ Mg

J= 2

where ¢ runs round the small circle

dz = 2miq dq,

and so

—27R 27x
Yiq=¢€ €

from x = 7w to x = —7 in a negative (clockwise) direction.

Now if g(q) has a pole or zero at ¢ = 0 then ¢'(q)/g(q) has a simple
pole there with residue

vo(9) = veo(f);

while ¢'(q)/g(q) is regular at ¢ = 0 if g(¢) has neither pole nor zero
there. It follows in all cases that

| ==t

Putting the parts together,

I = g—voo(f).
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But as we observed,

Thus
S 0ulf) + vl f) = 5,

ueF

as required.
It remains to deal with the case where f(z) has one or more poles or zeros
on I

1. Suppose f(z) has a pole or zero at z = 2y € A, where 29 # —w?. Then
it will also have a pole or zero of the same order at the corresponding
point on C, since f(z — 1) = f(2).

Let us make small semi-circular diversions to the west of the pole or
zero on both A and C'. Then

//+//=0,

as before; and the pole or zero is included once inside IV, as required.

2. Suppose f(z) has a pole or zero at z = 2y € B, where zy # —w? or i.
Then f(z) has a pole or zero of the same order at Sz, € C, since

f(Sz) = 2% f(2).

Let us make a small (almost) semicircular diversion ¢ to the south of
zp. Then S¢ is a similar diversion to the north of Szy. It follows from
our argument in the main case that

1 2k
/ + / = — B/—dz
B .2 z

1 2k
= — | B—dz
211 z
B k
=5

since the function 1/z is regular at z.

3. Now suppose that f(z) has a pole or zero at —w?, and so also at w =
—w? — 1. We make a small diversion around both points, travelling
inside F'F' along circular arcs 9, d; of radius €, so that

B/ — B//+5, Cl — C”‘l'fsl,
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where B”,C" are slightly curtailed versions of B, C. By our argument
in the main case,

Lﬁf/>_é+é+m@ —%+Wd

In the neighbourhood of w,

)l
f(z) z-w

where h(z) is holomorphic. The angle between C' and D is 7/3, so the
arc 0 has angle 7/3 + O(e), traversed in the negative direction. Hence

1 [FE, )

+ h(z),

omi ) f() T T 6
Similarly

L[ PE), )

2mi )., f(2) 6
Also

//+//=0,

as before. Putting the parts together,

and so

as required.

. A pole or zero at i is dealt with similarly, by a small (nearly) semicir-
cular diversion 0 of radius € to the north of 7. Let D", E” denote the
curtailed portions of D, F, so that

I'=A+B+C+D"+6+FE".

k
/‘f/”=—+0@,
D// 6

428-99 &35

Then



as in the previous case; while

el
flo) z—i M)

in the neighbourhood of i, where h(z) is regular at i, and so

A:_Uiéf)’

again as in the previous case. Putting the parts together,

1 k
Suilh) + ;vum =5

as required.

5. Finally, if f(z) has more than one pole or zero on I', eg a pole at —w?
(and so also at w) and a zero at ¢. Then we make a diversion around
each pole or zero, according to the prescription above; and the parts
will combine to give the result:

1 _k

1
ng(ﬁ + §Ui(f) +zu:vu(f) =5

<

Proposition 8.24 There are no modular forms of weight < 0; and the only
modular forms of weigth 0 are the constants.

Proof » For a modular form f(z), v,(f) > 0 for all u. Thus if f(z) were of
weight < 0, then the left-hand side of the identity in the Theorem would be
> 0, while the right-hand side would be < 0.

Similarly, if £ = 0 then the only way the identity could be satisfied is if
v, (f) = 0 for all u (including oo). But then f(z) — f(c0) is a modular form
of weight 0 with v (f) > 0, which is a contradiction unless the function is
identically zero, ie f(z) = f(o0) is constant. <

Proposition 8.25 There are no modular forms of weight 2.

Proof » Suppose f(z) is such a form. Writing

a=v,(f), b=wui(f), c= > vilf),

UFw,i
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we have
a+b+ 1
— — C = —
3 2 6’

with a,b € N, which is manifestly impossible. <

Proposition 8.26 The only modular form of weight 4 is Go(z), up to a
scalar multiple.

Proof » The only solution of

a n b n 1
_ — CcC = —
3 2 3
with a,b,¢ € N,isa =1, b = ¢ = 0. Thus every modular form f(z) of weight
4 must have a simple zero at w.
But then

1) - ZoGale),

if non-zero, is a modular form of weight 4 with v, (f) > 1, which conflicts
with our formula. Hence this form vanishes identically, ie

f(2) = pGa(2),
where p = f(00)/Ga(o0). (Recall that Ga(infty) = ((4) #0.) <

Proposition 8.27 The only modular form of weight 6 is G3(z), up to a
scalar multiple.

Proof » The only solution of

a . b fe— 1
372972
with a,b,c € N, is evidently a = 0, b = 1, ¢ = 0. Thus every modular form

f(2) of weight 6 must have a simple zero at 7.
It follows as in the proof of the last Proposition that

f(z) = pGZ’)(Z)v

where p = f(00)/G3(0). <
We have proved incidentally the following result.

Proposition 8.28 Gy(w) =0, G3(i) = 0.
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It is easy enough to prove this directly; since Sw = —w?,

G(—w?) = iG(w) = wG(w),

while since —w? = w + 1,

Similarly, since Sv = 1,

Ga(i) = =Gyi) = —Ci(i).

i6
Recall that the discriminant A(E) of the elliptic curve
v =23+ br+c

was defined to be
A=2D,

where
D = —(4b* + 27¢%)

is the discriminant of the polynomial on the right. (The factor 2* was intro-
duced to allow the discriminant of the general Weierstrassian elliptic curve

y2 + iy + c3y = 3+ 02x2 + ¢4 + g

to be defined as a polynomial in ¢y, ¢s, ¢3, ¢4, cg with integral coefficients.)
It follows that the discriminant of the elliptic curve

E(C) :y? = 2 — 159,00 — 35g3

is
A(&) = 2*3°5%(20g5 — 4943).

(The scalar factor is irrelevant for our present purposes, and is only retained
for consistency.)

Definition 8.17 The modular invariant A(z) is defined by
A(z) = 23%5%(20G3 — 49G3).

Proposition 8.29 A(z) is a modular form of weight 12. It has a simple
zero at oo, and no other poles or zeros.
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Proof w» It is clear that A(z) is a modular form of weight 12. We know that
the elliptic curve
E:y* =13 — 15g.x — 35¢;

is non-singular. (Recall the argument: If the curve had a singularity, it would
be a point («,0) on the line of symmetry y = 0, where « is a double root
of the polynomial on the right. But we have seen that this polynomial has
three distinct roots corresponding to the semilattice points of the lattice A
in question.)

But now our formula gives

ie A(z) has a simple zero at co. <«

Remark: A modular form f(z) with f(oco) = 0 is called a cusp form.

Proposition 8.30 The modular forms are generated by Go(z) and Gs(z).
More precisely, a modular form of weight 2k is a linear combination of the
modular forms

GQ(Z)GGg(Z)b,

where
2a + 3b = k.

Proof » We argue by induction on k. We have seen that the result is true
for k =0,2,4,6.

Lemma The only modular form of weight 8 is Go(2)?%, up to a scalar mul-

tiple. The only modular form of weight 10 is Go(z)Gs(2), up to a scalar
multiple.

Proof of Lemma > The only solution of
2a +3b=14
is a = 2,b = 0, while the only solution of

2a +3b=5

is a =1,b = 1. The result follows as in Propositions 8.26 and 8.27. <«

Lemma The equation
2a+3b=k (a,b € N)

has a solution for all k > 2.
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Proof of Lemma > If k is even, a = k/2, b = 0 is a solution; while if & is

odd, a = (k —3)/2, b=11is a solution. <«
Now suppose f(z) is a modular form of weight 2k, where k > 6. By the
last Lemma, we can find a, b such that 2a 4+ 3b = k. Let

9(2) = Ga(2)"Gs(2)"

Then g(z) is also of weight 2k; and so is

where we choose

L fea_f)
Gia(00)2Gig(00)”  ((4)2¢(6)°
so that
h(co) = 0.
Then h(z) is a modular form of weight 2k with h(oco) = 0.
But now h2)
RE

is a modular form of weight 2k — 12; for the zero of h(z) at oo cancels out
the zero of A(z) at co, and A(z) has no other zeros.

It follows by our inductive hypothesis that k(z) is a linear combination
of the monomial functions

Go(2)"Gs(2) (24 + 3V =k —6).

Hence
9(2) = A(2)k(2)
is a linear combination of the functions

Ga(2)¥ Gs(2)® (2a" + 3V = k);

and so therefore is
f(2) = g9(2) + Ga(2)"Gs(2)".

<

Proposition 8.31 The functions Ga(2)*G3(2)" with 2a+3b = k form a basis
for the modular forms of weight 2k.
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Proof » Suppose there were a linear relation between these monomial func-
tions. The relation of lowest weight must be of the form

MG (2)% + - + uGs(2)* = 0.

(For otherwise we could divide the relation by G(z) or G5(z).)

But now taking z = i, —w?,

pG3(w)* =0 = p = 0, \Gy(w)** =0 = X = 0.

|
The modular forms constitute a graded algebra

M = (My)ken,

where My, is the space of modular forms of weight 2k. It follows from the
Proposition above that this algebra is the polynomial algebra generated by
G5 and Gs:

M = C|G,, Gs).

8.12 The j-invariant

Definition 8.18 We set

, Go(2)°
= 203° :
j(2) AG2)
Remark: The scalar factor is of no significance for our present purpose. (It
is chosen so that j(z) has residue 1 at co.)

Proposition 8.32 j(z) is a modular function of weight 0. It has a simple
pole at oo and a triple zero at w mod G, and no other poles or zeros.

Proof » This follows at once from the properties of Gy(z) and A(z) (Propo-
sitions 8.26 and 8.29). <

Corollary 12 For each c € C there is just one z € F such that
i(z) =c

Proof » The modular function j(z) — ¢ is of weight 0, and has a simple pole
at 0o. It follows from the Modular Counting Theorem that f(z) either has
a triple zero at —w?, or else a simple zero at some other point.

In any case, there is just one zero in F. <

Recall that each modular function has an associated lattice function.
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Definition 8.19 For each lattice A = (\, u) we set

J(A) = (A ).
Thus

3
A) = 203322
J(A) = 2532

_ 2 g
 5220¢3 — 4993
Theorem 8.6 FEach elliptic curve
EC): = +br+c
arises from a unique lattice A.
Proof » We are looking for a lattice A with
—15g2(A) = b, —35g5(A) = c.

For such a lattice

bS
AY _ 9293K3 _
J(A) =2°3°5 35 35 C,
say.
By the Corollary to Proposition 8.32 there is a unique 2z, € F such that
Let
AO = <1, Zo>,
and let

E(C) : y* = 2 + box + ¢
be the elliptic curve associated to Ag. Then
by b3
_— 1 pu— O pu— T E—
W —oa =) 465 — 272
We know that the denominators do not vanish, since the curves are non-

singular. Hence
bp =0<+=b=0.

Suppose for the moment this is not so. Then

Aby — 27c5  4b° — 27¢? g A

0 BB
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Evidently
co=0<=c=0.

Suppose this too is not so. Then

() = (5)-

Let b
¢ 8
_:ﬁ7_:7 = -
bo o F B
Then 42 = 33, and so
Q_f_ﬂ_s_ﬁ
CTET e
s 7
FeFETETY

Thus

b= p’by, c = p’cp.
Let s> = p. Then

b= sy, ¢ = s%.

It follows that the given curve is defined by the lattice
A = s\y = (s, 520).
If by = b = 0 then the two curves are
y2 :a:3+00, y2:x3+c.

The transformation
T — sPx, y — sy
will take the first curve into the second provided we choose s so that

c = s%.
Similarly, if ¢p = ¢ = 0 then the curves are

y? =23 + box, y? =+ bx,

and the transformation will take the first curve into the second provided we
choose s so that

b= 8440.
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Now suppose the given curve £ is also defined by the lattice
N= N )= (LN /i) = (1L, 2),
where 2/ = N /i/. Then

b3

J(Z) = J(N) = 285 s

= J(A) = j(20).

Hence, by Proposition 8.32,
z =gz

for some g € (G, say the transformation

az+b
z = )
g cz+d
It follows that the lattices
(1,z2), (1,20)

are the same, and so the lattices A’, A are similar, say
AN = sA.

But then
=1, s =c.

If b,c # 0 this implies that s> = 1, so that s = &1 and the lattices are
the same.
If b =0 then
s =+1, dw, +w?

But
Jj(z2) =0= 2z = gw.

Thus the lattice is similar to
Ao={m+nw:m,n e Z},
and it is readily verified that
who =Ny, —w?Ag= Ay,

so again the lattice is unique.
Similarly if ¢ = 0 then

Gg(ZQ) =0 = 20 = i,
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so that the lattice is similar to
Ao ={m+ni:m,ne€Z},

which again is invariant under the transformations given by s = +i. <

Remark: We call j(zy) = J(A) the j-invariant of the corresponding elliptic
curve
y? = 2° — 159,70 — 35¢,.

We can extend the definition to all Weierstrassian curves
E(k) 1 y? + crwy + czy = 2% + cor® + cux + ¢

over all fields k, by exactly the same method by which we extended the
definition of the discriminant A(E) to all such curves.

The j-invariant turns out to have an important role in the classification
of elliptic curves over a general field k. But that is another story.
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Chapter 9
Mordell’s Theorem

9.1 The Theorem

Our aim in this Chapter is to prove Mordell’s Theorem, the central result on
the arithmetic of elliptic curves.

Theorem 9.1 (Mordell) The abelian group on the elliptic curve
E(Q):y* =12+ ax® + bz +c.
15 finitely-generated.

In fact we shall find that we have to consider the more general case of
an elliptic curve over a number field K (rather than Q). This is because our
proof requires that the polynomial

f@y=2>+ar* +br+c= (v —a)(lx — B)(z —7)

should factorise completely in K, ie that «, 3,7 € K.

If f(x) already factorises in Q then there is no need to introduce number
fields. It is interesting to observe that this is the case with Wiles’ proof of
Fermat’s Last Theorem, which (as we have noted) associates to the solution

A"+ B"=C"
of Fermat’s Last Theorem the elliptic curve
y? = x(x — A™)(x + B")

with discriminant

A = (ABC)*™ :

the point being that the discriminant has — in relation to its size — a large
number of small factors, which (Wiles shows) leads to a contradiction.
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9.2 The Idea of the Proof
Suppose £(Q) is finitely-generated. Then the group
£(Q)

2£(Q)

is finitely-generated, and so is finite. More precisely, we have the following
result.

Proposition 9.1 Suppose A is a finitely-generated abelian group, say
A=F&®rZ=F® Z2Z& --- L
—_—
r summands

where F' is finite and r = rank(A). Suppose there are 2° elements of order
dividing 2 in A. Then

APRA=(r+s)(Z/)(2)=Z/2)® - & Z/(2)/.

-~

r 4+ s summands

Proof » It is a readily verified that
B=C®D = B/2B=C/2C & D/2D.

It follows that
ARA=F2F®Z/2)®---DZ/(2),

each direct summand Z in A contributing one copy of Z/(2). It remains to
determine F/2F.
Consider the homomorphism

¢ F — F:xw— 2.

By the First Isomorphism Theorem,

F F
ﬁ:m:kerqﬁz{xeF.ZL‘:O}.

Thus 2° is just the number of elements in F' of order dividing 2. Since every
element in A of finite order is in F', the result follows. <
It follows from this Proposition that

£(Q) finitely-generated = £(Q)/2£(Q) finite;
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and moreover,
1E(Q)/26(Q)|| =27,

where 7 is the rank of £(Q) and s = 0,1 or 2 according as the cubic f(z) has
0,1 or 3 roots in Q.

The converse, unfortunately, is not true: an abelian group A may have
A/2A finite without A being finitely-generated. For example,

Q/2Q =0,

since every rational is expressible as twice another rational; but Q is not
finitely-generated as an abelian group.

So the condition (that £/2€ be finite) is necessary but not sufficient.
However, it allows us to start a process of “infinite descent”, as follows.

Let the points Fy, ..., E,, be representatives of the cosets in £/2€; and
suppose P € £. Then

P—FE;, €2

for some i, say

P - Eio - 2P1
We can apply the same argument to P;:

P — E; =2P;
and we can continue in this way

P2 - E’ig == 2P37

P3 - Ewl'3 - 2P4

We expect the points Py, Ps, ... defined in this way by successive ‘halving’
to descend the curve in some sense. But what exactly do we mean by ‘de-
scend’? When infinite descent is applied to integral solutions of an equation,
the meaning is clear: the coordinates become smaller. But we are dealing
with rational points. We need some notion of the simplicity of a rational
number ¢ = m/n. We therefore define the height of ¢ € Q to be

H(Q) = maX(’m‘v |TL|),

if ¢ = m/n in its lowest terms. Now our task is clear; we have to show that
the points Py, P, ... are descending in the sense that the heights of their
coordinates are decreasing.

Actually, we shall find it sufficient, and much simpler, to consider the
x-coordinate.

