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Abstract. In the 1930s Chevalley and Weil gave a formula for decomposing the canonical
representation on the space of differential forms of the Galois group of a ramified Galois
cover of Riemann surfaces. In this article we prove an analogous Chevalley—Weil formula for
ramified Galois covers of orbifold curves. We then specialize the formula to the case when
the base orbifold curve is the (reduced) modular orbifold. As an application of this latter
formula we decompose the canonical representations of modular curves of full, prime level
and of Fermat curves of arbitrary exponent.
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1 Introduction

Let f: X — Y be a ramified Galois cover of compact Riemann surfaces of genus gx and gy, and
let G := Autx(Y) be the Galois group of f. This is a finite group of automorphisms of X that
acts by pull-back on the space of holomorphic differential 1-forms of X, giving a gx-dimensional
complex representation

pr: G® — GL(H"(X,Qk)),

the canonical representation of G. Given an irreducible representation p of G, Chevalley and
Weil [6, 22] gave a formula for the multiplicity of p inside py in terms of the genus of Y and the
ramification data of f. This is called the Chevalley—Weil formula. A modern account of this
result in the more general setting of algebraic curves over an algebraically closed field whose
characteristic does not divide |G| can be found in [14]. The formula has subsequently been
generalized by Nakajima [15] to any coherent sheaf and any ramified cover of algebraic varieties
over an any algebraically closed field (the generalization of the Chevalley—Weil formula for curves
over any algebraically closed field was also treated in [8]). The Chevalley—Weil formula can be
used in conjunction with the character table of G' to write down explicit matrices for py without
having to compute a basis for H° (X , Qﬁ() As an application, when gx > 3 is small explicit
equations for the canonical embedding X — P9X~1 can be found using this model for ps [19].
In this article we generalize the Chevalley—Weil formula to ramified Galois covers of orbifold
curves (also known as Deligne—Mumford curves or stacky curves), under the mild assumption
that the ramification locus is disjoint from the locus of orbifold points in Y. We work over
the complex numbers, but the same exact arguments go through unchanged for an arbitrary
algebraically closed field whose characteristic does not divide |G|. The proof is contained in
Section 3. The structure of the proof follows the excellent exposition in [14], with the necessary
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generalizations and extra computations needed in the orbifold case. We have also simplified the
arguments when possible by referring to the literature.

Suppose now that the base orbifold curve Y = X (1) is the compactification of the orbifold
quotient h/PSLa(Z), the reduced modular orbifold. The Galois covers of X (1) are modular
curves X (I') corresponding to normal subgroups I' <PSL9(Z). The canonical representations pp
in this case can be viewed as representations of PSLg(Z)P factoring through the finite quotient
G := PSLy(Z)/T'. Our orbifold Chevalley—-Weil formula in this case applies and we are able to
compute explicit matrices for pr whenever all its factors are of dimension < 6, by consulting
the wealth of information available on the representation theory of PSLy(Z) (e.g., [11, 12, 20]).
We do so in Section 4. In Section 5 we specialize to the case of principal congruence subgroups
I' =T(p), for p > 5 a prime. In this case G ~ PSLy(F,) and the character tables of these groups
have been known since Frobenius and Schur. For each irreducible representation p appearing in
the character table of PSLy(IF,), we find a formula for the multiplicity of p inside the canonical
representation pr(,). We then apply our computations to compute the canonical representation
for the Klein quartic, which can be uniformized by the principal congruence subgroup I'(7). In
Section 6, we present a uniformization of Fermat curves Fiy of exponent N by normal subgroups
®(N) <« PSLy(Z), which exhibits Fy as a Galois cover of X (1) with Galois group isomorphic
to (Z/NZ)? x S3. This is known to be the full automorphism group of Fy [21], and is thus
interesting to compute the decomposition of the canonical representation pg (). We do so using
our Chevalley-Weil formula in Theorems 6.2 and 6.4 below. As shown in [1], the decomposition
of pg (v into irreducible representations gives a corresponding ‘group algebra’ decomposition of
the Jacobian variety of Fjy. Decomposing the Jacobian variety of Fjy is an important problem
that has been previosuly considered by many in algebraic geometry and number theory, including
Noriko Yui [23].

2 Vector bundles over orbifold curves

In this section we recall a few basic facts about vector bundles on orbifold curves. Good references
for these facts are [7] and [16]. Alternatively, the reader may consult the literature on locally free
sheaves over Deligne—Mumford curves or stacky curves [2]. In this article an orbifold curve X
is a compact, connected, complex orbifold of dimension one with finitely many orbifold points
(Py,...,P,) with non-trivial cyclic stabilizers of orders (p1,...,pn), respectively. We assume
that X is generically a Riemann surface (thus a reduced orbifold). The genus of X, denoted
by gx, is the genus of its underlying Riemann surface X (this coincides with the coarse moduli
space if X is viewed as a Deligne-Mumford curve). Let ai,...,qgy,081,...,84x be a set of
standard generators for the fundamental group of X. The orbifold fundamental group of X
(with respect to some base-point b) can be defined as

m1(X;b) = {al,...,agX,Bl,...,ng,’ypl,...,ypn:
o =1y = Lyp e e, Bi] - lagy, Bgx] = 1}, (2.1)
where «yp, is an oriented generator of the stabilizer of the orbifold point P;, ¢ = 1,...,n. Let

