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Abstract. A vertex operator approach for form factors of Belavin’s (Z/nZ)-symmetric
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1 Introduction

In [1] and [2] we derived the integral formulae for correlation functions and form factors, respec-
tively, of Belavin’s (Z/nZ)-symmetric model [3, 4] on the basis of vertex operator approach [5].
Belavin’s (Z/nZ)-symmetric model is an n-state generalization of Baxter’s eight-vertex model [6],
which has (Z/2Z)-symmetries. As for the eight-vertex model, the integral formulae for correla-
tion functions and form factors were derived by Lashkevich and Pugai [7] and by Lashkevich [8],
respectively.

It was found in [7] that the correlation functions of the eight-vertex model can be obtained
by using the free field realization of the vertex operators in the eight-vertex SOS model [9], with
insertion of the nonlocal operator A, called ‘the tail operator’. The vertex operator approach for
higher spin generalization of the eight-vertex model was presented in [10]. The vertex operator
approach for higher rank generalization was presented in [1]. The expression of the spontaneous
polarization of the (Z/nZ)-symmetric model [11] was also reproduced in [1], on the basis of
vertex operator approach. Concerning form factors, the bosonization scheme for the eight-vertex
model was constructed in [8]. The higher rank generalization of [8] was presented in [2]. It was
shown in [12, 13] that the elliptic algebra U, ,(sly) relevant to the (Z/nZ)-symmetric model
provides the Drinfeld realization of the face type elliptic quantum group By, )\(;[N) tensored by
a Heisenberg algebra.

The present paper is organized as follows. In Section 2 we review the basic definitions of
the (Z/nZ)-symmetric model [3], the corresponding dual face model Agll model [14], and the
vertex-face correspondence. In Section 3 we summarize the vertex operator algebras relevant to
the (Z/nZ)-symmetric model and the AS_)I model [1, 2]. In Section 4 we construct the free field
representations of the tail operators, in terms of those of the basic operators for the type I [15]

*This paper is a contribution to the Proceedings of the International Workshop “Recent Advances in Quantum
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and the type II [16] vertex operators in the Afllzl model. Note that in the present paper we

use a different convention from the one used in [1, 2]. In Section 5 we calculate 2m-point form
factors of the o*-operator and o*-operator in the eight-vertex model, as simple application for
n = 2. In Section 6 we give some concluding remarks. Useful operator product expansion (OPE)
formulae and commutation relations for basic bosons are given in Appendix A.

2 Basic definitions

The present section aims to formulate the problem, thereby fixing the notation.

2.1 Theta functions
The Jacobi theta function with two pseudo-periods 1 and 7 (Im 7 > 0) are defined as follows:
9 [ Z } (v;7T) = Z exp {W\/*l(m +a) [(m+a)T+2(v+ b)]} ,
meZ
for a,b € R. Let n € Z>5 and r € R, and also fix the parameter = such that 0 < z < 1. We
will use the abbreviations,
[U] = x%_v@mw(l‘%), [U]/ = [U”w—)r—l, [U]l = [’U”THb

0} = 0% 0 (—a®), {0} = Wl oh = {0},

where

04(2) = (210)00 (227 "50) (@ D)oo = Y g™V (=)™,
meZ

’i1,..-,im20

Note that
] (750 o (5
19[ 1(/)2 } <:me/rjl> - %eXp <_%) {v},

where x = e~ € (e > 0).
For later conveniences we also introduce the following symbols:

1 2nt2r—j—1 j+1
ot gy(=) 5 St
ri(v) =z W = 9i(2) = i1 (2.1)
95(2) {on—itlz{a2rti—1z}
w(,,—1 2n+2r—j—=1 7/ f .j—1 ./
r n z
T';(’U) = zr-1 n] M, g;‘(z) = {-’152 1 /2}2{33' 12}/, (22)
95 (2) {a2n=i—lzp{a2rti—12}
(0) = (—z)~ 52 pi(z™h) ) (221 2522, 1) oo (2?20 25 22 2 ) o (2.3)
i(v) = (— P LA i(z) = .
Xj pi(z) ’ Pi (x2; 22, 227) oo (220 2 22 227 o ’

where z = 2%, 1 < j<nand

{2} = (2", 2°")ox, {2V = (z;2% 72, 2% .
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In particular we denote x(v) = x1(v). These factors will appear in the commutation relations
among the type I and type II vertex operators.