Thus the proof has 2 quite separate parts, which we might call the alge-
braic or group-theoretic part, and the topological or valuation-theoretic part.
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9.3 When can a Point be ‘Halved’?

Recall our mammoth formula for the ‘double’ of a point X,Y) € &:

X*—26X?% — 8cX + b? — 4dac
2(X, Y) = < 4Y2 I

X6 4+ 2a X5 + 50X* + 20cX3 + (8a’c — 2ab? — 4bc) X + b® — dabe + 8¢2

8Y3
If ¢ = 0 we may observe that the z-coordinate is a perfect square
X% —0\?
()
At first sight this seems a pure fluke. But it turns out to be the hinge of our

argument.
Suppose the line

y=mz+d

meets £ in the 3 points
P=(z1,11), @ = (v2,92), R=(23,13).
Then x4, 9, x3 are the roots of the cubic
(mz 4+ d)* = 2° + ax® + bz + c.

It follows that

2

Ty +2xo+2x3 = M’ —a,
ToX3 + T3T1 + T1Xy = b— de,
TTaxrs = d —c.

The last of these equations is the one that concerns us now. Suppose again
that ¢ = 0. Then the equation becomes

T1T2T3 — d2.
This has a homomorphic air about it:
P—f-Q‘I‘R:O:ZL‘lJZQZEg :d2.

In particular we recover the ‘fluke’ above; if we take () = R, so that P+2(Q) =
0, then we see that
r172 = d*
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Remembering that P and — P have the same z-coordinate, it follows that if
P = 2@ then the z-coordinate of P is a square.

This was on the assumption that ¢ = 0. Geometrically, this means that
(0,0) € £. Now (0,0) is a point of order 2. But any point («,0) € £ of order
2 can be brought to (0,0) by the coordinate-change = — = — «a.

Thus the only assumption we are making is that £(K’) possesses a point
of order 2. In fact, returning to the original coordinates, we can express the
result as follows: Suppose (a,0) € £, where « is a root of

f(z) = 2° + az® + bz + c.

Then
P=(X,Y)€2§8(K)= X —a =0

in K.
But there is nothing special about the root a. Suppose now that all 3
roots «, 3,7 € K. Then our argument shows that
P=(X,)Y)€28(K)= X —a, X -3, X —y € K?,

that is,
X—a=d% X-08=0" X—vy=+",

where o/, 3,7 € K.
This brings us to the main result in the algebraic half of the proof of
Mordell’s Theorem.

Proposition 9.2 Suppose
E(K):y*=2°+az’ +bx +c
s an elliptic curve over the number field K; and suppose
f(z) =2 +az® +br+c
has roots o, B,y € K. Then

P=(X,Y)€28(K) = X —a,X - 3,X —y€ K~

Remark: Note that any 2 of these conditions implies the third, since

V8= (X - a)(X = B)(X — ).
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Proof » To simplify the presentation, let us make the coordinate-change
x — x — X. (This is not the same as the earlier coordinate-change making
¢ =0.) The given point P is now (0,Y), and we have to show that

P=(0,Y)€2(K)+= —a,—f3,—y € K?

say
o = _O/2a6 = _5,277 = _7/27

where o/, 3,7 € K.

(We have already seen that this condition is necessary. Our argument
will re-prove that, and show that the condition is also sufficient.)

By definition, P = 2@ if the tangent to £ at —() passes through P. Let
us therefore determine all the tangents that can be drawn from P to £.

The general line through P = (0,Y) is

y=mz+Y.
This meets £ where
(mx +Y)? =2 + az® + bz + c.
We know that one root of this is = 0 since P = (0,Y) € £. In other words,
Y2 =c
The other 2 roots of the equation satisfy
22+ (a —m?*)z + (b — 2mY) = 0.

The line will be a tangent if this quadratic has coincident roots. The condi-
tion for this is that
(a —m?)* = 4(b — 2mY).

This is a quartic for m; so in general 4 tangents can be drawn to £ from any
point P € £.
It is easy to see why there are 4 tangents. Let

A= (CY,O), B = (ﬁao)a C= (770)

be the 3 points of order 2 on £. If P = 2@Q) is one ‘halving’ of P then there
are 3 others:

P=2Q+A), P=2Q+B), P=2(Q+C).
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These give rise to the 4 tangents passing through P. In particular we see that
if one tangent is defined over K then so are all 4. (Note that the tangents
must be distinct, since A, B, C' are distinct.) Thus if our quartic has one root
in K then all its roots must lie in K.

We should say, that 4 tangents can be drawn over C. For there is no
reason to suppose that the roots of the quartic will lie in K. In fact, that is
exactly what we have to determine.

For if @ € £(K) then our line PQ is defined over K, and so m € K.

Conversely, if m € K and the line is tangent to £ then the point Q = (&, 7)
at which it touches has coordinates in K. For the roots of our equation

(mz+Y)? =2 +ar’ + bz +c

are now 0,&, &, so that
26 =m?—acK,

and then
n=ml{+Y € K.

Thus P = 2Q if and only if there is a line through P touching &£, and
defined over K. In other words, P = 2@ if our quartic for m has a root in
K.

Recall the classical technique for solving a quartic (or at least reducing it
to a cubic): re-cast the quartic in the form

where Q(x) is quadratic and L(x) is linear.
In our case this leads to the equation

(m?* —a+ \)? = 22dm* — 8mY + (A2 — 2\a + 4b),

where we have to choose A so that the quadratic form in m on the right is a
perfect square.
The condition for this is that A should satisfy the cubic

(4Y)? = 2A(\? — 2)\a + 4b).
Recalling that Y2 = ¢, this simplifies to
AP —2a)\* 4 4b) — 8¢ = 0.

Miracle! This is almost our original cubic f(z) (in the equation y? = f(z)).
In fact the equation can be written

F(=\/2) = 0.

428-99 9-7



It follows that its 3 solutions are
A= —2a, =28, —27.
We can take A to have any of these values. Suppose we take
A= —2a.
Then our quartic for m takes the form
(m? —a+ A\)? = (2\)(m — 2Y/\)2

Thus if our quartic has a solution in K, which we know is the case if
P = 2Q), then A\/2 = —a must be a square. Similarly, taking the other 2
values for A, it follows that —( and —v must also be squares:

—a=a" —p=p" —y=7".
Conversely suppose that this is the case. Then we can take
A= —2a =40’
and our quartic for m splits into 2 quadratics
m? —a+ \ =42/ (m —4Y/)\).
Note that since a + § + v = —a,

—a+A = —a+fB+y
_ O/2 . 512 . 7/2.
Furthermore
YZ — = —Cl/ﬁ’)’ _ a/2 /27/2’
so that

Y = +d/3'.
We can take the + sign without loss of generality, since the signs of o/, 3,/

were arbitrary anyway.
Thus our quadratics become

m?+ o — 3% =% = +2(a/'m — 23'7).
In other words,
(m+a')? = (5 =)
We conclude that the 4 tangents through P are y = max + Y, where
m=a+p —4,d-0++, o/ +0 -+, =o' -3 ++".
In particular, we see that if —a, —3, —v are perfect squares in K then m € K

and P =20Q. <«
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9.4 The 3 Homomorphisms
Recall that if
P = (x1,11), Q= (22,42), R = (73,y3) € E(K)

are 3 points of
E(K):y* =2+ az® + bx

then
P+Q+R=0= x1291035 € K°.

It would have been nicer if we could have said
P+Q+ R=0= z17973 € (K*)?,

where K* denotes the multiplicative group formed by the non-zero elements
of K. For then we could say that

P+Q+R=0= z127973 = 1 mod (K*)%
which would suggest that we had a homomorphism
0:&8(K) — K*/(K*)%
Unfortunately, this breaks down if
T1xox3 = 0,

ie one of x1, 29, x3 vanishes. This is the case if one or more of the points
P,Q, R is equal to D = (0,0).

Remarkably, the homomorphism can be rescued in this case. Recall that

Tols + T3x1 + T122 = b — 2md.
In the case z1z923 = 0 we have m = 0. Let us suppose x1 = 0. Then
Toxz = b

Thus if we agree to map D onto b mod (K*)? rather than 0 then we recover
the homomorphic relation.

Proposition 9.3 Suppose E(K) is the elliptic curve

y? = 2® + ax® + bx + c.
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Then the map
0:&8(K)— K*/(K*)?

defined by
X if P=(X,Y)#(0,0),
P—<b if P=(0,0),
1 ¢ P=0=10,1,0]

s a homomorphism
Proof » If P = (X,Y) then —P = (X, —Y). Thus
P+Q=0=0(P)O(Q) =1

in all cases.
It is sufficient therefore to show that

P+Q+R=0=0(P)O(Q)O(R) =1

in all cases. We know that this holds if none of P, @, R is 0 or D. If one is 0
then the result reduces to the case P+ @ = 0. It two of P,Q, R are D then
the third is 0, so that case has been dealt with.

It only remains to consider the case where just one is D, say P = D, and
@, R # 0. But we have seen that in this case

Loz = b,

and so

O(Q)O(R) = b.
Thus, since O(D) = b,
O(P)O(Q)O(R) =b* =1
in KX/(K*)%2. <
We were assuming in this Proposition that ¢ = 0. To convert back to the

general case, we note that if « is a root of f(x) then the coordinate-change
T — r — «a takes f(z) into z° + a/x? + bz, where

d =a+3a, bV =b+ 30+ 2aa.
Corollary 13 Suppose E(K) is the elliptic curve

y: = 2% + ax® 4 bx + ¢
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and suppose
A= (a,0)

is a point of order 2 on E(K). Then the map

On : E(K) — K™ /(K*)?

defined by
X -« if P=(X,Y) # A,
P—<3a%+2aa+b if P=A,
1 if P=0=]0,1,0],

s a homomorphism.

Note that we have 3 homomorphisms, corresponding to the 3 roots a, 3,y
of f(x). We can re-state Proposition 9.2 as follows.

Proposition 9.4 Suppose
EK):y* =2 +ar® +br +c
15 an elliptic curve over the number field K; and suppose
flz) =2 +az® + bz +c
has roots o, 3,v € K. Then

26(K) = ker ©, Nker O3 Nker O,.

Remark: As we noted earlier,
ker ©, C ker ©g Nker 6.,

and similarly for the other 2 kernels — each is contained in the intersection
of the other two. Thus

26(K) = ker O, Nker Og = ker ©, Nker ©, = ker O, N ker O3.

Corollary 14 £/2€ is finite if and only if im ©,,im ©4,im ©,, are all finite.
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Proof » By the Proposition (and the following Remark),

26 = ker®,NkerOgNkeroO,
= ker©, Nker Oy
= ker©,NkerO,
= ker ©3 N ker ©,

Lemma 8 Suppose B,C' are subgroups of the group A. Then

A
BNnC
is finite if and only if
A A
B C’
are finite; and then
A A A
I <5l =l
BNnC B C

Proof of Lemma > We have

|A/BAC| = |A/BI| |B/BACI|
Let ® be the canonical surjective homomorphism
o:A— A/C.
If 3 is the restriction of ¢ to B, then
kerdy = BNC.
It follows from the First Isomorphism Theorem that
B/BNC=imdg C A/C.

Hence
IB/BNC| <[A/C],

and the result follows. <«
Applying the Lemma with B = ker ©,, C' = ker ©5 we deduce that £/2F
is finite if and only if

E/ker®, = imO, and £/ ker Oy = im Oy

are both finite; and the same is true if «, 3 are replaced by o,y or 3,7. =
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9.5 The Finiteness of the Images

We have to prove that im©,, imOg, im©, (or at least two of them) are
finite. It is sufficient to prove the result for one of them; and we can again
suppose for simplicity that ¢ = 0.

Proposition 9.5 Let £ be the curve
E(K):y* =a°+ ax® + bx
where b, ¢ are algebraic integers in K. Let © be the homomorphism

X ifP:(X7Y)7é(O7O)7
E— K*/(K*)?: P—<b ifP=(0,0),
1 ifP=0=1]0,1,0]

Then im © is finite.

Proof » Suppose
P=(z,y) €€,

where y # 0.
Lemma 9 Suppose p is a prime ideal in K such that
p Jb.
Then p appears to an even power in x:
P[] 2.
Proof of Lemma > Suppose
P |l z ol [y
If e < 0 then the right-hand side is dominated by z2, and so f < 0 and
2f = 3e.
On the other hand, if ¢ > 0 then
p Ja* +ax+0b
since we are supposing that p J/b. Thus
2f =e.

In either case (or if e =0) e is even. <
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Lemma 10 We can find a finite number of elements xq,...,x, € K such
that 23, € im ©, and for each x with * € im © we have

(wz!) = o?

for some k € {1,...,r}.

Proof of Lemma > By the last Lemme, the only prime ideals p appearing

to an odd power in x are the finite number dividing b. Suppose these prime
ideals are pq,...,ps. Consider the 2° ideals

pil...pff (61,---767* 6{071})7
say
a17 ey Clzs-

According to the last Lemma, if £ € im © then
<Z‘> = akb2

for some k € {1,...,s}.
If such an x exists for the ideal a; let us choose one, say xy:

<J}k> = akb2.

If no such element exists let x, = 1.
Then we see that if
<$> = Clkbz

then
(zz; ') = b2

<
If we are working over Q it follows that

xz;l =+X2
and so
x = +75, mod (K*)?

for some k. Hence
imO = {xz,...,+x,.}.

Thus im © is finite, and so the result is established: £(Q)/2£(Q) is finite.

For a general number field K we have a little more work to do.
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Let
S = (Z1,...,T.)

be the subgroup of K*/(K*)? generated by ,...,Z,. This subgroup is
finite, since each element of K*/(K*)? has order 2.
Let T be the subgroup of K*/(K*)?

T={7€imO: (z) = a*}.
Then the last Lemma can be re-stated in the form
im©® C ST.

Lemma 11 Suppose S, T are 2 finite subgroups of the abelian group G. Then
ST is finite; and in fact

|ST|| divides ||S] [|T|-
Proof of Lemma > We have

|STI| = IST/T]| |7
Let ® be the canonical surjective homomorphism
.G — G/T.
If &g is the restriction of ® to S, then
ker g = SNT, imdg = ST/T.
It follows from the First Isomorphism Theorem that
ST/T=5/SNT,

and so
|ST/T|| divides ||.S]|.

<
Corollary 15 The group im © is finite if and only if T is finite.

Recall that 7" is the subgroup of im © formed by those & with = expressible
in the form x = a?. Our next Lemma shows that the set of all such T (not
just those in im © is finite.
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Lemma 12 Let
S={reK*:(z)=a}.

Then S D (K*)?; and the quotient-group
S/(K>)?
s finite.

Proof of Lemma > It is evident that S D (K*)?, since

By the finiteness of the class number we can find a finite number of ideals
ai,...,a, such that for any ideal a one of the ideals aa; is principal, say

aa; = (a).

Now suppose = € S, say

(z) = o’
Then
a=a;{a)
for some i, and so
(x) = a}(a®)

It follows that
a; = (za”?) = (as),

)

say, for some a; € K*. For each a;(1 <14 < h) let us choose such an q; if a?
is principal; otherwise let us set a; = 1.

Now
(z) = (a;a®).

In other words
T = ea;a®,
where € € U(K) is a unit in K.
By Dirichlet’s Units Theorem, the group U(K) of units in K is finitely-

generated, say
U(K) = (€1, €m)-

Then

__ el e
e=¢€l-em (eq,...,eqm €Z).
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It follows that
€ =€ ---(—:2’,7772 (e1,...,em €{0,1}),

where n € U(K).
Putting all this together, we have

v =€t epaan)

In other words,
T =€ efma; mod (KX)2.

There are only a finite number of elements €} - - - €2a;. We conclude that
the quotient-group

S/(K*)?
is finite. <«
Since
T C S/(K*)?
it follows that T is finite. Hence
me = ST

is finite. <
Corollary 16 £(K)/2E(K) is finite.
Corollary 17 If £(Q) is the elliptic curve
v =23 +ar’ +br+c (a,b,ccQ)

then
€(Q)/2£(Q)

is finite.

9.6 The Height of a Point
We have shown that £(Q)/2£(Q) is finite, say
5/25 = {E_17- . ,E_n},

where F,..., B, € £.
Recall our “plan for infinite descent”. Suppose P € £. Then

P—-FEe2
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for some F € {F,..., E,}, say

P—FE, =2P.
Then similarly

P —FE, =2P,

P2 - Ez - 2P3

The points P = Py, Py, Ps,--- € £(Q) — derived by repeated halving —
represent our infinite descent. But in what sense are they descending? We
need some notion of the ‘height” of a point on &.

Definition 9.1 Suppose g € Q. Let

m
q=—
n

in lowest terms. Then we set
H(q) = max(|ml, [n]), h(q) = log H(q).
Lemma 13 Suppose x1,x9 € Q. Then
h(z1me) < h(x1) 4+ h(xe), h(x}) = nh(xy), h(z1+x2) < h(zy) + h(zs)+1og 2.
Also, if x1 # 0,
h(z™') = h(z).
Proof of Lemma > Suppose 1 = my/ny, xa = msy/ny. Then

mimo . my ming +meny ;M
T1To = y X =, By =, Ty = ——.
n1n9 nq ninq mq

The result follows at once. <

If n; and ny have a large common factor — which will usually be the
case for us — the result for x; + x5 can be greatly improved, as the following
result illustrates.