Pic(X) be the group under ® of all line bundles (i.e invertible sheaves) over X up to isomorphism,
and let

1
deg: Pic(X) — —Z, m = lem(pi,...,ppn)
m

be the usual ‘degree’ homomorphism, obtained by summing divisor multiplicities, possibly ratio-
nal numbers at the orbifold points [16, Section 1B]. For example, the sheaf QL of holomorphic
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differential 1-forms on X satisfies [7, Section 1], [16, Section 1A]

n n
1 1
degQy =2gx — 2+ p’p. —2gx —2+n-) - (2.2)
i=1 t i=1 1"

Let V be a vector bundle over X (i.e., a locally free sheaf of finite rank). The degree of
a vector bundle is the rational number degdet V. The fiber of V at each orbifold point P; gives
a rk(V)-dimensional representation

:U’(V7 PZ) <7Pi> — Ger(V) ((C),

which is entirely determined by the linear transformation pu(V, P;)(7vp;). This is of finite order,

2mi, .
hence diagonalizable, with eigenvalues of the form e »i ™, v;; € {0,...,p; — 1}, 7 =1,...,tk(V).

Definition 2.1 ([7]). The integers v;; € {0,...,p;—1}, j =1,...,1k(V) are called the isotropies
of V at P;. The integer

rk(V)
UV, P) =Y vij € Lxg
=1

is called the isotropy trace of V at P;.

The cohomology groups H'(X,V) of a vector bundle V over X are defined as the sheaf coho-
mology over the site defined by X. Denote by

(X, V) :=dim H'(X,V) — dim H'(X, V)
the Euler characteristic of the vector bundle V over X. We have:

Theorem 2.2 (Riemann-Roch theorem for orbifold curves). Let V be a vector bundle over an
orbifold curve X. Then

X(X, V) = tk(V)(1 — gx) + deg(V) - <Z WP)) .

i—1 bi

Proof. See, e.g., [7, Theorem 1.5] for the case of line bundles. The general case follows from

the splitting principle. |
In addition, the Serre duality theorem for orbifold curves [16, Theorem 1.7] gives a canonical

isomorphism
HY (X, V)~ H(X, V" ® Q%) (2.3)

where V* := Homp, (V, Ox).

3 The Chevalley—Weil formula

Let f: X — Y be a degree d ramified Galois cover of orbifold curves of genus gx, gy, respectively.
By this we mean that f is a morphism that is generically a degree d finite étale Galois cover,
outside finitely many ramification points Q1,...,Q, € Y, with ramification degrees eq,..., e,
respectively. We assume for simplicity that none of the @);’s are orbifold points of Y.

Let

G = Auty (X)
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be the group of covering transformations of f. For each ramification point Q) € Y, the stabilizer

in G of any point R SN Q of X is a cyclic subgroup Gr C G of order e, the ramification
degree of ). Choose generators vg € G for all such ‘local monodromy’ groups. Note that if

R, R »i> @) are points of X lying over ), then Gr and G are conjugate to each other and
there exists g € G with

9 "Ry = R (3.1)

For each orbifold point P; € YV, j = 1,...,n, let yp, € m(Y\{Q1,...,Qr};b) be an oriented
generator for the stabilizer of the point Pj, as in (2.1). We will abuse notation and also denote
by vp,; the image via the quotient map 71 (Y \{Q1,...,Q:};b) = G.

The sheaf f,Ox is a vector bundle over Y of rank d, together with a right action of G by
pull-back of functions. This vector bundle is generically a finite étale sheaf with right G-action,
which on the stalks is just the right regular representation of G on itself. The group G also acts
linearly on the line bundle Q% (and on f.Q%) by pull-back

gw == g'w,
giving the canonical representation
pri G — GL(H°(X,Qk)) ~ GLy, (C), (3.2)

by taking global sections. For ease of notation we will drop the ‘op’ super-script in what follows.
Since G is finite, the category of finite-dimensional representations of G is semi-simple. Let {p;}
be the set of irreducible representations of G, and let d; = d(p;) be the multiplicity d; of each p;
occurring in py. The Chevalley—Weil formula for algebraic curves [6, 22] is a formula for each d; in
terms of global invariants of f: X — Y and ramification data around each local monodromy vg.
To generalize the formula to orbifold curves, we first set some notation. For g € G an element
of exact order NV, a representation p of G, and k=0,..., N — 1, let

27

Ni(p; g) := dimker (p(g) — e ¥ FI).
Our goal is to prove the following:

Theorem 3.1 (Chevalley—Weil formula). Let p; be an irreducible representation of G. For each

ramification point QQ; € Y choose some R; EN Qj. Then the multiplicity d; = d(p;) of pi in py
s given by

r €j—
. k
d; = € + dim p; gy—l—l—n—g p— —I—E E Nkpl,’yR <1—>

j=1 J =1 k=1
n pi—1 —2mi k
_ZZNIC<€ Pi sz'YPJ)*a
j=1 k=1 pj

where e =1 if p; = 1 and e = 0 otherwise.