The integral kernel for the type I and the type II vertex operators will be given as the products
of the following elliptic functions:

B Ve etl) o= =1
f(a )_ [’U—%] ) h()_[v+1]>
*Uw_[v—%+w]/ *U_[v+1]’
f(7 )_ [U‘l‘%]/ ’ h()_[v—l]’

2.2 Belavin’s (Z/nZ)-symmetric model

Let V. = C" and {e,}o<u<n—1 be the standard orthonormal basis with the inner product
(€ps€v) = Oy Belavin’s (Z/nZ)-symmetric model [3] is a vertex model on a two-dimensional
square lattice £ such that the state variables take the values of (Z/nZ)-spin. The model is
(Z/nZ)-symmetric in a sense that the R-matrix satisfies the following conditions:

(1) R(v);’; =0, unlessi+ k=741, modn,

(i) R)3PEP = R()if, Vi, j, k,1p € Z/n.

The definition of the R-matrix in the principal regime can be found in [2]. The present R-matrix
has three parameters v, € and r, which lie in the following region:

e >0, r>1, 0<v<l.

2.3 The Agll model

The dual face model of the (Z/nZ)-symmetric model is called the AW model. This is a face

n—1
model on a two-dimensional square lattice £*, the dual lattice of £, such that the state variables
1

n—1°

take the values of the dual space of Cartan subalgebra h* of A
n—1
h* =P Cuw,
p=0
where
p—1 1 n—1
T S A
v=0 n=0

The weight lattice P and the root lattice @@ of AW are usually defined. For a € h*, we set

n—1
n—1
Qpy = Ay — Ay, du:<a+/)75u>:<a+p’gﬂ>’ pzzw“.
p=1

An ordered pair (a,b) € h*? is called admissible if b = a + &, for a certain (0 < p < n—1).

For (a,b,c,d) € b4, let W [ Z

v] be the Boltzmann weight of the AW model for the state

n—1

. . d .
configuration [ ¢ a ] round a face. Here the four states a, b, ¢ and d are ordered clockwise

b
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c d
b
and (d, ¢) are admissible. Non-zero Boltzmann weights are parametrized in terms of the elliptic
theta function of the spectral parameter v. The explicit expressions of W can be found in [2].
We consider the so-called Regime III in the model, i.e., 0 < v < 1.

from the SE corner. In this model W [

v] = 0 unless the four pairs (a,b), (a,d), (b, c)

2.4 Vertex-face correspondence

Let zf(v)g_gu be the intertwining vectors in C”, whose elements are expressed in terms of theta

functions. As for the definitions see [2]. Then t(v)?_; ’s relate the R-matrix of the (Z/nZ)-

&,
(1)

symmetric model in the principal regime and Boltzmann weights W of the A model in the

n—1
regime 111
c d
R(Ul — Ug)t(’vl)g X t(’l}g)é = Zt(vl)g & t(vg)gw |: b o4 V1 — 1)2:| . (2.4)
b
Let us introduce the dual intertwining vectors satisfying

n—1 n—1 B

Dot )t e =6, Y )i b (0)a =t (2.5)
u:O v=0

From (2.4) and (2.5), we have

t*(vl)lc) (2 t*(fug)gR(vl — 'UQ) = Z w |: g V] — 1)2:| t*(ul)g X t*(vg)g.

d

For fixed r > 1, let

c d

S(0) = ~R@lors W[5 S

and ¢'*(v)? is the dual intertwining vector of ¢(v)¢. Here,

w2 (r4n=2)v  (n=1)(3r+n->5)
r nr=1) n(r-1) 6n(r—1)

7\1/_(x2r—2; x2r—2)oo
Z_l; xQn’ $2r—2)oo(x2r+2n—22; :L,Qn’ x?r—?)oo

(2

X
(Z_l; xQn’ $2T_2)00($2T+2n_4z; xZn’ 372T_2)oo ’

and z = 2. Then we have

tl*(Ul)Ié & t/*('UQ)gS(Ul — 'UQ) = Z w’ |: ZC) V1 — 1)2] t/*<’l)1)3 & tl*(Ug)g.

d
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3 Vertex operator algebra

3.1 Vertex operators for the (Z/nZ)-symmetric model

Let H® be the C-vector space spanned by the half-infinite pure tensor vectors of the forms
Ey @ Epy ®EYs ® -+ with p; € Z/nZ, pnj =i+ 1 —j (mod n) for j > 0.