Lemma 14 Suppose
_ f(=)

9(x)
where f(x) and g(x) are polynomials of degrees d and e. Then

h(X) < max(d, e)h(x) + C,

i

for some constant C'.
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Proof of Lemma > We can assume that d = e. For suppose d < e. Then we
can replace f(x) by f(z) + g(z). This replaces X by X + 1; but that does
not affect the result, since

MX) = C < h(X) <h(X)+C

from the estimate in the last Lemma for h(z; + x2). If e < d we can apply
the same argument after replacing X by X 1.
We may also assume that the coefficients of f(x), g(z) are integral, say

f(z) = apx® + a1z 4 - 4 ag, g(x) = box® + bt 4 4 by,
where a;,b; € Z. Then

aom? + aym®tn + - + agn?
bom® + bymd—In + - -+ + bynd
M
N’

X =

say. Thus
|M| < (lao| + -+ [aal) H (x)?, [N < (|bo| + -~ - [bal) H (x)?,

and so
h(X) < dh(x)+C.

<
We define the height of a point P = (z,y) to be the height of its -
coordinate.

Definition 9.2 Suppose P = (z,y) € £(Q). Then we set
H(P)= H(z), h(P) = h(x).
We want to show that our infinite descent is descending in the sense that
h(P) > h(Py) > h(Py) > ---,

at least until we drop below a specified height.
This will be the conclusion of the following 3 Lemmas, concerning a given
elliptic curve £(Q).

Lemma 15 For any constant C > 0, there are only a finite number of points
P e £(Q) with
h(P) < C.
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Proof of Lemma > There are at most 4e*¢ + 1 rationals with e(x) < C,

since both denominator and numerator must be chosen from {—N,—-N +
1,...,N —1,N} where N = [e“].
For each such z there are at most 2 values of y such that (z,y) € £. <

Lemma 16 For each point Py € € there is a constant C = C(P,) such that

h(P + Py) < 2h(P)+C.
Proof of Lemma 1> Suppose

P+Py+Q=0,

ie the line P, Py meets £ again at Q).
If P=(z,y) then —P = (z, —y). Hence

h(—P) = h(P).

Thus it is sufficient to prove the result with ) in place of P + F,.
Let

P = ('ruy)7 PO = (x(]?y())? Q = (XJ Y)
Suppose the equation of the line PP,

y=mz +d.
Then
Y=Y
m = )
T — X

The line meets the curve where

(mz + d)* = 2° + ax® + bz + c.

Hence
r+zo+ X =m>—a.
Thus
X - (Y —v0)* — (x 4+ zo + a)(x — x0)?

(x — x0)?

y* — 2yoy +yp — 2° 6

— ax?® + 2x92? — 2azxor — 33T — axd — x}

(x — x)?
_ 2oy + 2x02? 4+ (b — 2azo — 322)x + (c + Y2 — axd — 23
(x — x)? ’
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since y? = 2® + azx? + bx + c.
The point is that

Ay+ Bz* +Czx + D
X =
Ex24+Fe+G

for some integers A, B,C, D, E, I’ depending only on F.
If + =m/n then

o, m®+am’n+ bmn® + cn?
y' = — .
Thus

n*y? = m®n + am®n?® + bmn® + en*.
It follows that n?y € Z and

[n?yl < (1+ lal + [b] + |e]) /2 H ()",

This allows us to apply the argument in the proof of the last Lemma. We
have

An?y + Bm? + Cmn + Dn?

Em? + Fmn + Gn?
M

F7

where

M < (JA|(L+ |a| + [b] + |e])/* + |B| +|C| + |D]) H(z)*
B < (|E|+|F|+|G)H(z).

It follows that
H(X) < CH(x)*

from which the result follows. <«
Lemma 17 There is a constant C such that
h(2P) > 4h(P) - C

forall P € &.
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Proof of Lemma > Suppose P = (z,y), 2P = (X,Y). Let the tangent at P

be
y=mx +d.

If the elliptic curve £(Q) has equation

v =23+ ar? + br +c

then p
2y£ =32 + 2ax + b= f'(v),
and so ()
T
m = 2

The tangent meets £ where
(mx +d)* = 2° + ax® + br + .
This has roots x,x, X. Hence

20+ X =m? — 1

and so
X = m?’—a—-22
_ f'(#)” = (a + 22)4y?
= 1
_ f(@)? —A(a +22)f(2)°
Af(x)? '

It follows from Lemma 14 that
h(z) < 4h(z) + C.

But we want a result in the opposite direction!
The essential point is that the numerator and denominator of X have no
factor in common, as polynomials:

ged(f'(x)? — 4(a + 22) f(2)?, 4f (2)*) = ged(f'(2)?, f(2)) = 1,

since ged(f'(x), f(z)) = 1.
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Sublemma Suppose
i@
g(x)
where f(x),g(x) are polynomials of degrees d,e, with ged(f(x),g(z)) = 1.
Then

Y

h(X) > max(d,e)h(x) — C

for some constant C'.

Proof of Lemma > We may suppose that d = e, on replacing f(x) or g(x) by
f(z) 4+ g(x), if necessary.
We may also assume that the coefficients of f(x), g(z) are integral, say

f(x) = aoxd + alxd_l + -+ ag, glx) = boxd + blxd—l + o+ by,

where a;,b; € Z.
Let F(x,z),G(x, z) be the corresponding homogeneous forms, ie

F(x,2) = apr® + a1z 2 + - +aq2?, G(w,2) = box +bia* 2+ - + bz,

If x = m/n then
_ F(m,n)
- G(m,n)’
We have to show that this is almost in its lowest terms.
Since ged(f(z), g(x)) = 1, we can find polynomials u(z),v(z) € Q[x] such
that

u(x)f(x) +v(z)g(z) = 1.
On ‘multiplying out’ the denominators of the coefficients, and passing to the
homogeneous forms, we obtain polynomials U(z, z),V(z,2) € Z[x, z] such
that
Uz, 2)F(z,2) + V(x,2)G(z,2) = AZN

where A is a non-zero integer, and N € N.
In particular,

U(m,n)F(m,n) +V(m,n)G(m,n) = An"

It follows that
ged(F(m,n),G(m,n)) | An™.

On the other hand

ged(F(m,n),n) | agm.
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Since ged(m, n) = 1 this implies that
ged(F(m,n),n) | ap.

It follows that
ged(F(m,n),n™) | af,

and so

ged(F(m,n), An™) | Aad.

Hence
ged(F(m,n),G(m,n)) | Aag.

We are nearly there. We have shown that

say, is almost in its lowest terms. It only remains to show that the numerator
or denominator is of the correct order of magnitude. This is ‘trivial but not
obvious’.

Let
M (z) = max(| f(z)], |g(x)]).
Since
% — Qg as & — 00

there exist constants C7 > 0, C5 > 0 such that
M(z) > Cyfx|®

for |z| > Cs.
On the other hand, since f(x), g(x) have no root in common, there is a
constant C5 > 0 such that

for |z| < Cy. It follows that
M (z) > (C5C5 )|

for |z| < Cs.
Putting these together,

M(z) > Cyla|*
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for all z, with Cy = min(C}, C5C5%). On setting x = m/n, and multiplying
out, this gives

max (M, N) = max(F(m,n), G(m,n)) > Cym|.

By the same argument

for all z, where Cs = min(C,CY, C3) > 0. This gives
max(M, N) > Cs|n|".

We conclude that
max(M, N) > C¢H (x)*,

with Cg = min(Cy, Cs). Since we know that
ged(M, N) < Aal,
we conclude that if
M/

=

in its lowest terms then
H(X) = min(|M, [N') = CoH ()",
with C; = Cg/(Aa)’) > 0; and so finally,
h(X) > dh(z) — C.

<
In particular, applying this to our formula for 2P, we have shown that

h(2P) > 4h(P) — C.

9.7 Putting It All Together

Recall that each step of our infinite descent is of the form
P~ E;=2Py,
where E; is one of a fixed (and finite) set of points E, ..., E,,. By Lemma 17,

h(F; — Ej) = 4h(Pii1) — a1
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But by Lemma 16 (and the fact that h(—P) = h(P)),

Combining these,
2h(Pl) + Co Z 4h(.PZ+1) — Cq.

Hence

MPis1) < Sh(P) + cs

N | —

with C3 — (Cl + CQ>/4.
We have shown therefore that

hP;) > C = h(P1) < h(P),
for some constant C' > 0. Let the points of & with h(P) < C be
P,..., P,

Our infinite descent must lead to one of these points. We see therefore that
for any point P € £ is expressible in the form

P:u1E1+"'+umEm+Pi7

where uq,...,u, € N.
We conclude that £(Q) is generated by the points Fy, ..., E,, Pi, ..., P,.
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9.8 The formula for rank(€)

Since we now know that &£ is finitely-generated, it follows from the Structure
Theorem for Finitely Generated Abelian Groups that

E=L& - DLOL/(PT) DL/ (),
where there are r = rank(€) copies of Z.
Proposition 9.6 Let

0 if there are 0 points of order 2 on &,
d = {1 if there is 1 point of order 2 on &,
2 if there are 3 points of order 2 on £.

Then
|E/2E]| = 27,
where
s=r-+d.
Proof » If
A=A --d A,
then
2A=2A,--- P 2A4,,

and so

AJ2A = A1 )24, @ - ® Ay /24

Thus it is sufficient to consider the factors of £.
Evidently the r copies of Z will give rise to r copies of Z/(2).

Lemma 18 If A =7/(2°) then
AJ2A=17/(2).

Proof of Lemma > Let g be a generator of A, so that

A={0,9.2g,...,(2° = 1)g}

Then
2A ={0,2g,4g,...,(2° - 2)g}.

Thus half the elements of A are in 24, and so A/2A is of order 2, ie A/2A =
Z/(2). <
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Lemma 19 If A =7/(p%), where p is odd,then

AJ2A =0.
Proof of Lemma 1> Consider the map

0: A— A:a~— 2a.

Then
ker ={a€ A:2a=0} =0,
since by Lagrange’s Theorem there are no elements of order 2 in A. Hence 6
is injective, and so surjective, ie 24 = A, and A/2A =0. <«
From the two Lemmas it follows that the number of copies of Z/(2) in

E)28 =7)(2) + - +Z/(2)

is equal to r + f, where f is the number of factors of the form Z/(2¢). It
remains to show that f = d.

Lemma 20 The number of elements of order 2 in A is 2f — 1, where f is
the number of factors of the form 7./(2°).

Proof of Lemma > An element of a direct sum

A=A40A0 ©A,
is of order 1 or 2 if and only if that is true of each component:
2(ay,ag,...,a,) =0<=2a; =0, 2a, =0,...,2a,, =0.

But there is no element of order 2 in Z/(p®) if p is odd, by Lagrange’s
Theorem; while there is just one element of order 2 in Z/(2¢), nameley
2¢71 mod 2°.

Thus we have two choices in each factor Z/(2°), and one choice in each
factor Z/(p°) (p odd).

It follows that the number of elements of order 1 or 2 is 2/ where f is
the number of factors of the form Z/(2¢); and so the number of elements of
order 21is 2/ — 1. <

<
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9.9 The square-free part

Each rational x € Q* is uniquely expressible in the form
v = dy?,
where y € Q* and d is a square-free integer. Explicitly, if
xr = £293%5% ...

then
xr = 1+2%3%5% ...
where each €, € {0, 1} is given by
€p = €, mod 2.
For example,
r=2/3—d=6, z=-3/4— —3.

We may call d the square-free part of x.
Thus each € Q*/Q*? is represented by a unique square-free integer d,
establishing an isomorphism

QX/QXQ - D,

where D is the group formed by the square-free integers under multiplication
modulo squares, eg
2-6=3, —-3-6=-2.

Let us see how to use this to compute the rank. Recall that
£/E* = im©O

where

© =0, x06sx0,,

with 6,, for example, given by

r—aifr#«
Pz(r,y)H{, .
Pa)ifr =«
If P = (x,y) is on the elliptic curve
EQ):y* =2+ ar® +br +c (a,b,c € Z)
then
m
A
where m, Mt € Z with ged(m,t) =1 = ged(M,t) and t > 0.
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9.10 An example
Consider the elliptic curve
EQ):y=2"—z=a(r—1)(z+1).

Here
a:O7ﬂ:177:_17

so that
p'(0) = (0-1)(0+1) = =1, p'(1) = (1-0)(1+1) =2, p/(=1) = (-1-0)(-1-1) = 2.
Thus, from above,
imO C S={(d,e,f):d|1, e|2 f]2}
This gives 32 choices:
d=+1, e==+1,+2 f==+1+2
It follows (since 32 = 2°) that
1€/2€]] <5,

and so
rank & < 3.

However, we can restrict the range of im © much more than this. In the
first place, since
r(z—1)(z+1) =97

it follows that def is a perfect square, say
def = ¢°.

This implies firstly that def > 0, and secondly that each prime p dividing
any of d, e, f must in fact divide just two of them. This reduces the number
of cases to 8:

(dye, f)=(1,1,1), (1,-1,-1), (—=1,1,-1), (—-1,-1,1), (1,2,2), (1,—-2,-2), (—1,2,-2), (-1,

We can reduce the number still further by observing that since

2

m = du®, m —t* = ev?, m+t* = fw?
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it follows that

d<0=m<0=m—-t’<0=e<0,
while

d>0=m>0=m+t*>0= f > 0.
This leaves just 4 choices for d, e, f:
(d.e, f) = (1,1,1), (=1,-1,1), (1,2,2), (—=1,-2,2).

Thus
|€/2&] < 4

Since d = 2 (as there are 3 points of order 2),
|E/2€| = 27T > 4.

We conclude that
rank & = 0.

9.11 Another example
Now let us consider the elliptic curve
v =1 —z=2(x—2)(x+2).

Here
P'(0)=—4, p'(2) =8, p'(-2) =8,

and so

E/26 =im O C {(d,e, f) : d,e, f |2}

The group on the right contains 2 elements, since each of d,e, f can take
the values +1, 2.
But as before, the condition

def = ¢
restricts the choice considerably. Firstly,

d<0=¢e<0. d>0= f>0.
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Secondly, the factor 2 occurs in none, or just two, of d, e, f. This reduces the
choice to

(d.e, f)=(1,1,1), (-1,-1,1), (1,2,2), (=1,-2,2), (2,1,2), (=2,—-1,2), (2,2,1), (=2, —2,1).

Thus the rank is either 0 or 1. Can we reduce the choice further, and
reduce the rank to 07 or conversely, can we find a point of infinite order on
the curve, and so show that the rank is 17

Note that it only necessary to eliminate one case; for we know that
|E/2E|| = 2° > 4, since there are 3 points of order 2 (and so d = 2).

Suppose

(dye, f) = (—1,—-1,1).

In this case,

m = —u?, m—2t* = —v?, m+2t> = v’

Thus
u? —v? =2t = u? + WP

Now a? = 0 or 1 mod 4 according as a is even or odd. Since u? — v? is even
it followu, v are both even or both odd; and in either case u? —v? = 0 mod 4.
So t is even, and therefore u,v must both be odd, since ged(m,t) = 1 =
ged(m — 2t2,t).

9.12 Third example

Consider the elliptic curve
EQ):y* =x(x —2)(z+4) = 2° + 22 — 8.

The point
P=(-1,3) €.

(We chose «, 3,7 to give this result.)
The slope at P is
dr 32 +4x -8

dy 2y

at P. It follows that P is of infinite order (since 2P has non-integral coordi-
nates). Thus
r =rank(€) > 1.
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We have
P0)=-8, p(2)=12, p'(-4) =24

Thus
im O C S{(d,e, f):d|2,e|6,f]|6def = g*}.

Note that any two of d, e, f determine the third since eg f = de (modulo

squares).

If

P = (m/t*, M/t*) = (d,e, f)
then
m=du®, m—2*=ev?, m+4t’ = fu’.
Thus
d>0=m>0= f>0=¢e>0,

while

d<0=m<0=e< 0= f>0.

(So f > 0 in all cases.)
It follows that
151 = 16,

with
S={d=+1,£2, f=1,2,36}

It follows that s < 4, and so
rank(£) =s—d=s—-2<2.

Thus rank(€) =1 or 2.

In order to prove that rank(€) = 1 it is sufficient to show that one of the
16 elements of S does not lie in im ©. For ||S]| is a power of 2, so if it is < 16
it must be < 8.

Let us take the element (—1,—1,1). Suppose this arises from a point

P = (m/t*, M/t?), where for the moment we assume that P is not of order

2. Then

m=—u?, m-—2t>=—v’ m+4t’=u>

Thus
2t = v? —u?, A2 =+t

From the second equation,

u? + w? =0 mod 4 = u, w even,
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since a®> = 0 or 1 mod 4 according as a is even or odd. It follows that ¢ is
odd, since
ged(m,t) = 1 = ged(u, t) = 1.

But then t? = 1 mod 4, and so
v? — u? = 2 mod 4,

which is impossible.
(Alternatively, adding the two equations,

6> = v + w’.
Thus

¥+ w=0mod3 = v=w=0mod 3
=t =0 mod 3
=— u = 0 mod 3,

contradicting ged(m, t) = 1.)