Remark 3.2. Note that by (3.1) the integers N,,(vr;; k) do not depend on the choice of point
J
= Qj-

To prove Theorem 3.1 we proceed by a series of reductions, as in the case of algebraic cur-
ves [14]. First, since f is generically étale we have an exact sequence

0= [ 0y = Q% — Qx/y = 0.
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Applying f, to this exact sequence and the projection formula on the first term we get
0= Oy @ f.0x = £k — f.Q%/y = 0. (3.3)

This is an exact sequence of Oy-modules with right Oy-linear G-action. For any irreducible
representation p; of G we can take the p;-isotypical component of this exact sequence and obtain
(note that the action of G on Y is trivial):

0— Qy ® fLO5 — (£.0%)" = (£.0!

X/y)p" — 0.

To prove Theorem 3.1 we have to compute

dim H°(Y, (£.Q%)") = dim H°(X, Q% )" = d; - dim p;.
To do so we compute the Euler characteristic:

x(Y, (f0%)7) = dim H°(X, Q)" — dim H' (X, Q)"
Proposition 3.3. The action of G on H* (X, Q}() is trivial. Therefore

1 ifpi=1,

dim H' (X, Q)" = e =
m G 05)" = L)Um¢L

for any irreducible representation p; of G.

Proof. By Serre duality (2.3) there is a canonical isomorphism H1 (X, Q}X) ~ H%(X,0Ox)*,
commuting with the linear G-action on both sides. Since H°(X,Ox) ~ C consists of constant

functions, the action of G on this vector space is trivial. Therefore its contragradient action on
H! (X, Qﬁ() is trivial as well. |

By Proposition 3.3, to compute d; it suffices to compute X(Y, ( f*Q}()p 1) Since Euler cha-
racteristics are additive with respect to exact sequences, we must have

1\pi 1 ; 1 ;
X (Y (£e2%)™) = x(Y, (f92,,)") +x(Y, Q) ® £.0%),
by applying x(Y, —) to (3.3). We compute each summand in Propositions 3.4 through 3.7 below.

Proposition 3.4. Let p; be an irreducible representation of G. For each ramification point
Qj €Y choose some R; ER Q;. Then

r

x(Y, (f*%c/y)pi) = dim p; Z rk(pi(vr,) — 1)
7=1

Proof. The proof given in [14] for algebraic curves goes through unchanged, since the question
is localized at the ramification locus (and disjoint from the orbifold locus). [

It remains to compute the Euler characteristic X(Y, Q%, ® f*Ogg). Let V = Q%, ® f.O%. By
Theorem 2.2,

XY, V) =1k(V)(1 — gy) + degV — (Z M) .

-1 P

We compute each term in turn.



6 L. Candelori

Proposition 3.5.
rkV = (dim p;)*.

Proof. The vector bundle f,Ox is a finite étale sheaf of rank d away from the ramification
points, and the same holds for f,O%. At a point P € Y, P ¢ {Q1,...,Q,}, the fiber of f,Ox
is the right regular G-representation. As is well-known, the representation p; occurs inside the
regular representation dim p; times. Therefore the fiber at P of f,O% has dimension (dim p;)?
and that is also the rank of f, (’)gg as a vector bundle over Y. Since Q%/ has rank one, the rank
of V is also of rank (dim p;)?. [

To compute the degree of V, note that

deg(V) = (dim p;)? deg (Q%/) + deg (f O%)

1 .
= (dimp;)® | 29y =24+ n— > — | +deg (£.O%)

=1 Pi

by (2.2). It remains to compute deg(f.O%), as follows.

Proposition 3.6.

r €j—1

. . k
deg (f.O%) = — dim p Z Z Nk(Pi;’YRj);-
j=1 k=1 J

Proof. The vector bundle f,O% is a direct sum of dim p;-copies of the parabolic bundle canoni-
cally associated to the unitary representation p;, viewed as a representation of 71 (Y\{Q1,...,
Q. };b) factoring through the finite quotient G [13]. The parabolic structure is supported at
the ramification points @1, ..., Q, and for each j it is determined by the local monodromy g;,
as follows. Since p;(R;) is a matrix of order e;, its eigenvalues are of the form e2mikw/e; g, €
{0,...,e; —1}. The parabolic structure at Q); is given by the decreasing filtration of eigenspaces
of g, the weights are the rational numbers k,/e;j, 0 < ky/e; < 1, and each weight &, has
multiplicity dim p; N, (pi; vr;). The formula for the degree of [+O% then just follows from the
well-known formula for the degree of a parabolic bundle [13, Corollary 1.10]. |

Finally we compute the isotropy term in x(Y,V):

Proposition 3.7.

n ) n pj*1 o
() S e o)

i=1 J=1 k=1

Proof. Note that the action of yp; on the fiber of V = Q%/ ® f+O% over the orbifold point P;
is given by e~ 2/Pi p;. The identity then follows from Definition 2.1. |

Theorem 3.1 now follows by putting together Propositions 3.3, 3.4, 3.5, 3.6 and 3.7.
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4 Applications to modular curves