The type I vertex operator ®#(v) can be defined as a half-infinite transfer matrix. The opera-
tor ®#(v) is an intertwiner from HD to HOHD | satisfying the following commutation relation:

(I) Ul (I)V ’U2 Z R ’U1 — UQ (Ug)q)ul(vl).

When we consider an operator related to ‘creation-annihilation’ process, we need another
type of vertex operators, the type Il vertex operators that satisfy the following commutation
relations:

W (v) W (1) = D W (01) W) (02) S (01 — v2) s
H/7V,

PH(v1) TS (v2) = x(v1 — v2) U} (v2)P* (v1).
Let

p(i) — g2nHorm . oqy(0) _y 31_[(2')7

where Hcomy is the CTM Hamiltonian defined as follows:

1 o .
HCTM(Ml?/"Lz?MS’ © ) = ; Z]HU(Mj7Mj+1)7
j=1
fp=-v-=1 fos<v<pu<sn—1,
Hv(’u’y)_{nlJr,uV ifo<us<rv<n—1.

Then we have the homogeneity relations

o (v)p ™ = pHVBH(w —n), T ()" = pFIEE (0 — ).

3.2 Vertex operators for the A 1 model

Fork=a+p,l =E6+pand 0 < i < n—1,let Hl(lz be the space of admissible paths (ag, a1, az,...)
such that

ap = a, aj—aj+1€{§0,§1,...,§n_1} for j=0,1,2,3,...,
aj =& +wip1—; for 7> 0.

(v)a*® can be defined as a half-infinite transfer matrix. The

is an intertwiner from ’H(Z) to Hl(llj _:2 , satisfying the following commutation

The type I vertex operator ®

operator ®(v)e' "

relation:
VS S
d

The free field realization of ®(v2)? was constructed in [15]. See Section 4.2.

V1 — 1)2] (I)(’UQ)ECI)(Ul)Z.
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The type II vertex operators should satisfy the following commutation relations:

\I/ (1)2 Ed 1)1 5 —Z\If 1)1 §c Ug)gaW [ g: gj

/! !/ / /!

B(v1)s U (v2)f = X(Ul — vp) U (v2)§ D(v1)§

U1 — 'U2:| )

Let

(i) 2nHY
pl’k = Gax l’ka Ga = H [aule
o<pu<rv<n—1

where H Z(Zk) is the CTM Hamiltonian of A(l)

»_1 model in regime III is given as follows:

. 1 ‘
Hi)(ag,a1,0z,...) = EZny(aj_l,aj,ajH),
j=1
Hi(a+E,+¢é,a+Eu,a) = Hy(v, 1),

and H, (v, p) is the same one as (3.1). Then we have the homogeneity relations
(%) (i4+1)

/p + 7l p /+ 7l / * 4 ] +1 !
o)y "Gt = Tpew -y W), = A, -

The free field realization of \II*(U)g was constructed in [16]. See Section 4.3.

3.3 Tail operators and commutation relations

In [1] we introduced the intertwining operators between H(®) and 7—[1(2 (k=14 w; (mod Q)):
) = Htﬂ] aJ+1 1D ”Hz(%
an H t* B a]+1 Hl(lz = H( i)

which satisfy

; x2r—2;$2r—2 - (n—1)(n—2)/2 1 i )
’ e k=l+w;
(mod Q)

In order to obtain the form factors of the (Z/nZ)-symmetric model, we need the free field
representations of the tail operator which is offdiagonal with respect to the boundary conditions:

AW =T T (u)eq - HY) — M, (3.3)

where k=a+p, =&+ p, k' =ad +p, and I =& + p. Let

|- S
al'

L aO a’l
ag
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From the invertibility of the intertwining vector and its dual vector, we have

Then we have

!/
‘10_ i1
o=

aj  aj+1

Alug) = 0F . (3.4)

fa
Note that the tail operator (3.3) satisfies the following intertwining relations [1, 2]:

A(w)E 5 ®(v) ZL[ u—v} B (v)5A(u)5 o, (3.5)
U ()& A @ = ZL’[ oy u+Au—v] A& o (@)% (3.6)
where
gc gd _ gc gd
[ & L “} =k [ & & “] o

We should find a representation of A(u)ggl and fix the constant Au that solves (3.5) and (3.6).