9.13 Final example
The elliptic curve
EQ):y*=z(x+1)(z—14) = 2° — 132% — 14x

is more complicated, but the method is the same.
We have

p'(0)=—14, p'(-1)=15, p'(14)=14-15.
Thus
imO Cc S={(de, f):d|14, e| 15, f|14-15;def = g*}.
if P=(m/t?*, M/t*) — (d,e, f) (M # 0) then
m = du®, m+t:=ev?, m—14t* = fu’.

In particular,

d>0=e>0= f>0
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while

d<0= f<0=¢e>0

(giving e > 0 in all cases).
We have
d=41,4+2 47,414, e=1,3,5,15.
Thus
|1S]|=2°=5s5<5=1r<3.

The elements of order 2 give rise to the points

(0,0) — (p'(0),1, —14) = (14,1, —14),
(=1,0) > (=1,p/(=1),=15) = (=1,15, —15),
(14,0) — (14,15,p/(14)) = (14,15, 14 - 15),

while of course
0=10,1,0] — (1,1,1).

Thus the torsion group gives rise the subgroup
D={(1,1,1),(—14,1,—-14),(—-1,15,—15), (14, 15,14 - 15).

We can regard S as a 5-dimensional vector space over F,, with 5 coordi-
nates defined by: the sign of d, the factor 2 in d, the factor 7 in d, the factor
3 in e, the factor 5 in e. Thus

(0,0) - (—14,1, —14) «— (1,1,1,0,0),
(=1,0) — (—1,15,—15) «— (1,0,0,1,1),
(14,0) — (14,15,14 - 15) «— (0,1,1,1,1).

Our aim is to prove that rank(€) = 0 by showing that im© = D. At
first sight one might think we would have to apply our congruence technique
to 2° — 22 = 28 cases. However, we can simplify the task by choosing a
complementary subspace to D — that is, a subspace of U C S of dimension 3
such that

UNnD =0,

in which case

S=DoU.

If now we can show that no elements of U except for (1,1, 1) are in im © then
it will follow that
S=imO ¢ U,
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whence
dimim® =dimD = im© = D.

For our subspace U let us take those vectors with 3rd and 5th components
0, ie
U={(d,e,f)eS:d==+1,£2, e=1,3}.

We see at once that UND = {(1,1,1)} (the zero element of our vector space),
so U is — as required — complementary to D. It is sufficient therefore to
show that no element of U apart from (1,1,1) can be in im ©. (This reduces
the number of cases to be considered from 28 to 7.)

1. (—1,1,—1): in this case

m=—u?, m+t’= 112, m — 14t* = —w?,

ie
2 = w402, 1417 = w? — W2

2 —

From the second equation ¢t must be even, since otherwise w? — u
2 mod 4, which is impossible.

But then from the first equation, u? 4+ v? = 0 mod 4, which implies that
u, v are both even, contradicting ged(u,t) = 1.

2. (2,1,2): in this case

m=2u? m+tP=10% m—14t* = 207,

ie
2 =0? — 2, T = —

From the second equation ¢ must be even, since otherwise 7¢t> = 3 mod
4, and u? — w? cannot be = 3 mod 4.

But then from the first equation, v is even and so u is even, contradict-
ing ged(u, t) = 1.
3. (—=2,1,—2): in this case
2

m=—=2u% m+t:=1% m—14t* = -7
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ie
2 =02 4+ 22, TP =w? -l

As in the last case, from the second equation ¢ must be even, and then
from the first equation, so must v and u, contradicting ged(u,t) = 1.

. (1,3,3): in this case
m=u? m+t>=3% m—14t* = 3’
ie
t2 =30% —u?, 14t = u® — 3wt
From the second equation
u? — 3w? =0 mod 7.

Since 3 is a quadratic non-residue mod7, it follows that v = w =
0 mod 7, which implies (by the second equation) that 7 | ¢, so again
ged(t, u) > 1.

. (=1,3,-3): in this case
m=—u?, m+t>=30% m—14t* = =3’
ie
t2 =30 +u?, 14t = 3w® — P

As in the last case, since 3 is not a quadratic residue mod 7, the second
equation implies that 7 | u,w, ¢, contradicting ged(u, t) = 1.

. (2,3,6): in this case
m=2u?, m+t? =30 m—14t* = 6w’
ie
2 =30% — 22, 14t* = u® — 6w

Again, since 6 is not a quadratic residue mod?7, this leads to a contra-
diction.
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7. (—=2,3,—06): in this case
m=—2u?, m+t> =30 m—14t* = —6w?,
ie
t? =302+ 2u%, Tt =u? — 3wt

Since 3 is not a quadratic residue mod?7, this again leads to a contra-
diction.

We conclude that
im® =D,
1e

rank £ = 0.
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Chapter 10

Mordell Revisited

10.1 Introduction

There is an alternative way of proving Mordell’s Theorem, by ‘factorising’
the doubling map
E—E:Pw—2P;

although the factors are not, admittedly, homomorphisms from & to itself,
but involve a ‘twin’ elliptic curve £. The resulting computations are much
simpler. Moreover, the use of algebraic numbers is avoided if f(z) has one
rational root. (In the previous method, algebraic numbers were avoided if
two — and therefore all three — of the roots of f(x) are rational.)

The only disadvantage of this alternative method is that it requires either
an act of faith, in which ‘magic’ formulae are pulled out of a hat; or else a
rather lengthy digression into elliptic curves over C.

10.2 The factors of the doubling map

Suppose
E(C)=C/A

is the complex elliptic curve associated to a lattice A C C. Let wi,wy be a
basis for A. Recall that the map

2 (0(2),¢'(2)/2)
establishes a one-one correspondence

®: C/A — E(C),
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where £(C) is the curve
v =2 +bx +c,

with coeflicients
b= —15g2, ¢ = —35¢s,

where
1

gr = Z o2

weN,wH#0

Under this correspondence, the ‘doubling’ homomorphism
®:P—2P
corresponds to the map
¢ : zmod A — 2z mod A.

We can express this in the commutative diagram

s 2 ¢
) )
c/A % C/A

Let A be the lattice generated by %wl, wy. so that
SACACA

(where A is generated by swy, sws). The homomorphism @ : P +— 2P can
now be split into 2 operations, first doubling in the w;-direction, and then in
the wo-direction. More precisely,

¢ = 05050,
where
61 : C/A — C/A, 65: C/A — C/3A, 05:C/3A — C/A
are the homomorphisms

0, : zmod A — zmod A,
0y : zmod A — zmod%A,

05 : z mod %A — 2z mod A.

The map 65 is just the isomorphism (x,y) — (z/4,y/8) associated to the
similarity %A — A; it is convenient to combine it with 6.
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Let £(C) be the elliptic curve associated to the lattice A:
£—C/A.
Then 64, 6305 define homomorphisms
O:£E-E 60:E-E.

giving the factorisation B
d =00

of ®: P 2P. This can be expressed in the commutative diagram

™
lo
S
lo
™

Note that ) o
P=00:£—-¢
is also a doubling map, this time on &, being given by the composition

0,0505 : z mod A — z mod %A — 2z mod A — 2z mod A.

All that is straightforward. But how does it translate into geometric
terms? What is the elliptic curve £7 And what are the algebraic formulae
for the maps ©, 07

As we just noted, £ is parametrised by

(z,y) = (p(2),¢'(2)/2).

Similary & is parametrised by

(z,y) = (pa(2), ¥3(2)/2).
To determine ©, we must express 3 (z) in terms of ¢(z).

Proposition 10.1 Let A = (w1, ws), and let A = (w1 /2,w,). Then, writing

p(2) for a(2),
0(2)? —ap(z) + 3+ b

p(z) —a

where a = p(w1/2), and b is the coefficient in the functional equation

(¢'(2)/2)* = p(2)® 4+ bp(2) + c.

pr(z) =

Y
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Proof » Since A C A, pz(z) is elliptic with respect to A. It is also even.
Hence it is a rational function of ¢(z),

vi(2) = R(p(2)),
where R(w) = P(w)/Q(w) with polynomials P(w), Q(w).

It is easy to see that the function

f(2) = o(2) + o(z +w1/2)

has periods w; /2, ws, and so is elliptic with respect to A. Since it has a double
pole at 0, and no other poles inside 11,

f(z) = Api(2) + B
for some constants A, B. In the neighbourhood of z = 0,

f(2) =2+ plwn/2).

It follows that
f(z) = @a(2) + ¢(w1/2).
Thus
pa(2) = p(2) + (2 +w1/2) = p(w1/2).
Let
a=pw/2), B=p(w/2), v=p(w1/2+w/2).
Recall that

<P/<W1/2) =0, 90/(002/2) =0, 80/(001/2 +wy/2) =0,

since ¢'(z) is an odd function. Thus

(a7 O)’ (/8’ 0)7 (7’ 0)
are just the 3 points of order 2 on £.
We have
ei(2) = @(2) + (2 +wi/2) — o
we want to express ¢(z +w;/2) in terms of ¢(z). The function ¢(z +w;/2) is
elliptic with respect to A, and has a double pole at w;/2, and no other poles

inside II. The function ¢(2) — ¢(w1/2) = ¢(2) — a has a double zero at w; /2,
since ¢'(w1/2) = 0. Thus

F(z) = p(z+ wi1/2)(p(z) — )
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has a double pole at the points of A, and no other poles. Since F(z) is even,
it follows that
F(z)=Cp(2)+ D

for some constants C,D. To determine these constants we expand F(z)
around z = 0.
By Taylor’s theorem,

oz +w1/2) = plwn /D) + 30" /2)2 + 510" (1 /2)2 + O(=0).

On differentiating the functional equation
¢'(2)" = dp(2)* + 4bp(2) + 4e,
we deduce that
¢"(2) = 2(3p(2)* + ).
Differentiating twice more,
" (2) = 12 (p(2)¢" (2) + ¢ (2)7) .
In particular,
¢’ (w1/2) = 2(3a% +b), " (w1/2) = 24a(3a” + b).

Thus
oz +wi/2) = a+ (3% +b)2* + (30 + b)2* + O(2%)

in the neighbourhood of z = 0. It follows that

2

F(z) = (a+(3a®+1b)z% (zi — a) +0(2?)
= S+ (207 +b).

Hence
F(2) = ap(z) + 202 + .
We conclude that

ap(z) +2a +b

pi(2) = ¢(z) —a

p(z) —a
_ 0(2)? —ap(z) +3a* +b
p(z) — o '
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Corollary 18 The derivative of p3(z) is given by:

() = @(2)2 — 20‘90(2) —2a% = (2
Pi(2) (o(2) — a)? ¢'(2).

We see from this that the homomorphism © : £ — £ is given by

2 —ar+3a?+b 22 —2ax — 20 -0

r— (x — a)?

if © # «, while

O(a,0) = 0.
But what is the curve £? Recall that
1
o(z) = 2 +3¢922 + 5yt + 0(26)

1 b o ¢4 6

= @5 Tt ToE)

Similarly
L by gy 6
Pia(z) = 25 TR +0(z7).

Thus we can determine by, c; by looking at the expansion of ¢z(z) around
z = 0. From above,

ea(z) = »2) +elz+wi/2) —a
1 b
= 5= 5’22 — ;/‘ + (3% 4+ b) 2% + (30 + b)2* + O(29).

We conclude that

b = —15a% — 4b,
¢ = —2la®—Tab+c
= —28a° + 8,

since
a®+ba+c=0.

The relation between A and %A is exactly the same as that between A
and A, except that w/2 is replaced by w,/2. More precisely,

a = p(wi/2)
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is replaced by

(wa/2) + p(w1/2 + wa/2) — p(w1/2)

©x(w2/2)
f+y—a
—2q;

for a + 3+~ = 0, since «, 3,7 are the roots of 2® + bx + c.

It follows that the formula for ©, can be derived from that for © by substi-
tuting b, ¢, —2a for b, ¢, a, respectively (corresponding to the homomorphism
0y : C/A — C/ sA) and then dividing the = and y-coordindates by 4 and 8,
respectively (corresponding to the homomorphism 65 : C/3A — C/A). Thus

1 7= (-20)7+3(20)* +b 1 7° = 2(—20)7 — 2(—20)

o(z,y) = (Z :

T — (—2a)

'8

(7 — (—20))°

4
if £ #£ —2a, while

T+ 2«

O(—2a,0) = 0.

'8

_(1 T’ + 207 —3a” —4b 1 7>+ 4aZ + Ta® 4+ 4b

(T +2a)?

Yy

We summarise our results in the following Proposition.

Proposition 10.2 Suppose

EQC):y =2 +br+c

)

2_p
)

is the elliptic curve associated to a lattice A; and suppose « is a root of

23 + bz + c. Let € be the elliptic curve

E(C) : y?* = 2% + (—15a% — 4b)x + (—28a2 + 8¢).

Then the homomorphism

under which

b:.£—-E

P~ 2P

can be expressed as the product of 2 homomorphisms

where

d =066
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are the maps

O(z,y) = (

if (z,y) # (o, 0), while ©(c,0) = O(0) = O; and

oz 7) 1 (724207 —302—4b 1 Z°>+4aZ + 7o +4b _
€T = — . — .
Y 4 T+ 2a '8 (T +2a)?

> —ar+3a®+b 22 —2ax —2a°—b
: : y
T —« (x — )

if (z,7) # (—2a,0), while ©(—2a,0) = ©(0) = O.

10.3 Tying a neater package

Our formulae become much simpler if we work with elliptic curves in ‘constant-
free’ format
E:y? =2°+ ar® + ba.

It is not difficult to see why. Our construction starts with an elliptic curve
& together with a point of order 2 on £. By taking £ in constant-free form
we have a ‘built-in” point of order 2, namely (0,0). Thus we have only 2
constants, a and b, to deal with rather than b, ¢ and a.

To avoid confusion, let us — for the time being — ‘dot’ the coefficients
and variables in the constant-free model:

£ =i+ ai® + bi.
The coordinate-change x = 4 + @/3 brings this to our earlier ‘z-free’ format
2 = (z—a/3) +alz —a/3)? + bz —a/3)
= 22+ (—=a?/3+ bz + (2a°/27 — ab/3).
Thus . ‘
b= —a*/3+b, c=2a3/27 — ab/3,

and
a=a/3,

since (0,0) — (a/3,0). )
Hence the associated curve £ (in x?-free format) has coefficients

b= —15a% — 4b
— —a%/3 — 4b,
¢ = —28a°% + 8¢

= —4a%/9 — 8ab/3.
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We want to transform £ into constant-free format. At first sight there
might seem some ambiguity in this, since it involves choosing a point of
order 2 on £. However, we know the point we want: (a;,0) = (—2a,0) =
(—2a/3,0). Our transformation must bring this to (0,0), and is therefore

T=x42a=1z+24a/3.
Thus our new curve & has equation
g = (& —2a/3)° +bi(d —2a/3) + 1
= i 4 ai® + by,
where

@ = —2a,
by = 44®/3+ b
= a? - 4b,

which is pleasingly simple!
It remains to express © and © in the new system. We have

O(t,y) = (Z,9),
where

_ (#+a/3)? —a(i+a/3)/3+3(a/3)2 —a?/3+b .
v (i +a/3—a/3) +24/3

_ i tai+ b
_ (@+a/3)—2a/3(¢+a/3) —2(a/3)2 +a*/3—D.
v= (& +a/3—a/3)’ Y

i —b .
= .

We derive © from this by substituting b = a® — 4b for b, and dividing the
x- and y-coordinates by 4 and 8, respectively:

A 2 G2 — a2+ 4b .
O(i,7) = (y— —y> .

452’ 812

We summarise our conclusions in the following Definition and Proposi-
tion, where we now drop the dots.
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Definition 10.1 7o each elliptic curve

E:y? =1°+ ar® + ba.
we assoctated the elliptic curve

£y =%+ ax? + +ba,

where B
a=—2a, b=a®—4b.

Theorem 10.1 Suppose E(K) is the elliptic curve
E:y=2°+ar® +bx

over the field K. Let E(K) be the associated elliptic curve, and let the maps
O:E-E 0:£E-E

O(z,y) = (y2 @y)

x2’ x?

be defined by

if © # 0, while ©(0) = O(T) =0 for T = (0,0),

2 -2
Nay) = (L T b,
@)(:L‘?y) - (4$2’ 8:%2 y)
if T # 0, while ©(0) = O(T) =0 for T = (0,0). Then ©,0 are homomor-
phisms; and

are the doubling maps P +— 2P on € and £.

Proof » Although we established this result on the assumption that K =
C, it is readily verified that each part of the result (eg the statement that
O(P + Q) = O(P) + O(Q)) can be expressed as a number of polynomial
identities with integral coefficients, which must remain valid over any field.
<

At this point we can forget how the associated elliptic curve € and the
homomorphisms ©,0 arose; all we need to know is that the maps given by
the formulae above are indeed homomorphisms, and that the doubling map ®

on & factorises into ©O.
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10.4 Divide and rule

Recall that our main aim is to show that if K = Q then [£ : 2£] is finite.
The splitting of the doubling map allows us to divide this task.

Proposition 10.3 Suppose ¢ : A — B is a homomorphism of abelian
groups, and S C A is a subgroup of finite index. Then

[pA:pS] < [A: 5]

Proof » Consider the composition
¢s: A— B — B/pS.

Evidently

while
ker pg O S.

By the first isomorphism theorem,
PA/pS = A/ ker ¢g.

Hence
[pA : @S] = [A: kerpg] < [A: S].