We now apply Theorem 3.1 to the special case when the base orbifold Y is the compactifica-
tion X (1) of the orbifold quotient PSL2(Z)\h obtained by adding the cusp co. The genus of this
orbifold curve is zero, 71 (X (1) — 00;b) ~ PSLy(Z) and X (1) has n = 2 orbifold points P; = [i],
P, = [62”/ 3] of orders p; = 2, p» = 3, with oriented stabilizers generated by

o _ (0 -1 o1 (11
7P1'_S_<1 0>7 7P2‘_R _<1 0>

Any finite-index normal subgroup I' < PSLy(Z) gives a Galois cover
@) X(T) = X(1),

where X (I') is the compactification of the quotient I'\h obtained by adding finitely many cusps.
The map f(I') is of degree d = [I" : PSLa(Z)], and it is ramified only above the cusp co. The
Galois group of the cover is therefore G = PSL2(Z)/I'. To compute the ramification data, we
may choose the cusp oo of X (I'), which lies above the cusp oo of X (1). The local monodromy
at oo is the image of

11
w=1= (5 1)

under the quotient map PSLo(Z) — G. The ramification degree e of f(I') over oo is just the
order of the image of T' in G (the ramification level of G < PSLa(Z)). There is a canonical
isomorphism
Sa(T) — H*(X(T), Qx(r)),
f— fdr,

so that the canonical representation pr := psry (3.2) goes over to the representation PSLa(Z) —
GL(S2(T")) given by

at +b _9 a b
po)f =l =1 (S5 et = (2 epsta)
factoring through the finite group G. Note that if pp(v)f = f for all v € PSLy(Z) then
f € S2(PSLa(Z)) = 0, therefore the trivial representation can never occur inside pp. For the
remaining non-trivial representations of G Theorem 3.1 simplifies to

Theorem 4.1 (Chevalley-Weil formula for I' <« PSLy(Z)). Let I' <« PSLa(Z) be a finite-index
normal subgroup, and let G := PSLo(Z)/T. Let p # 1 be an irreducible representation of G.
Then the multiplicity of p in pr is given by

R = S K\ T(e(S)) | GTr(p(R™Y) | GTe(p(R))
1=~z dimp+ 2 NipiT) <1_e>_ (e R (o

where (3 = 2™/3,

Proof. Using the notation of Theorem 3.1, note first that ¢ = 0 always since we are assuming
p # 1. We also have that gx 1) = 0, n = 2, p1 = 2, p2 = 3, which gives a contribution of dim p/6
in Theorem 4.1. As stated above, there is only one ramification point co € X (1) of index e and
with local monodromy given by the image of T in GG, which gives the second term. As for the
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remaining terms, since the order of p(S) and p(R~!) is low it is more convenient computationally
to express the eigenvalue multiplicities in terms of traces. In particular, note that

Tr(p(S)) = No(p(S)) = N1(p(5)) = N1(=p(S)) — No(—p(5)) = 2N1(—p(5)) — dim p
and similarly

Ny RTY) L Na(e PR dimp G (p(RT)) G Tr(p(R))
3 3 T3 3(1—¢2) 31-¢)

yielding the simplified formula. |

The formula of Theorem 4.1 severely restricts which irreducible representations of PSLa(Z)
may occur inside a canonical representation. For example of the six characters of PSLy(Z) only
one may occur, namely the character y defined by x(7') = e2™/6  This character must therefore
be the canonical representation pr corresponding to any genus one normal subgroup I'<aPSLy(7Z)
(there are infinitely many of them).

Of the 27 two-dimensional irreducible representations of PSLy(Z) which factor through a finite
group (these have been classified in [12]) only four may appear in a canonical representation,

namely the ones with p(T") equivalent to
o 0 >
, 4.1
< 0 1)

<C12 0 > <C8 0) (C20 0 )

0 ¢/’ 0 &)’ 0 )’
where ¢, := €2™/™_ For any one of the four representations p above, we can use GAP and a list
of normal subgroups of PSLy(Z) to identify the normal subgroup I" of smallest index such that p
is a factor of pr. The first representation appears as a factor inside the canonical representation
of the unique genus three subgroup of index 48, the second one is the canonical representation
corresponding to the unique genus two subgroup (also of index 48), the third one appears as
a factor inside the canonical representation of the unique genus 15 subgroup of index 240 and the
last representation appears as a factor inside the canonical representation of the unique genus 55
subgroup of index 720.

A similar analysis could in principle be applied to higher-dimensional irreducible representa-
tions of PSLy(Z) factoring through a finite group. If a given irreducible representation p satisfies
d(p) > 0 in Theorem 4.1, what is the minimal index of the normal subgroup I' <« PSLs(Z) such
that p is a factor of pr?

Remark 4.2. Let {fi,..., fq} be a basis for Sy(I'), I' < PSL2(Z) of finite-index and genus
g > 1. Then F := (f1,..., fy) is a (non-zero) pr-valued cusp form of weight two [5]. Since pr is
unitarizable, this means that its minimal weight should be equal to two [3].

Example 4.3. Let I'(8) < SLy(Z) be the principal congruence subgroup of level 8, and let I’
be its image inside PSLa(Z). The quotient G = PSLy(Z)/I" is a finite group of order 192,
isomorphic to SLy(Z/8Z). Its character table is easily computable using GAP, and for each
irreducible character we may compute its multiplicity inside pr using Theorem 4.1. We obtain
the decomposition

T = P1 @p27

where pp is irreducible of dimension two and po is irreducible of dimension three. According
to [20, Proposition 2.5], such irreducible representations of PSLo(Z) are entirely determined by
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their p;(7T)-eigenvalues. These can easily be computed again from the character table of G.
Using the formulas of [20, Proposition 2.5] we obtain the following model for pr:

G G 0 0 0 0 ¢¢ 0 0 0
0 ¢ 0 0 0 @ 0 0 0 0
or(M)=10 0 ¢ i—1 i, pr(S)=10 0 0 0 1],
0 0 0 i i 0 0 0 -1 0
0 0 0 0 ¢ 0 01 0 0

where (g := ¢>™/3. Note in particular that p; is equivalent to the second representation in (4.1).