4 Free filed realization

4.1 Bosons

In [17, 18] the bosons B, (1 < j < n—1,m € Z\{0}) relevant to elliptic algebra were introduced.
For o, 8 € h* we denote the zero mode operators by P,, (Jg. Concerning commutation relations
among these operators see [17, 18, 2]. ‘

We will deal with the bosonic Fock spaces Fjx, (I,k € h*) generated by B’ (m > 0) over
the vacuum vectors |[, k) :

Fir=CH{B |, B ,, .. hicjenlll k),
where

|1, k) = exp (V=1(1Qk + £201)) |0, 0),

and
1
— Pot =1 = (t = B1)(t — B2), Bo = —F—=, p1 < Ba.
r(r—1)
4.2 Type I vertex operators
Let us define the basic operators for j =1,...,n—1
o1 B), — BiTY
U_o;(v) =27 :exp|—p (\/ 1Qq; + Pa, logz)) + Z T(sz)—m :

m7#0

r—1 j(n—j)
ij(v) = ZTTIJ n] . exp ﬁl ( ﬁ_lej + ij logz Z Zx(] 2k+1)mBk -m :

m;éO =
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2v as usual. The normal product operation places P,’s to the

where 81 = —\/’ﬂ;—l and z =
right of Qg’s, as well as By,’s (m > 0) to the right of B_,,’s. For some useful OPE formulae
and commutation relations, see Appendix A.

In what follows we set
T = ’I“(T‘ - 1)P§ua Ty = Ty — Ty = TL/“/ — (T‘ — ]-)K;w-

The operators K,,,,, L, and 7, act on F;, as scalars (e, —e,,k), (€, —€y,1) and (g, —&,, 7l —
(r — 1)k), respectively. In what follows we often use the symbols

Gk = H [Kul/]v G/L - H [LNV],'
opu<r<n—1 opu<r<n—1
For 0 < ;1 < n — 1 the type I vertex operator ®(v)e " can be expressed in terms of Uy, (v)
and U_,,(v) on the bosonic Fock space Fjq4,. The explicit expression of ®(v)a"* can found
n [15].
4.3 Type II vertex operators
Let us define the basic operators for j =1,...,n—1
. AL, — ALY
Voo, (v) = (=2)7 7 sexp | =02 (V—1Qa, + Pa, log(—2)) — Z T({I;]z)_m :,
m#0
r__j(n—j)
Viy(v) = (=)0 5
1 ¢ j—2k+1)m gk _—
x rexp | Bo (v—lej + P, log(—2)) + Z — Zﬂs(] mpAk L =m
m#0 k=1
where o = /.55 and z = 22, and Al %Bﬁn For some useful OPE formulae and

commutation relatlons see Appendix A.

E+ep

For 0 <y < n—1 the type II vertex operator ¥*(v); " can be expressed in terms of Vi, (v)

and V_g, (v) on the bosonic Fock space F¢, . The explicit expression of \Il*(v)?r"g“ can found

n [16].

4.4 Free field realization of tail operators

In order to construct free field realization of the tail operators, we also need another type of
basic operators:

1

Woa, (v) = ((~1)72) 7D

Ogn —Oszrl )
x i exp | —fo (V—1Qq, + Pa, log(—1)"z)) — Z T(sz)_m 5
m##0
where By = 1 + B2 = m, (—=1)" := exp(my/—1r) and 0, = %Bﬂn Concerning

useful OPE formulae and commutation relations, see Appendix A.
We cite the results on the free field realization of tail operators. In [1] we obtained the free

field representation of A(u )EZ satisfying (3.5) for £ = &:

a dz;
A( ga ?: = GK% H QW\/LZ —Qutl (U#Jrl) U*au(vlf)



Form Factors of Belavin’s (Z/nZ)-Symmetric Model and Its Application 9

v—1
x JT (15557 f(vjar — v, )G (4.1)
J=H

E+‘§n71a+§n71

where v, = v and p < v. In [2] we obtained the free field representation of A(U)§+é#a+én_z

satisfying (3.6) as follows:

E+én—1a+En_1 (_1)n_u[an72nfl] [5 n—1 _1], -1
A( )f'i‘gua‘l‘rgniz t= (l-fl _x)(l.Zr;xQT)iS : [1]/ GKG/L

n—2
dz]

%/ H 277\/72‘7 —On-1 (’LL - %) V_an—2(v’l’b—2) T V—oé#_‘_l (UM+1)

x H Mf ( _'U]—i—lyﬂ'uj)G[_(lG/, (42)

=p+1

for 0 < p < n—2 with Au = —"T_l and v,_1 = u. Concerning other types of tail operators

A(u)ggl, the expressions of the free field representation can be found in [1, 2].