<

Proposition 10.4 [€ : 2€] and [€ : 2&] are both finite if and only if [E -
im O] and [€ : im O] are both finite.

Proof » We have

[£:28]) =€ : OOE]
= [£: O&][6€ : OBF]
< [£:6&€ : 68,

by Proposition 10.3 <
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10.5 Characterisation of the image
Proposition 10.5 If P = (z,7) € £ with & # 0 then
P€im® < 7 € K%
Similarly if P = (x,y) € & with x # 0 then
PE€im® < 7 € K%
Proof » Suppose P = O(P), where P = (z,y) Then
2
f:ggeK?
x
Conversely, suppose (Z,7) € &; and suppose

:E:wz,

where w € K. We have to show that there is a point P = (z,y) € £(K) with

y o9

; = w.
We may suppose that

y = wa,

on taking —P if y = —wx.
Substituting y = wx in the equation for &,

w?r® = 2° + ax® + bx = 0.
One solution is z = 0; the other two are given by
2* + (a —w*)z +b=0.
This will have a solution in K if and only if
(a —w?)? —4b € K2,
le

w! — 2aw® + (a® — 4b) € K,
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ie
> +ar+be K%

But since (z,9) € €,
y* = 2(z* +ax + b).
By hypothesis, # € K2. Hence
P +ar+be K2
which as we saw is the condition for (Z,%) € im ©.
The proof of the corresponding result for © is identical, the factor 1/4

in the x-coordinate of ©(z,%) making no difference, since we are working
modulo squares. <

10.6 The associated homomorphism
Proposition 10.6 The map

x:E(K) — KX JK*?
under which

zmod K** if P = (z,y) with x # 0
P {bmod K** if P=T=(0,0)
1mod K** ifP=0

1s @ homomorphism.

Proof » Trivially,
X(=P) = x(P) = 1/x(P),
since 2 = 1/z for all z € K*/K*? (ie all elements are of order 1 or 2).

Now suppose
P+Q+R=0,

ie P, @, R are collinear. We have to show that

X(P)x(Q)x(R) = 1.

If one of P,Q, R is O, say P = O, this reduces to the result just proved:

Q+R=0= x(Q)x(R) =1
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Suppose none of the points is O. Let the line PQR be y = mx + d. This
line meets £ where
(mzx +d)* = 2° + az? + ba.

The roots of this are the x-coordinates of P, Q, R, say x1, 2, r3. Thus
T1ToTs3 = d°.
If none of x1, x9, 23 is zero, then
X(P)x(Q)x(R) = 12923 = 1 mod K*?,

as required.
Finally, suppose one of x1, 9,23 is 0, say 1 = 0,ie P =T = (0,0). Then
d = 0, and the remaining two points satisfy the quadratic

m?z =2 +ad+b=0.

Thus
Tolg = b.

Now x(T') = b (by what may have seemed an arbitrary definition, but whose
purpose is now apparent); so

Y(P)x(Q)X(R) = bayxs = b* = 1 mod K*°.
Thus in all cases
P+Q+R=0= x(P)x(Q)x(R) =1.

Hence x is a homomorphism. <
Now we can re-state Proposition 10.5 as

Proposition 10.7 We have
im © = ker y, im © = ker x.
Equivalently, the two sequences
£ XN KK £8 e X KX /K*
are exact.

Proposition 10.8 [£ : 2&] and £ : 2&] are both finite if and only if imx and
imy are both finite.

Proof » This follows at once from Proposition 10.4, since

£/imO Ximy, &£/imO Ximy,
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10.7 The rational case

So far we have been working over a general field K. Now let us turn to the
rational case K = Q. Note that since T'= (0,0) € &, we are assuming that
our elliptic curve contains a rational point of order 2.

Proposition 10.9 Let £ be the elliptic curve
EQ):y* =12+ ax® +bx (a,b € Z);

and let

x:€—Q/Q
be the associated homomorphism under which

P = (z,y) —  mod Q*.
Then each element of im x is of the form
b, mod QXZ

where by | b.

Proof » Suppose P = (z,y) € £. We know that z,y can be expressed in the

form
m n

xrT = — y:—
e?’ e3’

where e,m,n € Z and ged(m, e) = ged(n,e) = 1.
From the equation of the curve,

n? = m(m? + ae’*m + be?).

Let
by = ged(m, m* + ae*m + be?)

Then

by, = ged(m, bet)
= ged(m, b),

since ged(m, e) = 1. In particular, by | b. Let
b= b1by, m = bymy,
where we choose the sign of b, so that m; > 0. Then

n? = bimy (bym7 + ae*my + boe?).
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Hence b? | n?, and so by | n, say
n =>bn,.
Thus
n? = my(bym?] + ae*my + boe?).

The two factors on the right are co-prime, since we took out their common
factor. Hence
_ 772 2 2 412
my = U", bym] 4+ ae"my + bee™ = V=,

For future reference we note that this implies
hU* + ac®U? + bye' = V2,

with e > 0, ged(U,V) = 1.
But for our present purpose we simply need the fact that

<
Corollary 19 Fach element of imx is of the form
b, mod QXZ
where by | b.
Theorem 10.2 The group £/2& is finite.

Proof » By Proposition 10.4,

(£ :2E] < [€:imO][€ : im O]
= [ x| - [ imox.

But these two images are finite, by Proposition 10.9 and its Corollary. <
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10.8 Determining the rank of &£

We know that
E=F7,

where F' is the torsion subgroup of £, and r is its rank. It follows that
E2E =F2F & (Z/(2))".

Note that if A is an abelian group then A/2A is of exponent 2, ie 2a = 0
foralla € A/2A. Thus if A is finitely-generated, it follows from the Structure
Theorem that

d
A2A = (Z/(2))

for some d. (Alternatively, A/2A can be regarded as a vector space over the
finite field 75 = {0, 1}; and d is the dimension of this vector space.)
In our case,
[€ : 2E]
[F:2F]

It is easy to determine [F' : 2F]; so computation of the rank r reduces to
the determination of [€ : 2&]. For this we need to sharpen a little our earlier
proof that [€ : 2£] is finite.

But first let us consider the torsion subgroup F. Suppose A is a finite
abelian group. By the Structure Theorem,

2" =

A=Z/py @---SL/(p}7)
:Cl@...@cm

say, where C; = Z/(p;"). Thus
ARA=C12C, & -+ @ C,./2C,.

Proposition 10.10 Suppose A =7/(p°). Then

424 = {f/@ e

Proof » Consider the map ¢ : A — A under which
a — 2a.

Then
kerp = {a € A: 2a = 0}.
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If p #% 2 then A has no elements of order 2, by Lagrange’s Theorem.
Hence ker ¢ = 0, and so
2A=A,

ie every element a € A is of the form a = 2b for some b € A.
On the other hand, if p = 2 then Z/(2°) has just one element of order 2,
namely 2°7! mod 2¢. Thus || ker ¢|| = 2; and so

[A:2A] = 2.

Corollary If
A=Z/(p!")®--- S Z/(py)

then
[A:24] = 2%,

where d s the number of factors with p; = 2.

Corollary If A is a finite abelian group with
[A:2A] =27,

then the number of elements of order 2 in A is 2° — 1.

Proof » As we saw above, the factor Z/(p®) contains just one element of
order 2 if p = 2 and none otherwise. But the element

a:al@...@ar

is of order 1 or 2 if and only if that is true of each a;. Thus the number of
such elements is 2¢ by Corollary 1; and the result follows on subtracting the
one element of order 1. <«

We apply this result to our elliptic curve £. We know that £ has at least
one point of order 2, namely 7" = (0,0). We know too that if it has more
than one point of order 2 then it must have just three.

Proposition 10.11 Suppose F' is the torsion subgroup of
EQ) :y* =2°+ az® + ba.

Then

wwzFb:{4 fbeq’
2 ifh¢ QP
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Proof » P € & is of order 2 if P = (a,0), where « is a root of
2+ ax® + br = 0.
One root is a = 0; the other two are the roots of the quadratic
2 +axr+b=0.
This has rational roots if and only if
a’>—4b=b e Q.

Thus € has 3 or 1 points of order 2, and so [F : 2F] = 4 or 2, according as b
is or is not a perfect square. <
We proved that [€ : 2€] is finite by showing that

[£:28] =[€: OOE]
=[£:6£][6€ : 6(6¢)]
< [€:6£&€:6&.

But now we need a slightly more precise result in place of Proposition 10.3.

Proposition 10.12 Suppose ¢ : A — B is a homomorphism of abelian
groups, and S C A is a subgroup of finite index. Then

[A:S] =[pA: ¢S]|[ker ¢ : kerp N S].

Proof » With the same notation as in the earlier proof,
ker pg = S + ker ¢.
For

psa =0 = ¢a = ¢s
—a=s+k,

where k € ker ¢; while conversely ¢(s + k) = ¢s € ¢S. Thus
[A:S] =[pA: ¢S]kerop + S : S5].
But by the Second Isomorphism Theorem, if S, T C A then
(S+T)/S=T/(SNT).

In particular,

ker¢ + S : S| = [ker ¢ : ker o N S].
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Corollary 20 We have

(€ :im O][€ : im O]
[ker © N im O]

£ 28] =

Proof » This follows on applying the Proposition with A=E B=E¢, ¢ =
0, S=imBO. < )
The subgroups ker © and ker © are (almost) trivial.

Proposition 10.13 We have
ker® = {0, T}, ker® ={0,T},
where T = (0,0) € £, T = (0,0) € &.

Proof » This follows at once from the definitions of ©, O, since O(z,y) is
finite (ie Z # 0) if # # 0; and O(Z, y) is finite if T # 0. <

Proposition 10.14 We have

28] = (€ :im O][€ : im O]

where
{2 ifbe Q2
d= _
1 ifh¢Q?

Proof » After Proposition 10.13 we simply have to determine whether or not
T €im®.

Suppose T' = O(P), where P = (z,y). Then y = 0 from the definition of
©. On the other hand P # T, since ©(T') = O, by definition.

In other words, ©(P) = T if and only if P € £ is a point of order 2 other
than 7. But, as we saw in the proof of Proposition 10.11, there are two such
points if b € Q?, and no such points otherwise.

Thus B

- 2
| ker ® Nim O] = {2 ifhe
1 if b ¢ Q%

and the result follows. <«
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Theorem 10.3 If the rank of the elliptic curve

E(Q):y* =2°+az® + bx

is T then . o
or — llimx]| - || im x|
1 .
Proof » If
E=FaZ
then as we saw
or _ (€ : 28]
~[F:2F]

The result now follows at once from Propositions 10.14 and 10.11.

10.9 An example
Consider the elliptic curve
EQ) =2+

The associated curve is

Thus

If the rank of € is r then

[ i x| - [ im x|

|
2" =
4

by Theorem 10.3. We have to determine || im x|, || im x]|.
Let us consider

X : € — QX /Q*

first. We know that the elements of im y are of the form
b, mod Q*,
where b; | b. In this case b =1, and so

bl = +1.
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Certainly 1 = x(O) € im x. We have to determine if —1 € im .
We saw in the proof of Proposition 10.9 that if this is so then we can find
e, U,V with e > 1,gcd(U, V') = 1 satisfying

bU* + boe' = V2,
ie
_U4 o 64 — V2
which is clearly impossible. Hence —1 ¢ im x, and so

imy = {1}.

Turning to Y, we have b = —4, and so by = +1,42. (We can omit
by = 44, since we are working modulo squares.) We know that 1 € im y.
Also
X(T)=b=—-4=-1,

where T' = (0,0). Thus —1 € im Y.

It remains to determine if by = £2 € imy. (Note that if one is in the
image then so is the other, since imy is a subgroup containing —1.) For
b1 = 2,by = —2, we have to solve the equation

U4 — 2¢* = V2,

This has the trivial solution (e,U, V) = (1,1,0) (corresponding to the point
P =(2,0) €é).

We conclude that

imy = {£1,+2}.

(Note that once we knew that im xy = {1}, it followed from Theorem 10.3
that || im x|l > 4; so in fact it was clear that im y = {1, +£2}.)

Hence

1-4
or == %,
4

ie £ is of rank 0, that is, £(Q) is finite.

Now we can find £ = F' easily, by the Nagell-Lutz Theorem. We have

D= —4.
Hence y = 0,41, 2. But the equations
P 4+r—-1=0, 234+zx-4

have no solutions. Hence the only rational points on £ are the 3 points of
order 2,

£=40,(0,0),(2,0),(—-2,0)}.
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10.10 Another example

If b is not a perfect square, then 1 = ©(0), b = O(T') are distinct elements
of im y. Similarly, if b is not a perfect square, then 1, b are distinct elements

of im y.
Thus if neither b nor b is a perfect square then these elements alone
contribute 4 to |[im x| - || im x/||; so by Theorem 10.3 any further element in

either of these images ensures that the rank is > 1.
Consider the elliptic curve

Q) :y* = 2* + 3.
The associated curve is
E(Q): y* =7° —127.

Thus
b=3, b= —12.

We know that 3 = x(7") € im x. On the other hand —1, —3 ¢ im ¥, since
b1U* + bae < 0

in these cases. Thus
im y = {1, 3}.

Similarly —3 = —12 € im y. We have to determine which other factors
by of 12 are in im y — remembering that since this is a 2-group it contains
either 2, 4 or 8 elements. The candidates are: —1,+2, 3, +6.

If —1 € im ) then the equation

—U*4+12e* = V2

has a solution with e > 1, ged(U,V) = 1. U must be odd, since otherwise
U,V are both even. But then

—U* =1 mod 4,

and so
—U*+12¢* = —1 mod 4.

Since —1 is not a square mod 4, the equation has no solution, and —1 ¢ im y.
Thus || im || = 2 or 4.
The equation for by = —2, by = 6 is

—2U* + 6¢e* = V2,
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which has the obvious solution (e,U,V) = (1,1,2). Thus —2 € imy. It
follows that
imy = {1, -2, 3,6}

In particular ||im x|| = 4, and so
rank(&) = 1.

We can determine the torsion subgroup F' C £ by the Nagell-Lutz theo-
rem, in the usual way. The discriminant of 2% 4 3z is —4 - 32 = —36 Thus if
P = (z,y) € € is of finite order, then z,y € Z and y = 0 or y* | 36. Hence

y=0,+1,42 43 6.

Also
y? =1°+ 3z =x(2° +3) = 1 > 0.

It is readily verified that the only possible points of finite order are: O, (0,0), (1,+2), (3,+6).
We can use the ‘factors of double’ to simplify computation of 2P. (Al-

ternatively, we could find where the tangent at P meets the curve again, in
the usual way.) Let S = (1,2). Then

@@j:(%fﬂ}3a)=%&—®,

and so

. _ 1 16 1 42412 17
QSZ(XXS%:@@h_QZZ(Z'ﬂ?‘g'_iﬁ—“4>=:(1—5)-

Since 25 has non-integral coordinates, it is of infinite order; and so therefore

is S.

Since

it follows that
(3,6)+ S € ker® = {0, T}
and so

(3,6) =T — S.
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Thus
F={0,T}.

It is an interesting — if long-winded — exercise to show that 7" and §
together generate &:

EQ)=(T)&(S)=2/(2) ® L.
In other words, each point P € &£ is uniquely expressible in the form
P=nSor P=T+nS.

Note that the subgroup Z is not unique; if T, S generate £ then so do
T.T+S.

To show that £ = (T, S) we would apply the Method of Infinite Descent;
where now each step P +— 2P could be divided into two steps: P +— P =
OPc & and P— OP =2P € €.

We leave this as an exercise to the reader, merely observing that even
when the rank is known it can be a difficult problem to find free generators,
ie to find a Z-basis for £/F.
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10.11 Computing the rank — I1
Recall that we associate to the elliptic curve
E:y =a>+ar? + bz
a second elliptic curve
&y =23 4 apx? + by,

where
a1 = —2a, by = a® — 4b.

The map £ — £ : P — 2P factorises into two homomorphisms
0:&E—=6,P:& =€,

defined by

2> +axr+b 2> —b 22 +aixy +by 22— b
@x,yZ( : y)ﬁbw,y :(1 , = y>,
(z,9) x x2 (z1,91) 4, 8z2 7!

except that in each case the point (0,0) of order 2 maps to 0. (Thus each
homomorphism has kernel {0, (0, 0)}, since every affine point apart from (0, 0)
maps to an affine point.)

It follows (by a little elementary group theory) that

[€:28]=[€:im®] [im P : im PO
_[€:im @] [ 1 im O]

[ker & : ker ® Nim O]

Our basic Lemma (corresponding to Mordell’s Lemma in the earlier ap-
proach) states that Py = (z1,y1) € &; lies in im © if and only if ; is a perfect
square; and similarly P = (z,y) € £ lies in im @ if and only if = is a perfect
square.

Thus if we introduce the auxiliary homomorphisms

X:€—QYQ, xi:& —QF/Q¥

defined by
X(#y) =7 (x#0), x(0,0)=b
X1<xlay1) :x_l(xl #0)7 Xl(0,0) :b1~
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then
imO = kery;, im® = kery.

It follows that

g 2g) = limxd imxal

where
1 if by is a perfect square,
e =
2 otherwise.

Since r = rank £ is given by
2t = [£: 28],

where d = 1 or 2 according as 23+ az? + bx has 1 rational root or 3, the rank
is completely determined once we know || im /|| and || im x1|].