5 The canonical representation of modular curves X (I'(p))

We now apply Theorem 4.1 to a well-known family of normal subgroups of PSLg(Z). Let p be
a prime and let I'(p) < SLy(Z) be the principal congruence subgroup of level p. For p > 3 we
have and isomorphism G ~ PSLy(F,). The map X(I'(p)) — X (1) is a Galois cover of degree
|G| = wé(pﬂ), ramified above co € X (1). The local monodromy at oo € X (I'(p)) is generated
by T', whose image in G has order p. Therefore the ramification degree is e = p.

By Theorem 4.1 we can use the character table of PSLy(F,) to decompose the representation

prip): PSL2(Z) — GL(S2(T'(p)))

into irreducible representations. Note that So(I'(3)) = 0, so assume p > 5. In this case the images
of R and R™! inside G are conjugate, therefore Tr(p(R)) = Tr(p(R~1)) for any representation p
of G. The formula of Theorem 4.1 then simplifies to

p—1
d= —% dim p + ;Nk(p;T) <1 — l;) — Tr(,z(S)) — Tr(pS(R))' (5.1)

The character table of PSLy(FF,), p > 5 was originally computed by Frobenius and Schur
(a modern account can be found in [9, Section 8]) and it depends on whether p = 1,3 (4). We
therefore break down the computation into these two cases. For ease of notation, we let u,
be a generator for )’ and we let u,2 be a generator for IF;Q. We also let ¢ € G be the linear

p—1

transformation of )2 sending x — Upy .

5.1 Casep=1(4)

In this case

=)
o S =10,
S~ Up (1]) . R~ 0 up 3
0 u *
o5 ifp=2(3),
and from the character table of [9, Theorem 8.9] we obtain the following table, displaying the

traces of each irreducible character of GG evaluated at the matrices I, S, R, T and (ulp (1)):

dim S Rifp=13) | R ifp=23)| T (ulp?)
A P 1 1 —1 0 0
{Hshicocrzs [P 112 (=1)° €3(s) 0 1 1
{0hcpom |P=1] 0 0 —e3(t) 1l (5.2)
xi pEL | (1)t 1 0 Lp |
X2 e | (-1 1 0 1oyp | Ly




10 L. Candelori

where

) 2 ifn=0(3),
e3(n) = -1 ifn=1,2(3),

and the irreducible characters A, s, ¢, x1, X2 are labelled as in [9, Theorem 8.9]. The table
contains all the data required to compute formula (5.1), including the ramification data at oo,
which is derived below in Proposition 5.1. In order to state this computation, for any odd
prime p and any integer a such that ged(a,p) =1 let

<a> B 1 if a is a square mod p,
Py " ]-1 ifaisanota square mod p
be the Legendre symbol.

Proposition 5.1. For each one of the irreducible representations appearing in Table 5.2, we
have

Ni(\T) =1, Ni(us; T) =1, Nk(0y;T) =1,

where k =1,...,p—1.

Proof. For any representation p of G, let P(p;T) be the characteristic polynomial of p(T).
Since p(T')? = I4imp, we know that the roots of P(p;T) are necessarily p-th roots of unity.
The polynomial itself can be computed from Table 5.2 by first computing the traces of p(T*),
k=0,...,p—1 and then compute from these traces the coefficients of P(p;T') using Newton’s
identities. Now the subgroup {Tk} breaks up into two conjugacy classes:

{Tk}ﬂ[T] ={(§1):ris asquare in Fp},
{Tk}ﬂ [(ulp(l))] ={(}7): nis not a square in F, },

therefore the coefficients of P(p;T) are polynomials in the last two columns of Table 5.2. For
p =\, us and 0y, it follows that P(p;T) has coefficients in Q, and therefore

z—1
ged (P(p,T),.Ip - ]-) = (I)p € @[CL‘],

P —1

where @, is the p-th cyclotomic polynomial, which is irreducible over Q. Suppose first p = A.
If ged(P(A; T'), 2P — 1) = (x — 1) then necessarily A(T') = I,,, which is impossible since Table 5.2
gives Tr A\(T') = 0 # p. If ged(P(N\; T), 2P — 1) = @), then P(\;T) factors over Q as @, - (z —(p),
for some p-th root of unity (,. But since p > 5, the only such polynomial (z —(,) defined over Q
is (x — 1), therefore P(\;T") = 2P — 1 necessarily, which gives the formula

Ne(\T) =1, k=1,...,p—1.