Recall that if
P=(z,y) €& :y* =2 +ax® +bx +c
where a, b, c € Z then x,y take the forms

_m JR—
$—t—2,y—t—37

with ged(m,t) = 1 = ged (M, t).
As in the earlier method, we represent each rational z € Q*/Q*? by its
square-free part d. Thus if
m = du®

where d is square-free then we may take d as the representative of = &

QX/QX2_
Proposition 10.15 Suppose
EQ):y*=2"+az® +bx

is an elliptic curve with a,b € Z. If d € imx (where d is square-free) then
d | b. Moreover, if b= dd' then d € im x if and only if there exist u,v,t with
ged(u,t) =1 = ged(v,t) such that

du® + au’t® + d't* = 2.

Conversely, any solution u,v,t of this equation with ged(u,t) = 1 arises in
this way from a point on E.
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Proof » Suppose
du®> M

M? _ du? (d2u4 du? )

Then

e\ e T
Thus

M? = du*(d*u® + adu®t?® + bt*)
= d®u?(du* + au®t® + d't*).

. It follows that du* + au?t? + d't* is a perfect square, say
du® + au?t® + d't* =%
Conversely, if u, v satisfy this equation then
2
po (B Y
Finally, ged(v,t) = 1, since
plu,t=p*|du® = p|u,

contradicting ged(u,t) =1. <

10.12 Example

Consider the elliptic curve
y? =%+ 1.
over the rationals. There is one point of order 2 on the curve, namely D =
(—1,0).
(The point P = (2,3) is also on the curve. Since

dy 32
dr 2y
12
= — = 2
6

at this point, the tangent at P cuts £ again at (X,Y"), where

242+ X =22
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1e
X =0.

It follows that 2P = —D = D, so that P is of order 4.)
The transformation @’ = x + 1, ie x = 2’ — 1 (taking the point of order 2
to (0,0)) brings the curve to our preferred form

E: a3 =322+ 3x

Thus
a= -3, b=3,

and so
ay = 6, bl = —3,

ie the associated curve is
& :y2:x3+6x2—3$.
Since there is just one point of order 2 on £, and b; is not a perfect square,

orrt _ I} [l m ]
2 Y

We start by computing || im x||. Since d | 3,
imy C {1, £3}.

Since (0,0) +— 3,
imy = {1,3} or {£1, +3}.

Suppose d = —1. Then d' = —3, and we are looking for solutions of
—ut — 3u?t? — 3t =7

Since the left-hand side is negative while the right-hand side is positive, there
is no such solution. Hence

imy = {1, 3}.

Turning to im i, we again have d | 3, and so
imy; C {£1,+3}.
But now (0,0) — —3. Thus

imy = {1, -3} or {£1,£3}.
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Again, consider d = —1. Now d’ = 3, and we are looking for solutions of
—ut + 6Pt + 3tt = 02
This implies that
—u* = v? mod 3.

and therefore
3| u,v

since the quadratic residues mod3 are {0,1}. But then
3% |t u*t? v? = 3% | 3t
= 3|t

contradicting the condition ged(u,t) = 1.
We conclude that

imy; = {1, —3}.
Hence
or+1l _ 2
1e
rank& =r = 0.

10.13 Another example
Let us re-visit the curve
=2 -2,

which we already saw has rank 0 (in the last chapter).
The associated curve is

E iyt =2 4 4x,
Since b; = 4 is a perfect square, while the original equation has three

points of order 2,
27‘+2

= [ x| imox .
If d € imy then d | b = —1. Thus
imy C {£1}.
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In fact, since (0,0) — —1,
imy = {£1}.

Turning to im yy, since d | 4 = d | 2 (as d is square-free),
im; C {£1,+2}.
We observe that (2,4) € £&. Thus 2 € im y1, and so
imy; = {1,2} or {£1, +2}.
Suppose d = —1. Then d' = —4, and we are looking for solutions of
—ut — 4t =02,

which is impossible, since the left-hand side is negative, while the right-hand
side positive. Thus

im x; = {1,2}.
We conclude that
2 =22,
whence
rank & =r = 0.

10.14 A third example

Finally, let us look again at the curve
EQ):y* =x(x —2)(x +4) = 2° + 22° — 8,

which we already saw (in the last Chapter) has rank 1, with the point P =
(—1, 3) having infinite order.
Since
a1 = —2a = —4, by = a®* — 4b = 36,

the associated curve is
& y? =23 — 42® + 362

Since b; = 36 is a perfect square,

2742 — |l im x| || im il
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If d € im x then d | —8. Thus
imy C {1, £2}.
Since (2,0) +— 2, while (—4,0) — —1, we deduce that
imy = {£1, +2}.
Turning to im i, we have d | 36. Thus
imy, C {£1,£2, £3, +6}.

The point (0,0) +— 1 (since 36 = 1 modulo squares), which is not much help.
Consider d = —1. In this case d = —36, and we have to solve the equation

—ut — 4u?t? — 36t = 2.

Since the left-hand side is < 0, we conclude that —1 ¢ im x.
In fact, any d < 0 will lead to a contradiction in the same way. We
conclude that

imy; C {1,2,3,6}.
Suppose d = 3. Then d’ = 12, and the equation reads

ut — 4u?t? 4 12t = 0.

But this implies that
—u?t? = v? mod 3.

Thus 3 | v and 3 | u or t. But
3|u,v=3"|12t* =3 |t
while
3| vt = 3%|3u' = 3|,

and in either case ged(u,t) > 1, contrary to assumption.
We conclude that 3 ¢ im y;; and therefore

rt? < gr < 1.

However, we recall that the point (—1,3) € £ is of infinite order, and so

rank & = 1.
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Chapter 11

The modular group

Recall that

SL(Q,R):{(CCL Z) ca,b,e,d €R, ad —

By analogy we set

SL(Q,Z):{((CL Z) ca,b,e,d €7, ad —

Proposition 11.1 The centre of SL(2, R) is {+1}.

Proof » Suppose

Let

Then

while

Thus

X = (CCL Z) € Z(SL(2,Z)).

s=(19) 7= 1)

B a+c b+d\ (a a+b
TX-XT:( d)_<c c+d

b=c=0= X ==%I.
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Definition 11.1 The modular group I is the quotient-group
I'=SL(2,R)/{£I}.

Thus each element g € I' corresponds to two matrices £X. We write
g =X, or even g = X, if that causes no confusion.
The modular group I' acts on the upper complex plane

H={2€C:3(2) >0}

by
_az—i—b

ez +4d

X:(gg.

This action is faithful, ie g € I' acts trivially only if g = e. This allows us
to identify g € I' with the corresponding transformation of H.

gz

if g = X, where

Definition 11.2 We define s,t,u € I' as the elements corresponding to the

matrices
0 -1 11 1 -1
S—(lo),T—Q]J,U_ST_Q)l).
Proposition 11.2 I' is generated by s,t:

['=(s,1).

Proof » 1t is sufficient to show that SL(2,Z) is generated by S, T.

Suppose
a b
X_(CJ.

Our strategy is to act on X with S and T on either side so as to minimize
|b] + |¢|. We implement this through the following steps.

SXS = ( ¢ _b) :
—c a
If at any stage |c| > [b| then we can replace X by SXS~!; Thus we
may assume that

Step A Observe that

e < [b].
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Step B We have

7T (a b+m)‘
c d+rc

We can choose r so that
b+ ra| < lal/2.
Thus we may assume that

[b] < al/2.

Step C We have

Y (a+rc b—i—rd)'
c d

We can choose r so that
b+ rd| < |d|/2.
Thus we may assume that

o] < ldl/2.

Note that in each of these steps, |b| 4 || is either reduced or at worst left
unchanged. We may suppose therefore that we reach a stage where none of
the steps leads to any “improvement”, ie our matrix entries satisfy

| < [bl, |b] <al/2, |b] <d|/2.
Hence
lbe| < |ad| /4.
But

ad —bc=1=|ad| — 1 < |bc]|
= |ad| — 1 < |ad|/4
= |ad| < 4/3
= |ad| =1
= |bc|] < 1/4
= |bc| =0
= b=c=0.

Thus our final matrix is +/.
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Accordingly, we have found ‘wordw’ Wy, W, in S, T, T~ such that
W1XW2 == :l:[

It follows that
X =+Wtwyt
Since —I = S2%, we have expressed X as a word in S,7,7~'. Thus S,T
generate SL(2,Z); and so s,t generate I. <«
Corollary 21 T is generated by s, u:
['=(s,1).

Theorem 11.1 T is freely-generated by the subgroups Co = (s), C3 = (u),
e each g € I' is uniquely expressible in the form

in—1 7
Ssu,"

N 7 IR S R
g=u"su u, " sur,

where
0 <ip,iy, <2, 1< 14,%, <2 (0<j<n).

Proof » After the last Corollary, it only remains to prove uniqueness.
Let I't C T correspond to the matrices with non-negative entries:

F*z{X:X:(Z Z):ad—bc:l, a,b,c,d > 0.}
Evidently
g helm = ghecl™.
Now
0 —1\ /0 -1 0 -1
=1 9)0 )= 7
<

11.1 Congruence subgroups
If X,Y € Mat(n,Z) we write
X =Y (modm)

as a shorthand for
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for all ¢, j.
It is easy to see that

Xi=Y; (modm),Xo =Y, (mod m) = X;+X; =Y1+Y, (mod m), X;Xs =YY, (mod
In other words, the map
©(n) : Mat(n,Z) — Mat(n,Z/(n))

under which
X — X modn

is a ring-homomorphism.

Definition 11.3 For each n € N(n # 0) we define the subgroup I'(n) C T

by
I'(n)={X:X =1modn}.

In other words, I'(n) consists of the transformations

az+b
cz+d

Z =

with
a=d=1 (modn), b=c=0 (modn).

Proposition 11.3 I'(n) = ker ©,,.

Theorem 11.2 I'(n) is a normal subgroup of I', of finite index

r:T(n)]=]]0"-p).

pln

Proof »
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Appendix A

The Structure of
Finitely-Generated Abelian
Groups

A.1 Finitely-generated abelian groups

Definition A.1 The abelian group A is said to be generated by the subset
S C A if each element a € A is expressible in the form

a=mni81+ -+ +n.s, (n; € Z,s; €5).

A is said to be finitely-generated if it is generated by a finite set {ay,...,a,} C
A. We write A= (ay,...,a,) in this case.

Proposition A.1 If
0-A—-B—-C—=0

is an exact sequence of abelian groups then B is finitely-generated if and only
if A and C are both finitely-generated.

Proof » Suppose B is generated by {by,...,b.}. Then the quotient-group C
is generated by the images {b;,...,b,}.

To see that any subgroup A C B is also finitely-generated, we argue
by induction on r, the number of generators. The quotient-group B/{(b;) is
generated by r — 1 elements. Hence by induction

AJAN (b)) C B/{(by)

is finitely-generated, by {a,...,as} say. But a subgroup of a cyclic group is
cyclic; and so

A N <b1> = <a>7
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say. Thus
A= (a,aq,...,as).

Conversely, suppose A is generated by {ai,...,a,}. and C is generated
by {b1,...,bs}, where by,...,bs € B. Then it is readily verified that B is
generated by {ai,...,a,,b1,...,bs}. <

A.2 Torsion groups

Recall that an abelian group is said to be a torsion group if every element is
of finite order; conversely, it is said to be torsion-free if 0 is the only element
of finite order. Evidently a finite abelian group is a torsion group; while a
torsion-free group is necessarily infinite.

Proposition A.2 The elements of finite order in an abelian group A form
a subgroup

F={a€ A:na=0 for somen € N, n # 0}.
Proof » To see that F is a subgroup, note that
a,be F=ma=0,nb=0= mn(a+b) =0=a+becF.
«

Definition A.2 We call F' the torsion subgroup of A. The elements of F,
ie the elements of finite order in A, are called torsion elements of A.

Proposition A.3 The torsion group F of a finitely-generated abelian group
A is finite.

Proof » This follows at once from Propositions ?? and the following
Lemma 21 A finitely-generated torsion group is necessarily finite.

Proof of Lemma > Suppose A is generated by {ay,...,a,}, and suppose q; is

of order d; for 1 <i < r. Then each element a € A is expressible in the form

a=mnyay + -+ n.a,

where
0<n; <d;.
Thus
JAl < dy -+ d.
4 -
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Proposition A.4 The quotient-group A/F is torsion-free.

Proof » Suppose na = 0, where a € A. Then na € F. Hence mna = 0 for
some m. Thus a is of finite order, ie a € F. In other words, a = 0. <

The last 2 Propositions allow us to divide our task — the study of finitely-
generated abelian groups — into 2 parts: finite abelian groups, and finitely-
generated torsion-free abelian groups. These are the subjects of the next 2
sections.

A.3 Finite Abelian Groups

Proposition A.5 Suppose A is an abelian group. For each prime p, the
elements of order p™ in A for somen € N form a subgroup

A,={aec A:p"a=0 for somen € N}.

Proof » Suppose a,b € A,. Then

for some m,n. Hence
P a+b) =0,

andsoa+be A, <
Definition A.3 We call A, the p-component of A.

Proposition A.6 Suppose A is an abelian group. Then the torsion subgroup
F' s the direct sum of the A,:

F=6,A,.
Proof » Suppose a € F', say na = 0. Let

— €l er.
n=py-p

and set
m; =n/e.

Then ged(my, ..., m,) =1, and so we can find ny, ..., n, such that

ming +---+m,n, = 1.
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Thus
a=ap+---+a,

where
a; = m;n;a.

But
pfiai = (pflml)nla =nn;a =0

(since na = 0). Hence
a; € Api'

Thus A is the sum of the subgroups A,.
To see that this sum is direct, suppose

ar+---+a =0,

where a; € A,,, with distinct primes p,...,p,. Suppose

pita; = 0.
Let
m; = pil . p?_*llpze_:rll .. .pi’".
Then

Thus (multiplying the given relation by m;),
m;a; = 0.
But ged(m;, p;') = 1. Hence we can find m, n such that

mm; + np;

But then
a; = m(m;a;) + n(p;‘a;) = 0.

We conclude that A is the direct sum of its p-components A4,. <«

Proposition A.7 If A is a finitely-generated abelian group then A, =0 for
almost all p, ie for all but a finite number of p.

Proof » The torsion subgroup F' C A is finite, by Proposition reffinite. Thus

the orders of all the elements of F' have only a finite number of prime factors.
If p is not among these primes then evidently A, =0. <«
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Theorem A.1 Suppose A is a finite abelian p-group (ie each element is of
order p¢ for some e). Then A can be expressed as a direct sum of cyclic

D-groups:
A=Z/p") D - SZ/(p™).

Moreover the powers p°', ..., p are uniquely determined by A.

Proof » We argue by induction on ||A|| = p™. We may assume therefore that
the result holds for the subgroup

pA={pa:ac A}.
For pA is stricty smaller than A, since
pA=A=p"A=A,

while we know from Lagrange’s Theorem that p™A = 0.
Suppose

pA = (pa1) ©--- © (pa,).

Then the sum
(a1) + -+ (a,) = B,

say, is direct. For suppose
niay + -+ +n.a, = 0.
If p|ni,...,n., say n; = pm;, then we can write the relation in the form
my(par) + -+ - +my(pa,) =0,

whence m;pa; = n;a; = 0 for all 7.
On the other hand, if p does not divide all the n; then

ni(pay) + -+ -+ n.(pa,) =0,

and so pn;a; = 0 for all . But if p J'n; this implies that pa; = 0. (For the
order of a; is a power of p, say p®; while p® | n;p implies that e < 1.) But
this contradicts our choice of pa; as a generator of a direct summand of pA.
Thus the subgroup B C A is expressed as a direct sum

B={(a)® - ®(a).

Let
K ={a € A:pa=0}.
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Then
A=B+ K.

For suppose a € A. Then pa € pA, and so

pa = ny(pay) + -+ + n,(pa,)

for some nq,...,n, € Z. Thus

p(a —niay — - nrar) - 07
and so

a—na — - —npa, =k e K.
Hence

a=(ma +---+na)+keB+ K.
If B = A then all is done. If not, then K ¢ B, and so we can find
ki € K, k; ¢ B. Now the sum
By = B+ (k)

is direct. For (k;) is a cyclic group of order p, and so has no proper subgroups.
Thus
B (ki) =A{0},

and so
By = B® (k)

If now B; = A we are done. If not we can repeat the construction, by
choosing ky € K, ky ¢ B;. As before, this gives us a direct sum

By = By ® (k2) = B® (k1) © (ko).

Continuing in this way, the construction must end after a finite number
of steps (since A is finite):

A=B;, = B®(k)®--- & (k)
= (@) @& (a) & (k1) - & (ks).
It remains to show that the powers p®, ..., p° are uniquely determined
by A. This follows easily by induction. For if A has the form given in the

theorem then
PA=Z/(p" )& DL/ (p™ ).
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Thus if e > 1 then Z/(p®) occurs as often in A as Z/(p°~!) does in pA. Tt
only remains to deal with the factors Z/(p). But the number of these is now
determined by the order || A|| of the group. <«

Remark: Tt is important to note that if we think of A as a direct sum of cyclic
subgroups, then the orders of these subgroups are uniquely determined, by
the theorem; but the actual subgroups themselves are not in general uniquely
determined. In fact the only case in which they are uniquely determined (for
a finite p-group A) is if A is itself cyclic,

A=17/(p°),

in which case of course there is just one summand.
To see this, it is sufficient to consider the case of 2 summands:

A=Z/(p°) & Z/(p).

We may suppose that e > f. Let ay, as be the generators of the 2 summands.
Then it is easy to see that we could equally well take a} = a; + as in place
of ay:

A= (a1 + az) ® (a).

For certainly these elements a; + a9, as generate the group; and the sum must
be direct, since otherwise there would not be enough terms mqa) + mqas to
give all the p*/ elements in A.

A.4 Torsion-free Abelian Groups

Definition A.4 To each abelian group A we associate the vector space V =
V(A) over Q given by
V=A4A®;Q.

Remarks:

1. Concretely, we construct V from A as follows. Each element v € V' is
of the form
v=MXA (A€Q,acA).

Two elements
v = Aa, w = ub.

are equal if we can find m,n, N such that

,\:%,M:%7 ma = nb.
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In other words, a linear relation
)\11)1—|—"'—|—>\7»Ur:0

holds in V' if when multiplied by some integer N with NA{,..., N\, € Z
it yields a relation that holds in A.

. We can put this in a more general setting. Recall that a module M
over a ring R (not necessarily commutative, but with identity element
1) is defined by giving an abelian group A on which R acts so that

(a) Alpm) = (A)m;

(b) (A4 p)m = Am + um;

() A(m+n)=AIm+ An;

(d) 1m =m.

There are 2 special cases of importance. Firstly, a module over a field
k is just a vector space over k. Thus the concept of a module may be

seen as a natural generalisation of that of a vector space, in which the
scalars are allowed to form a ring.

Secondly, a module over the integers 7Z is just an abelian group.

Suppose
¢o:R— S

is a ring-homomorphism. Then each R-module M gives rise to an S-
module N, where
N=S®rM

Concretely, each element n € N is expressible as a sum
n=smg+---+ SMmy,

with addition and scalar multiplication being defined in the natural
way. We have a natural map

M—-N:m—1-m.

Our case arises in this way from the natural injection
1:7— Q.

It is a special case in so far as each element of V' is expressible as a single
element Aa rather than a sum of such elements. As we just observed,
we have a natural group homomorphism

A—-V:a—1-a.
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3. In the language of categories and functors, we have a covariant functor
F:A-=Y

from the category A of abelian groups to the category V of vector
spaces over Q.

Definition A.5 The rank r(A) of the abelian group A is defined to be the
dimension of V:
r(A) = dimg V.

Proposition A.8 A finitely-generated abelian group has finite rank.

Proof » If A={ay,...,a,) then1-ay,...,1-a, span V, and so
r(A) <n.

<
Proposition A.9 Suppose A is an abelian group. Then the map
A—-V:a—1l-a

is @ homomorphism of abelian groups, with kernel F'.

Proof » Suppose a +— 0, ie 1-a = 0 in V. By definition this means that
Na =0 for some N € N (N #0). In other words, a € F. <

Corollary 1 An abelian group A is of rank 0 if and only if it is a torsion
group.

Corollary 2 A torsion-free abelian group A can be embedded in a vector
space V' over Q:
AcCV.

Theorem A.2 A finitely-generated torsion-free abelian group A is necessar-
ily free, ie A is expressible as a direct sum of copies of the integers Z:

A=rZ=72&---DZL.
Proof » We have seen that A C V', where V is a finite-dimensional vector
space over Q. Suppose aq,...,a, generate A. Then these elements span V.

Hence we can choose a basis for V' from among them. After re-ordering we
may suppose the aq,...,a, form a basis for V.
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We derive a Z-basis by,...,b. for A as follows. Choose b; to be the
smallest positive multiple of a; in A:

by = May € A.

(It is easy to see that A\; = 1/my for some m € N.)
Now choose by to be an element of A in the vector subspace (aj, as) with
smallest positive second coefficient

by = Hiay + Aoy € A.

(Again, it is easy to see that Ay = 1/my for some m € N.)
Continuing in this way, choose b; to be an element of A in the vector
subspace (ay, . ..,a;) with smallest positive ith coefficient

by = piay + -+ pi—1ai-1 + Na; € A

(Once again, it is easy to see that \; = 1/m; for some m € N.)
Finally, we choose b, to be an element of A with smallest positive last
coefficient

by = pra + -+ + pr_10;-1 + Aea; € A.
We assert that by, ..., b, forms a Z-basis for A. For suppose a € A. Let

a = pr1a1 + -+ PrrQr,

where py,...,p, € Q. The last coefficient p,, must be an integral multiple
of A\,
Pror = nr>\r-

For otherwise we could find a combination ma + nb, with last coeflicient
positive but smaller than A,.
But now
a—mn.b. € {ay,...,a_1),

say
a—nyby = pro1101+ 0+ Pro1p-1001

By the same argument, the last coefficient p,_;,_; is an integral multiple of
Ar—1-

Pr—1r—1 = nrfl)\rfla

and so
a—n.b, —n._1b,_1 € {ay,...,a,_2).
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Continuing in this fashion, we find finally that
a = nyb, +np_1b,_1 + n1by,
with n,,...,ny € Z. Thus by, ..., b, forms a Z-basis for A, and
A=7bF - B ZLb. =1L

<

Remark: We can think of the summands Z as subgroups of A. But it should
be noted that these subgroups are not unique, unless A = Z. For there
are many ways of splitting Z @ Z into 2 direct summands. In fact, if the
generators of these summands are e, f,

A=ZedZf,
then we can take as generators any pair
nie + niaf, nore + noof,

(where nq1, n12, o1, noe € Z) provided

det ( T ) — 41,

No1 MNag

that is, the matrix must be unimodular.

The corresponding result holds for rZ: any unimodular transformation
will give us a new expression for the group as a direct sum of subgroups
isomorphic to Z.

Theorem A.3 FEvery finitely-generated abelian group A is the direct sum of
its torsion group F' and a torsion-free group P:

A=FaP

Proof » Let I be the torsion subgroup of A.

Lemma 22 The quotient-group
Q=A/F

is torsion-free.
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Proof of Lemma > For suppose a € () (where a € A) has finite order, say

na = 0, for some n > 0. In other words, na € F. But then m(na) = 0 for
some m > 0. Thus a is of finite order, ie a € F,and soa=0. <«
It follows from Proposition ?? that () is a direct sum of copies of Z:

Q=7& - &L

Choose elements aq, . . ., a, in A mapping onto the elements (1,0, ...,0),...,(0,0,...

in Q; and let
P={ay,...,a,).

We shall show that A = F & P.
Recall that the abelian group A is the direct sum of the subgroups B and
C,
A=BaoC,

if and only if
1. BnC ={0};

2. A= B+ C, ie each element a € A is expressible in the form a = b+ ¢,
with b € B,c e C.

We apply this with B = F, C' = P. Firstly, F N P = {0}. For suppose
a € FNP. Since a € P,

a=mna;+ - +n.a

for some nq,...,n, € Z. Since a € F', we have na = 0 for some n > 0. Thus
nnia, + - - - + nn,a, = 0.

It follows — going over to the quotient group ) — that
nniey + - - - + nn,e,. = 0.

But that implies that nny = --- = nn, = 0, since eq, ..., e, form a Z-basis

for Q. Thusny =---=n, =0, and so a =0, ie F N P = {0}.

Secondly, suppose a € A. Then a € () can be expressed in the form

a=mie; + -+ mpe,,

for some my,...,m, € Z. But then

a—miay —---—mpa, = f € F.
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Thus
a=f+ma+---+mpa, € F+ P.

It follows that
A=FoP

<

Corollary Fvery finitely-generated abelian group A is the direct sum of a
finite group F and a number of copies of Z:

A=F®Z&- - BZ.
Remark: While F is unique — it is the torsion subgroup of A — the sub-
groups corresponding to the copies of Z not in general unique.
In fact the only cases in which the subgroups are unique is if either the

group is finite (so that A = F) or else A = Z (so that F' = 0 and there is
just one copy of Z). For we can split

A=FaZ
in many ways if F' # {0}. In fact if e is a generator of Z,
A=F & (e),
then we can replace e by e 4+ f, where f is any element of F
A=Fa& e+ f),

For e+ f has infinite order, and so every non-zero element of (e + f) also has
infinite order. Hence
Fn(e+ f)={0},

and so the sum is direct.

A.5 The Structure Theorem

Putting together the results of the last 3 sections, we derive the Structure
Theorem for Finitely-Generated Abelian Groups.

Theorem A.4 FEvery finitely-generated abelian group A is expressible as a
direct sum of cyclic groups (including 7.):

A=Z/p")®--BL/(p*)BLS - DL

Moreover the prime-powers pi*,...,pS% and the number of copies of Z are
uniquely determined by A.
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Remark: If we think of the Theorem as expressing A as a direct sum of cyclic
subgroups, then in general these subgroups will not be unique, although their
orders (p® or oo) will be.

The only case in which the expression will be unique is if A is cyclic. For
if that is so then either A = Z or else A is a finite cyclic group Z/(n). In
this last case each p-component A, is also cyclic, since every subgroup of a
cyclic abelian group is cyclic. Thus the expression for A as a direct sum in
the Theorem is just the splitting of A into its p-components A,; and we know
that this is unique.

Conversely, if A is not cyclic, then either

1. A has at least 2 Z summands; or
2. A has a component Z and F' # {0}; or
3. some component A, is not cyclic.

In each of these cases we have seen above that the splitting is not unique.
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Appendix B

Fermat’s Last Theorem when
n=4

B.1 The Case n =2

The equation

2?4yt = 22
certainly has solutions, eg (3,4,5) and (5,12,13). This does not contradict
Fermat’s Last Theorem, of course, since that only asserts there is no solution
if n > 2.

Pythagoras already knew that this equation (with n = 2) had an infin-
ity of solutions; and Diophantus later found all the solutions, following the
technique below.

In the first place, we may assume that

ged(z,y,2) = 1.

We may also assume that z,y,z > 0. We shall use the term Pythagorean
triple for a solution with these properties.
Note that modulo 4

5 JOmod4 if z is even,
1 mod4 if zis odd.

It follows that x and y cannot both be odd; for then we would have z? =
2 mod 4, which is impossible. Thus just one of x and y is even; and so z
must be odd. We can assume without loss of generality that x is even, say
x = 2X. Our equation can then be written

4X?P =22 =y = (z+y)(z — ).
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We know that 2 | z+y, 2| z—y, since y, z are both odd. On the other hand
no other factor can divide z + y and z — y:

ged(z+y,z —y) = 2.

For
d|lz+y, z—y=4d| 2y, 2z.

It follows that
24y=20% z—y=20% z=2uw.

Thus
(z,y,2) = (2uv,u® —v? u? + v?).

where ged(u, v) = 1. Note that just one of u, v must be odd; for if both were
odd, x,y, z would all be even.

Every Pythagorean triple arises in this way from a unique pair (u, v) with
ged(u,v) = 1, u > v > 0, and just one of u,v odd. The uniqueness follows
from the fact that

(u+v)i=z+z, (u—0v)=z—2.

For this shows that x,y, z determine u + v and v — v, and therefore u and v.

B.2 The Case n =14

The only case of his “Theorem” that Fermat actually proved, as far as we
know, was the case n = 4:
rt + y4 =24
His proof was based on a technique which he invented: the Method of Infinite
Descent. Basically, this consists in showing that from any solution of the
equation in question one can construct a second, smaller, solution.
Actually, we are going to apply this to the Diophantine equation

oyt =22
If we can show that this has no solution in non-zero integers, then the same
will be true a fortiori of Fermat’s equation with n = 4.
Suppose (x,y, z) is a solution of this equation. As before we may and
shall suppose that z,y,2 > 0 and ged(z,y.2) = 1. Evidently (22,32, 2) is
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then a Pythagorean triple, and so can be expressed in the form (swapping
x,y if necessary)

z? = 2ab, y* = a® — b?, 2 = a® + b,
where a, b are positive integers with ged(a,b) = 1. Since z is even, 4 | z?,
and therefore just one of a and b must be even.

If a were even and b were odd, then a?> — > = 3 mod 4, so the second
equation y? = a? — b? would be untenable. Thus b is even, and so from the
first equation 2% = 2ab we can write

a=u? b=20% x = 2uv,
where ged(u,v) =1, and u,v > 0.
The second equation now reads
y? = ut — 4t

Thus

4ot +y? =o',

and so (2v?,y,u?) is a Pythagorean triple. It follows that we can write
2? = 2st, y =5 —t, u? = 5%+t
where ged(s,t) = 1. From the first equation we can write
s=X% t=Y? v=XY,

where ged(X,Y) = 1, and X,Y > 0; and so on writing Z for u the third
equation reads
X'+ vt =27
which is just the equation we started from. So from any solution (z,y, z) of
the equation
o gyt = 22

with ged(z,y,2) = 1, x,y > 0 and x even, we obtain a second solution
(X,Y, Z) with ged(X,Y, Z) =1, X,Y > 0 and X even, where

r=2uv=2XYZ,

y=s"—t>=X*"-Y*

z=a’+ b =ut+ 0t =2+ XY

The new solution is evidently smaller than the first in every sense. In

particular,
Z < 21/4;

so our infinite chain must (rapidly) lead to a contradiction, and Fermat’s
Last Theorem is proved for n = 4.
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Appendix C

Fermat’s Last Theorem when
n=23

Having proved Fermat’s Last Theorem for n = 4, it only (?) remains to
prove it for odd primes 3,5,7,11,.... It is convenient in this case to take the
equation in symmetric form

2’ +yP 4+ 2P =0

(on replacing z by —z).
Our proof for p = 3 is based, like that for n = 4, on Fermat’s Method of
Infinite Descent. But now we have to mix in a little algebraic number theory.

C.1 Algebraic numbers

Definition C.1 A number a € C is said to be algebraic if it satisfies a
polynomial equation

f(x)y=2"+a2" '+ +a,=0

with rational coefficients a; € Q.

For example, v/2 and i are algebraic.

A number is said to be transcendental if it is not algebraic. Both e and
7 are transcendental. It is in general extremely difficult to prove a number
transcendental, and there are many open problems in this area, eg it is not
known if 7€ is transcendental.

Proposition C.1 The algebraic numbers form a field Q C C.
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Proof » If « satisfies the equation f(z) = 0 then —a satisfies f(—z) = 0,
while 1/« satisfies 2" f(1/x) = 0 (where n is the degree of f(z)). It follows
that —a and 1/« are both algebraic. Thus it is sufficient to show that if «, 5
are algebraic then so are a + (3, a3.

Suppose « satisfies the equation

f@)y=a"+ a2+ +a, =0,
and 3 the equation
gx) =2 +ba" "+ + b, = 0.
Consider the vector space
V=3 :0<i<m, 0<j<n)
over Q spanned by the mn elements o/3/. Evidently
a+B,a8 V.
But if € V' then the mn + 1 elements
1,0,6% ...,0m™

are necessarily linearly dependent (over Q), since dimV < mn. In other
words 6 satisfies a polynomial equation of degree < mn. Thus each element
0 € V is algebraic. In particular o + 3 and o are algebraic. <

C.2 Algebraic integers

Definition C.2 A number a« € C s said to be an algebraic integer if it
satisfies a polynomial equation

fx)=a"+a2" '+ +a,=0
with integral coefficients a; € 7.

Proposition C.2 The algebraic integers form a ring Z C Q. That is, if
a, B are algebraic integers, then so are a+ 3, a — 3 and af3.

Proof » If a is a root of the monic polynomial f(z) then —« is a root of the
monic polynomial f(—=z). It follows that if « is an algebraic integer then so
is —a. Thus it is sufficient to show that if «, 3 are algebraic integers then so
are o + (3, af3.
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Suppose « satisfies the equation
f@y=a"+a2™ " + 4 a,=0 (ay,...,an, €7Z),
and 3 the equation
g@)=a"+ba" '+ -+, =0 (by,...,b, €7Z).
Consider the abelian group (or Z-module)
M={'3:0<i<m, 0<j<n)
generated by the mn elements o’3/. Evidently
a+ B,af V.

As a finitely-generated torsion-free abelian group, M is isomorphic to
Z¢ for some d. Moreover M is noetherian, ie every increasing sequence of
subgroups of M is stationary: if

SlCSQCS?,"'CM

then for some NV,
Sy = Snt1 = SN2 ="

Suppose # € M. Consider the increasing sequence of subgroups
(1) C (1,0) C (1,0,0*) C --- .
This sequence must become stationary; that is to say, for some N
oY € (1,0,...,08 1.
In other words, 6 satisfies an equation of the form
O = a0V 4 a4

Thus every # € M is an algebraic integer. In particular o + 3 and af are
algebraic integers. <

Proposition C.3 A rational number ¢ € Q is an algebraic integer if and
only if it is a rational integer:

7ZNnQ=7.
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Proof » Suppose ¢ = m/n, where ged(m, n) = 1; and suppose c satisfies the
equation
2 fax™ o tag=0 (a; €7Z).
Then
mé+am?n4+- -+ adnd =0.
Since n divides every term after the first, it follows that n | m?. But that is
incompatible with ged(m,n) =1, unlessn =1,ie c € Z. =

Definition C.3 A number o € C is said to be a unit if both o and 1/« are
algebraic integers.