For p = us, again we cannot have ged(P(us;T), 2P — 1) = (x — 1) since none of the pus(7T) is the
identity, the trace being 1 # 0. If ged(P(us; 1), 2P — 1) = @, then P(us; T) factors as @, - g(z),
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for some quadratic polynomial g(x). The only Q-rational quadratic polynomials having only
p-th roots as their solutions are (z — 1)? and ®3. Since p > 5, the latter cannot occur and
P(us;T) = ®, - (x —1)%. A similar reasoning shows that P(0;T) = ®,, so the first row of
Proposition 5.1 is proved. It remains to compute P(p;T) for p = x1, x2. Note that for these
two representations the last two columns of Table 5.2 have coefficients in Q(,/p) and therefore
P(p;T) is Q(,/p)-rational. Now the p-th cyclotomic polynomial factors over Q(,/p) as

o, =0 o eQ(yp)a],

where @I(,T) (resp. @én)) is the irreducible monic polynomial of degree (p—1)/2 over Q(,/p) whose

roots are the p-th roots of unity of the form e2mir/p (resp. e2min/ P), with r (resp. n) a quadratic
residue mod p (resp. quadratic non-residue mod p). Let now p = x1. Then ged(P(x1;7T), 2P —1)
is a non-constant Q(,/p)-rational polynomial and it cannot be (z — 1) for otherwise x(7") would
be the identity, which is impossible since Tr(x1(7")) # p. Since deg P(x1;T") = (p+1)/2, the only
other possibilities are that ged(P(x1;7T), 2P — 1) = <I>§)T) or <I>§,n), so that P(x1;7T) = (x — 1)<I>£,T)
or (x — 1)<I>§,n). To determine which one it is, note that the sum of the roots of (z — 1)<I>](f) can be
computed by a Gauss sum and it is equal to 1/2(—1—,/p). This must coincide with the negative
of Tr(x1(7)), so by Table 5.2 we see that this is indeed the correct factorization. Similarly we

may deduce that P(x2;7T) = (z — l)q)é"), which concludes the proof. [

Putting everything into formula (5.1) we get:

Theorem 5.2. Let p > 5 be a prime, p = 1(4). Then the multiplicities of the irreducible
representations of PSLa(F)) inside the canonical representation Pr(p) are given by

=Pt (4 (5)) 50 st
0=t (- (5)) 0 sty

o) =25 - EE 5 (14 3),)
=25t - CE 5 (0 5))

Proof. The formulas follow from a straightforward insertion of the data of Table 5.2 into (5.1).
Note that for the multiplicities of x1 and x2 we have used the formulas

DI N
= P 4 — P
(- (4,
which are valid for p =1 (4). [
5.2 Case p=3(4)
In this case
p—1
up® 0 .
_ fp=1(3
S ~ gppzli’ R ~ 0 U;% =P ( )’
p+1

N ifp=2(3),
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and from the character table of [9, Theorem 8.11] we obtain the following data (note that
T ~ (ulp (1]) in this case)

dim S Rifp=13) | R ifp=2(3) T (19)
) D 1 1 1 0 0
{:“8}1gs§1%3 p+1 0 es(s) 0 1 1
{Ht}lgtgp%s p—1[-2-(-1)¢ 0 —e3(t) -1 -1
N B | (-1 0 -1 =y | e
Y2 % _(_1)1%1 0 -1 71+2\/jp 7172\/771;

where the irreducible characters X, us, ¢, x1, x2 are labelled as in [9, Theorem 8.11]. Exactly
as in Proposition 5.1 we can derive from this table the ramification data at co:

Nk()\;T) = 1, Nk(,us;T) = 1, Nk(et;T) = 1,

1 if <k> =—1, 0 if <k> = —1,
Y P/

Ni(72;T) =
0 if <k> — 1, 1 if <k> _ 1,
Y P/

where k =1,...,p — 1. Putting everything into formula (5.1) we get:

Ni(n;T) =

Theorem 5.3. Let p > 5 be a prime, p = 3(4). Then the multiplicities of the irreducible
representations of PSLy(Fy) inside the canonical representation Pr(p) are given by

) :]31;23 _%<§)L’

12 6 I
d(6:) = pl;zl + (_21)t + <1 - (g L) egét), 1<t< ]%3,
ao =251 EE (- ),)
o =2t M T 02 3),).

where h(p) is the class number of Q(v/—p

~—_ —

Proof. Only the formulas for d(v1), d(72) require justification. Note that since p = 3 (4)

5 L))

O

3 |

(

p—1 p—1
and clearly ) % + > % = (p—1)/2. Using the functional equation for the L-function
k=1 k=1

(), (),

and the analytic class number formula, we get

SAES

p—1 p—1

k- p—1 hip) k- p—1 hip)
k:15_4_2’ kzp_4+2’
<%)L:1 (%)L:_l

which gives the formulas for d(v1), d(vy2). [
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Remark 5.4. We thank Cameron Franc for showing us how to simplify d(+;) and d(72) using
Dirichlet’s L-functions and the class number formula. Similar computations, but in a different
context, have also appeared in [4].

Example 5.5. The formulas of Theorems 5.2 and 5.3 show that the only prime p for which
the canonical representation pp(, is irreducible is the prime p = 7. In this case the orbifold
curve X (I'(7)) is an actual algebraic curve, and in fact it is a model for the Klein quartic, the
unique Hurwitz surface of genus 3. Applying Theorem 5.3 we get that d(y2) = 1, since h(7) = 1,
while all the other multiplicities are zero. Therefore pp(,) >~ 72. To write down explicit matrices
for pp(p), we know by [20] that a three-dimensional irreducible representation of PSLa(Z) is
entirely determined by the eigenvalues of the matrix pp(,) (7). As in Theorem 5.3, we know
that these are (7, (2, (7, where (7 := e?™/T_ According to [20, Proposition 2.5], there is a basis
where pr(,) is given by the matrices

G GH+E ¢ 0 0 1
ey =0 &G G|, @S =(0 -1 0
o o 1 0 0

6 The canonical representation of Fermat curves

Let I'(2) € SLy(Z) be the principal congruence subgroup of level two. This is isomorphic to the
free product on two generators, which can be chosen to be

() oL )

For any integer N > 1, let ®(V) be the kernel of the composition

ab
I(2) Y- Z x Z — Z/NZ x Z/NZ,
(67)— (1,0),  (HY)+—(0,1),

where the first map ¢?P is projection onto the abelianization and the second map is reduction
modulo N. The composition is clearly surjective, therefore ®(N) is a normal subgroup of
index N2 in I'(2). We also denote by ®(V) the corresponding subgroup inside PSLy(Z).

Lemma 6.1. For all N > 1, ®(N) is normal in PSLy(Z).

Proof. By definition, ®(N) = ¢*»~1(NZx NZ). For any v € PSLy(Z), the conjugate subgroup
g '®(N)g is the kernel of a surjective homomorphism T'(2) — Z/NZ x Z/NZ. This map
must factor through a map I'(2)** = Z x Z — Z/NZ x Z/NZ, by the universal property of

abelianizations. Any such map must have kernel equal to NZ x NZ, therefore g '®(N)g =
> Y (NZ x NZ) = ®(N). n

The normal subgroup ®(N) can be described explicitly inside PSLy(Z) as the normal closure

B(N) = (U3, V2NS®) D gpTl U =TV € PSLy(2).

The quotient G := PSLy(Z)/®(N) is the semi-direct product (Z/NZ)? x S3. The normal
subgroup (Z/NZ)? is generated by the images of A and B while the S3-subgroup is generated
by the images of S and U. The action of S3 on (Z/NZ)? is given explicitly by

SAS = B, UAU? = B, UBU? = A7'B™' mod ®(N).
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By Lemma 6.1, the curve X (®(NV)) is a Galois cover
f(@(N)): X(®(N)) — X(1)

with Galois group isomorphic to G. Since A = T? and AN € ®(N), the image of T in G has
order 2N, so the ramification level is 2N. For all N > 1, there is an embedding of X (®(N))
into P? cut out by the equation X + Y*¥ = ZV in homogeneous coordinates [10]. In other
words, X (®(N)) is a uniformization of the Fermat curve Fy of exponent N.

By construction, the group of automorphisms of the curve X (®(N)) contains G = (Z/NZ)? x
S3 and it is known that these are indeed all the automorphisms of the curve [21]. We now apply
Theorem 4.1 to compute the decomposition of the canonical representation

pany: G — GL(S2(®(N)))

into irreducible representations. The genus of X (®(NV)) can easily be worked out to be (N —
2)(N — 1), so we may assume that N > 2. Note that ®(/N) is a non-congruence subgroup for
almost all N [17], therefore the decomposition of pao(N) cannot be deduced from the calculations
of Section 5, even for N = p a prime.

All the irreducible representations of G can be computed using the ‘little subgroups method’
for semi-direct products by an abelian group [18, Section 8.2], [1, Table 2], which can be applied
as follows. Let S3 act on Hom((Z/NZ)?,C*) by gx(z) = x(¢ 'zg) and let {x;} be represen-
tatives for the cosets under this action. Let H; C S3 be the stabilizer of x;, so that x; can be
extended to a character of G; = (Z/NZ)? - H;. Let p be any representation of H;, viewed as
a representation of G; under the quotient map G; — H; and let 0; ; = Indgi p ® x;. It can be
shown that 6; 5 is irreducible and that all the irreducible representations of G are obtained in this
way [18, Proposition 25]. These calculations in our case break down into two cases, according
to whether 3| N.

6.1 Case3tN

In this case the orbits of the action of S3 on Hom((Z/NZ)2,C*) can only have order 1, 3 or 6
with stabilizers H; isomorphic to S3, Cy or trivial, respectively. Write x, g for the character in
Hom((Z/NZ)? C*) uniquely determined by

Xa,B(A) = C]O\‘[, Xa,B(B) — C]B\h (v = eZm’/N‘

Then the Ss-orbit of size one is {x0o = 1} and the Ssz-orbits of size three are of the form
{Xa.a> Xa,—2a, X—2a,a} for a =1,..., N —1. There are a total of 3(N — 1)+ 1 characters in these
orbits. The remaining N? — 3N + 2 elements are partitioned into orbits of size 6, with trivial
stabilizers. We let
2
Nos s i= 1% = (N2 (N - 1)

be a set of representatives of these orbits. It is easy to see that «;, 5; can be chosen so that
oy, B; # 0. Assuming so in what follows slightly simplifies the formulas.