Any root of unity, ie any number satisfying " = 1 for some n, is a unit.
But these are not the only units; for example, V2 —1is a unit.
The units form a multiplicative subgroup of Q*.

C.3 The field Q(w)

Let
w = e27ri/3'

Then w? = 1; more precisely,
w +w+1=0.
Proposition C.4 The numbers of the form
a+wb (a,beQ)
form a field.

Proof » Q(w) is closed under addition, subtraction and multiplication. It
only remains to show that it is closed under division. Suppose 0 € Q(w),
0 # 0. Since Q(w) is a vector space of dimension 2 over QQ, the elements
1,0,0? are linearly dependent over Q, ie 6 satisfies an equation of degree 1
or 2 over Q.

If 6 satisfies an equation of degree 1 over Q then # € Q, and so 1/6 €

Q C Q(w).

Suppose 6 satisfies the equation
6* + b0 +c = 0.
We may suppose ¢ # 0 (or else divide the equation by #). Then
0 =—c'0—c'be Q).
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C.3.1 Automorphisms and norms
The conjugacy automorphism
z—z: C—-C
of the complex numbers induces an automorphism of Q(w), under which
W= w= w2,
and more generally

a+wbr a+wh=(a—0b)— bw.

If € = a+wb, we call £ = a+w?b the conjugate of € in Q(w). If ¢ satisfies a
polynomial equation f(x) = with coefficients in Q, then so does its conjugate
¢. (This follows on applying the automorphism to the equation f(¢) = 0.
The coefficients of f will be left untouched, since they lie in Q, while each
power &" will be replaced by £".) In particular, if € is an algebraic integer,
then so is &

The product

N(E) = €€ = ¢

is called the norm of £. Clearly the norm is multiplicative:

N(af) = N(a)N(B).

C.4 The ring Z|w]

Which numbers in Q(w) are algebraic integers? The answer is not obvious.
Certainly w is an algebraic integer, since it satisfies 23 — 1 = 0; and so
are all the numbers in the set Z[w] consisting of numbers of the form

at+wb (a,beZ)
since the algebraic integers are closed under addition and multiplication.

Proposition C.5 The algebraic integers in Q(w) are just the elements of
Z|w].

Proof » Suppose
E=a+wb (a,beQ)
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is an algebraic integer. Then so is its conjugate
£ =a+w’b=(a—0b)— wb

Hence B
E+E=2a—-0b

is an algebraic integer. Since this number is rational, it follows that

2a — b e Z.

Similarly
w =—-b+w(a—>b)

is an algebraic integer, and so by the previous argument
—2b—(a—b)=—-a—be Z.

We deduce that
3a,3b € Z;

say
where r, s € Z.
But we also know that
N(&) = &€ =a® — ab + b
is an algebraic integer, and therefore a rational integer. This means that
2

r?2 —rs+s*>=0mod9.

It is readily verified that this is only soluble if ;s = 0 mod 3, ie if a,b € Z.
<

C.5 Units in Z|w|

Proposition C.6 There are just 6 units in Z[w:

+1, +w, +w?.
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Proof » Suppose € is a unit. Then
N(e)N(e™h) =1.

It follows that
N(e) = 1.

Conversely, if N(e) = 1 then € is a unit, since
N(e)=et=1= e =€c Zw
Thus we have to find all € = a + wb with a,b € Z satisfying
N(e)=a* —ab+b* =1,
This equation can be re-written:

(2a — b)* + 3b* = 4.

Evidently b = 0, £1. It is a trivial matter to consider these cases separately,
and deduce that the only solutions are the 6 listed above. <
We say that 7 € Z[w] is a prime if for every factorisation

T=af (a,0 € Zw])

either av or 3 is a unit.
If 7 is a prime then so is exr for any unit e. Two primes that differ only
by a unit factor are said to be equivalent, and we write

T =7n = en.

In general, we do not distinguish between equivalent primes.

C.6 Unique Factorisation in Z|w]
Let us recall the main steps in the proof of unique factorisation in Z (or N):

Division with Remainder Suppose a,b € Z, with b # 0. Then we can
find g € Z such that
a=bq+r,

where
[ < b].
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The Euclidean Algorithm This is a procedure for determining the great-
est common divisor ged(a,b) = d of a,b € Z. We start by dividing a
by b:
a=qb+ri,

where |r1| < |b]. Now we divide b by the remainder r:

b= qar1 + 12,
where |ro| < |r;]. We continue in this way, successively dividing re-
mainders:
L= Q3+ T3,
Ty = (4T3 + T4,

At some point, the process must terminate when an exact division
occurs (with zero remainder):

'n—1 = Qn+1Tn-
For the remainders have been getting steadily smaller:
|b] > |ri| > |ro| > ...

and so must ultimately vanish.

The last non-zero remainder is the sought-for ged:
d = ged(a,b) = r,.

For d | r,_1, from the last line of the algorithm. Hence d | r,_5 from
the previous line; and so, working up the algorithm,

d|Ths,Tna,-..,71,b,a.
On the other hand, if e | a, b then working down the algorithm,
elabri,ro,. .. .

Thus
ela,b=r¢|d.
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au + bv = d The Euclidean Algorithm has one important consequence that
is not immediately obvious. Let us say that e is expressed linearly in
terms of ¢, d if we have an expression

e=cr+dy

with =,y € Z.

The last line but one of the algorithm expresses d = r,, linearly in terms
of r,_1 and r,_o, say

d=r,_171 + Th_oV1.

The previous line expresses r,_1 in terms of r,,_5 and r,_3, allowing us
to express d linearly in terms of r,_o and r,_3, say

d = Tp_2Ts + Tn_3Ya.

Continuing in this way, we obtain expressions

d = Tp_3T3+ Tp_ays3
d = ro%p_9+ TYn—2
d = rx,_1+byn—1

and finally
d = bz, + ay,.

Thus d is expressed linearly in terms of a, b:
d=au+bv
for some u,v € Z.
The Lemma Suppose p is a prime number. Then
plab=plaorp]lb.

We take the classic definition of a prime number: a number that has
no factors other than 1 and itself. If p fa then ged(p,a) = 1, and so
by the Euclidean Algorithm we can find u,v € Z such that

pu+ av = 1.
Similarly if p b then we can find x,y € Z such that

px + by = 1.

428-99 C-9



Multiplying these relations together

1 = (pu+av)(pr +by)
= p(puv + uby + avz) + abvy

Now if p | ab then p divides all the terms on the right, and we deduce
that p | 1, which is absurd.

Unique Factorisation Firstly, we can prove by induction that any n € N
is expressible as a product of primes. For if n is not prime then we can
write n = ab, where |a|, |b] < |n|. By our inductive hypothesis we can
express a,b as products of primes; and these combine to give such an
expression for n.

We can prove by induction on n that this expression is unique up to
order. For suppose

n:p?...p?:qll...qgs.

By repeated use of the lemma above, the first factor p; on the left
must occur on the right. Dividing both sides by p;, we can apply the
inductive hypothesis to show that the the factors, with one p; removed,
are the same up to order. Hence they are the same with the p; restored
to both sides.

Now we see that the entire argument rests upon Division with Remainder.
Wherever this exists we will have unique factorisation.

One place where this holds is the ring k[x] of polynomials over a field k,
since we can divide one polynomial by another,

f(@) = g(x)q(x) + r(z),

leaving a remainder r(z) of lower degree than g(z). It follows by our argument
that there is unique factorisation into prime (or irreducible) polynomials in
k[x]. Note that the degree in this case plays the role of the absolute value
In| in the case of Z above. The essential point is that it must be a positive
integer, to ensure that our reduction process ends.

Proposition C.7 Given «,f € Z[w] (with 5 # 0), we can find v, € Z|w]
such that

a = [y +0,

where
N(§) < N(B).
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Proof » We can certainly divide o by 3 in Q(w), say

e tws (r,s € Z).

g

Now let us choose m,n to be the nearest integers to r, s, so that

1 1
r—m| <= |s—n| <=
2 2
Set
v =m+wn € Zw);
and let
6= (r—m)+w(s—n)ecQuw).
Then
N = (T—m)Q—(r—m)(s—n)+(s—n)2
< 1l
- 4 4 4 ’
and so
a= By +0,
where
0 =0,
and
N(0) =N(v)N(0) < N(v)
<

Corollary There is unique factorisation into primes (up to equivalence and
order) in Z[w].

C.7 Fermat’s Last Theorem in Z|w]

It is convenient to take Fermat’s equation (for n = 3) in the symmetric form
2+ P+ 28 =0,

Suppose first (z,y, z) is a solution in Z. As usual we assume that ged(z,y, z) =
1.
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Suppose that x = 1 mod 3, say x = 1 + 3a. Then

¥ = (1+3a)?
= 1+3%a+3%*+3%
= 1 mod 3°.
Similarly
z=—1mod 3= 2> = —1 mod 3%
It follows that one (and just one) of z,y,z must be divisible by 3, since
otherwise we would have an impossible congruence

+1+1+1=0mod 32

Our aim is to extend this idea to solutions in Z[w]|, with the prime II
playing the role of 3 (recalling that IT? = 3).

We note in the first place that there are just 3 residue classes in Z[w]
modulo II, representated by 0,1, and — 1. (For the number of residues
modulo « is N(«), and N(II) = 3.)

Lemma I[fx =1 modIl then

22 =1 mod TI%.

Proof » Suppose
z =1+ Ila.

Then
¥ = (1+1Ia)?
1 + 3« + 3I1%a2% + I1%0?
= 1—wWiBa+IPa® mod T4,

since 3 = —w?I1?, while TT* | 3112, Thus

2 —1 = a(—w?+a)I? mod IT*

= ala+w)(a—w)I® mod IT*

Now 0, w, —w are in the 3 different residue classes modulo II; and so therefore
are a, a + w, o — w. It follows that just one of these must be divisible by II;

and so
22 =1 mod TI%.
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Corollary If x = —1 mod II then
2® = —1 mod IT".

This follows at once from the lemma on replacing x by —z.
Let us turn to Fermat’s equation

2y’ +2° =0,

where we are now looking for solutions in Z[w] (although this will, of course,
include solutions in Z). We assume as usual that ged(z,y, z) = 1.

One of x,y, z must be divisible by II. For otherwise, by the Lemma and
Corollary above, we will have an impossible congruence

+1+14+1=0mod IT*.

In fact we can go further; one of x, v, z must be divisible by I1?. For otherwise
we would have
3a® £ 1+ 1= 0mod I,

where I fa.
We may thus suppose that x = I1%2/, so that
M2 — —(y + 29
—(y +2)(y +w2)(y +w’z).

How can the prime-power II6 be distributed among the 3 factors on the
right? Evidently one factor must be divisible by II? at least. On replacing z
by wz or w?z, if necessary, we may assume that I1? | (y + z). But

(y+twz)—(y+2)=(w—1)z=1lx.

Thus
1 |y+z=1|y+wz,

where 7¢ || @ means that 7¢ | @ but 7¢*! Ja. Similarly
| y+z2=1|y+ w2

It follows that
I [y 42 Ty +wz, I y+w’s

Thus it follows from unique factorisation that

y+2z=1'X3 y+wz=10Y3, y+ w2 =123,
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where ged(I1X,Y, Z) = 1. But
(y 4 2) + w(y + w2) + W (y + w?z) = 0.
This yields a relation of the form
allPX? + &Y + €52° = 0,

where €, €9, €3 are units, and ged(I1X, Y, Z) = 1. We can assume that e; = 1.
Since II JY, Z, we have Y3, Z3 = £1 mod II3. Thus

+1 4+ 3 = 0 mod II°.

This congruence can only be satisfied if e3 = £1. After replacing Z by —Z
if required, we may therefore assume that e3 = 1. Thus the equation reads

AP X? + Y3 4+ Z° = 0.
Proposition C.8 The equation
IlP2® + 3 + 23 =0
has no solution (x,y, z) in Z[w] with ged(Ilz,y, z) = 1 for any unit €.
Proof » Since 11 [y, z,
y®, 23 = £1 mod IT*.

Thus
ell’z® 141 = 0 mod IT*.

The only way this congruence can be satisfied is if 11 | z, say « = I1z/. Then

€H6I’3 _ —(y3+23)
= —(y+2)(y+w2)y +w).

Our earlier argument still holds — the introduction of the unit ¢ makes no
difference. After replacing z by wz or w?z, if necessary, we have

y+z=1X3 y+wz=11V3, y+w?2 =173
where ged(I1X, Y, Z) = 1. As before, we deduce that

allPX? + Y3 +62° =0,
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where €1, €5, €3 are units. Dividing by e, we have
dPX? + Y3+ €2° =0.

This is only soluble modulo IT? if ¢ = 41; and we may assume that € = 1,
on replacing Z by —Z if necessary. Thus we are led to a new solution of our
equation

BPX3 4+ Y3+ 73 =0,

with ged(I1X,Y, 7) = 1.
It remains to show that this solution is ‘smaller’, in some sense, than the
first. To this end, note that

r=IIXYZ
Thus
N(z) = 3N(X)N(Y)N(Z),
and so
max(N(z), N(y), N(z)) > max(N(X), N(Y),N(Z2)).
<

Corollary Fermat’s Last Theorem holds for n = 3.
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Appendix H

Elliptic Curve Factorisation

Lenstra’s Elliptic Curve Factorisation (ECF) technique is an analogue of
Pollard’s so-called ‘p — 1 method’, in which the group Z/p)* is replaced
by the group on an elliptic curve £(F,) over a finite field. So we start by
describing Pollard’s method.

H.1 The Pollard “p — 1 method”

We want to factorise a large number n.
It is a straightforward matter to determine whether n is prime, using the
Miller-Rabin algorithm. We may therefore suppose that n is composite.
Suppose p is a prime factor of n. By Fermat’s Little Theorem, if p { a
then
a® ' =1 mod p.

Hence
a* =1mod p

ifp—1]=k.
It follows that
d=ged(a® —1,n) > 1

since p is a factor of both numbers.

It would be very bad luck if we found a factor d of n in this way, and
then discovered that d = n. We may therefore suppose in this case that we
have a proper factor of n.

But how do we choose k7 We make the assumption at this point that the
prime-factors of p — 1 are all (relatively) small.
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H.2 Elliptic curve factorisation

Let n, as before, be a large composite integer that we wish to factorise.
Suppose p is a prime factor of n. Let

EQ):y*=2>+br+c  (bcEZ)

be an elliptic curve over Q. Unless we are very unlucky (or very lucky) p will
be a good prime for &£, ie the curve

E(F) =2 +br+c

over the finite field F,, is still elliptic. (We say lucky because p is a bad prime
if and only if
Pl A= —(4b° 4 27c%).

Thus if p is a bad prime,
d = ged(A,n) > 1;

so if we wished we could compute this ged at the outset. However, the prob-
ability of p being bad is so small that this is probably not worth considering.)
Suppose the curve £(F,) contains N points. By Hasse’s Theorem,

p+1-2/p<N<p+1+2p.

Suppose N is b-smooth. As before, let

k= H qe(q)_

Then
N | k.

Suppose P € £(Q). We express P in homogeneous coordinates:
P=[X,Y, 7],

where X,Y, Z € 7Z.
It is a straightforward matter to find a formula for the sum of two points:

[Xh)/ly Zl] + [X27}/27 ZQ] - [X37}/37 Z3]7

where X3, Y3, Z3 are polynomials in X1, Y, 71, Xs, Y5, Z5 with integer coeffi-
cients:
X37 }/E% ZB € Z[le Y17 Z17 X27 1/27 ZQ]

428-99 H-2



In effect, we simply have to dress up our usual computation
T1 + T2+ 13 = M, Y3 = mx3 + ¢

in homogeneous form.
As a special case, this gives a formula for the double of a point:

2[X,Y,Z] - [Xh}/th]a

where X,Y}, Z; are polynomials over Z in X,Y, Z.
Using these formulae we can compute

rP = [X'r; Y,,, Zr]

for any r € N.
Now let
P, =[X mod p,Y mod p, Z mod p]

be the point of £(F,) corresponding to P € £(Q). By Lagrange’s Theorem,
NP, =0,
and therefore
kP, = 0.
But kP, is just the point we get from
kP = [ Xy, Yy, Zy]
by reduction modp. It follows that
Z, = 0 mod p.

(We also have X} = 0 mod p. However, this follows from the result for Z
since the only point of £(F,) on the line at infinity Z =01is O = [0,1,0].)
It follows that
d = ged(Zg,n) > 1,

and unless we are very unlucky this will give us a proper factor of n.

Note that in constructing Zj for this purpose we can work throughout
modn.

This method has one very large advantage over Pollard’s p — 1 method,;
by changing the coefficients b, ¢ in the elliptic curve we change N, which
probably ranges at random over the interval (p+1—2,/p,p+1+2,/p). This
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allows us many chances of finding a ‘smooth’ N, while Pollard’s method only
gives us the one chance p — 1.
Analysis shows that if we have some idea of the size of p then it pays to
choose b of order ,/p, and move on to another elliptic curve if this fails.
Incidentally, it is easier to choose the point P = [X,Y, Z] first, and then
find b, ¢ so that the elliptic curve contains this point, rather than choosing
the curve and then looking for a rational point on it.
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