Now the orbit {xo,0 = 1} produces via the small subgroup method 3 representations, corre-
sponding to the 3 irreducible representations of Ss:

(i) the trivial representation pq,
(ii) 1 one-dimensional irreducible representation pg,

(iii) 1 two-dimensional irreducible representation ps.
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The orbits of cyclic stabilizer Cy, with representatives o, produce
(iv) (N — 1)irreducible 3-dimensional representations pt, a € {1,..., N — 1},
(v) (N —1) irreducible 3-dimensional representations p,, « € {1,..., N —1}.
Each class comes from inducing 5~ ®yo to G, where p™ is the trivial representation of Cy and p~

is the non-trivial. Finally, the orbits of representative x,, g, give

(vi) $(N —2)(N — 1) irreducible 6-dimensional representations pa, g,,

each representation being given by inducing x,, s, to all of G. Explicit matrices for the genera-
tors S, U, A can easily be written down as in [1], from which we also borrowed the notation
(a slight correction is needed in Table 2 of [1] for the matrices pZ(A) and p, 5(A)). Using the
relation

R=A"'U mod ®(N)

the traces of p(S), p(R), p(R™') and the eigenvalues of the p(T')-matrix can then be computed
from the explicit formulas and they are given in table

dim| S | R |R7! T — eigenvalues
P2 1 |-1] 1 1 -1
03 2 —1| -1 1,-1
pt | 3 1]0] 0 N5 Cons —Ca
Pa 3 -1/ 0 0 _C]TZOZ?_CQIN’CS[N
Paci | 6 | 0| 0| 0 |G, £ G, G

2mi/N

where (y = ¢ and Con = e2™/2N Applying Theorem 4.1 we obtain the following.

Theorem 6.2. Let N > 2 be an integer such that 31 N. Then the multiplicities of the irreducible
representations of G = (Z/NZ)? x Ss inside the canonical representation pa(N) are given by

d(p1) =d(p2) = d(ps) =0,  d(pf)=0, a=1,...,N—1,
1 ifa—l,...,r\r_lJ,

2
N -1

d(pg) =
0 ifa= {QJ +1,...,N—1,

1 ifoi + 5 <N,
d(pa,,8,) = )

0 Zf o + ﬁ’t > N7
Example 6.3. Let N = 7. There are 5 Ss-orbits of size 6 in Hom((Z/7Z)?,C*), and the

representatives for these orbits can be chosen to be {x6,1,X5,2, X4,3, X2,1, X6,3}. By Theorem 6.2
we deduce that

Pa(7) ~ P1 D py D pg Dp21.

An explicit model for pg(7) can then be written down using the following formulas

0o 0 ¢° -1 0 0
po (T) = o & 0 |, pa(S)=10 0 -1], a=1,23,
—¢2* 0 0 0 -1 0
0 0 0 0 &' o0 000100
O 0 0 0 0 ¢? 000010
10 0 0 ¢ 0 0 1000001
A=ty o 0 0 of 2910000 0
G 0o 0 0 0 0 010000
0 ¢G2 0 0 0 0 001000
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6.2 Case 3|N

In this case there are 3 characters with full stabilizer S, given by {xo00}, {xn/3,n/3} and
{Xan/32n/3} (and N — 3 remaining orbits with Co-stabilizers). The two additional characters

each produce

(vii) 2 one-dimensional (non-trivial) representations p}, /3 and Pon /37

(viii) 2 one-dimensional (non-trivial) representations p3% /3 and PaN /37
(ix) 2 two-dimensional representations p3; /3 and P3N /3

the first corresponding to the trivial representation of Ss, the second to the sign representation,
and the third to the 2-dimensional representation of S3. For each one of these new representations
we can compute the following data:

dim | S R R~ | T-eigenvalues
s | L] GT ] G G
Phas| 1|1 GG G
Pys | 1|1 G| G —G
Pongs| 1|1 G | G —G3
P?’V/g 2 |0 | =G =G G6, —C6
pgN/S 2 | 0| =G | =G —(3,C3

Applying Theorem 4.1 we get

Theorem 6.4. Let N > 2 be an integer such that 3| N. Then the multiplicities of the irreducible
representations of G = (Z/N7Z)? x Sz inside the canonical representation pa(N) are given by

dipf)y=0, a=1,...,N—1,  a#N/3,2N/3,

d(ps) = N o # N/3,2N/3,
0 ifoz:{2J—|—l,...,N—1,
1 ifa; + 8; < N,
d(py. 5.) = i Bi # 0,
(pazuBz) {0 Zfogl—f—ﬁl 2 N’ «Q IB #

d(P}V/:s) = d(P%N/:s) = d(PgN/:s) =0, d(P?V/s) =1, d(Pif/S) = d(PgN/za) =0.

Example 6.5. Let N = 6. There are 4 Ss-orbits of size 6 in Hom ((Z/6Z)?,C*), and represen-
tatives for these orbits can be chosen to be {x51,x4,2, X54,x3,2}. By Theorem 6.4 we deduce
that

Po(6) ~ p3 @ py D P32

and an explicit model for pg ) can be written down using

p5(T) =e™/5,  p3(S) = -1,
0 0 ¢! -1 0 0
pa(M)={ 0 ¢ 0], pS)=f(0 0 -1],
~¢g 0 0 0 -1 0
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20
¢G>

0
, p32(S) =

ool oo o
cocodyo o
coc oo o9
o oo

cor~, oo o
o oo oo
— o000 oo
cCooc oo~
cooo R~ O
coo OO
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