4.5 Free field realization of CTM Hamiltonian

Let
0 n—1 7 ' ' 4 1 n—1
D RS S ) M e AR ) Y
m:l T j=1k=1 j=1
00 n—1 J ‘
- Z 7' — 1 sz 2j72k71)m(Bj— B]+1 Bk +35 ZPWJPO‘J (4'3>
=1 T j=1k=1

be the CTM Hamiltonian on the Fock space F 1, [19]. Then we have the homogeneity relation
Gu(2)a™ = q" (a7 2),

and the trace formula
Bk Bl

tr 7, e =
l,k( “) (.,L.2n;$2n)’gol

Let pl(l) Gox?MF_ Then the relation (3.2) holds. We thus indentify Hp with free field
representations of H l(ik), the CTM Hamiltonian of A", model in regime III.

n—1

5 Form factors for n = 2

In this section we would like to find explicit expressions of form factors for n = 2 case, i.e., the
eight-vertex model form factors. Here, we adopt the convention that the components 0 and 1
for n = 2 are denoted by + and —. Form factors of the eight-vertex model are defined as matrix
elements of some local operators. For simplicity, we choose o” as a local operator:

1 1
IRl

——7

where El(j#), is the matrix unit on the j-th site. The free field representation of ¢* is given by

07 =) e®(u)d°
e==%
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Here, ®}(u) is the dual type I vertex operator, whose free filed representation can be found
n [1, 2].
The corresponding form factors with 2m ‘charged’ particles are given by

Fr(rz) (Uz; Uy, - .- vu?m)v1'“l/2m = WTYH@) <\II1/1 (ul) T \Ijugm (UZM)UZP(Z)) ) (5'1)
where
4. .4
, ~ 4T
X = Ty = 2532;,;2;:

In this section we denote the spectral parameters by z; = x2% , and denote integral variables by

We = x2%,

By using the vertex-face transformation, we can rewrite (5.1) as follows:

A 1
Fr(ri) (0% ut, o u2m)uy s = 7 Z t/; (ul —up + %) 51 o 'tlizm (u2m up + ) gz 1
< 3 e Y Y bt w)f - wp)

* * 1 g% kx4HF
T (P 0 a0k 2R A o )

where Hp is the CTM Hamiltonian defined by (4.3).
Let

Fr(r;) (UZ7 ut, - - - 7u2m)ll1'~l2m - Xt) Z Z Z Z klts(u N UQ)IZ;

k=l+i(mod 2) e=% ki=k+1 ko=k1+1

x4HF
xTrHl(;i (xlf*(ul)fl--w*(ugm)ﬁiz1<I>*(u)§1 O () Au )bm’@[’“]m, > (5.2)

Then we have

F,(,:)(Jz;ul,...,uzm)lll...lzm: Z F,(nz)(az;ul,...,u2m)l,1...,,2m

V1,yeeiyV2m
e e
For simplicity, let I; = [ —j for 1 < j < 2m. Then from the relation (3.4), A(uo)f,;”k2 vanishes

unless ko = k — 2. Thus, the sum over kl and ks on (5.2) reduces to only one non-vanishing
term. Furthermore, we note the formula

1—i{0H{u —uy — 1+ k}

Zst o)1t (u —uo)j =y = (~1) [u — o] [k — 1]

Here, we use k — [ = i (mod 2). The sum with respect to k for the trace over the zero-modes
parts can be calculated as follows:

m—1
_k (r—=1)k _ T
E {u—up—1+k} | | 2(r 02 (g7l & | I (—wa) =

k=l+i (mod 2) j=1 a=1

+k

. (<—1>Txfr+1zo)‘rfl+%:12 okt e
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=z

2 i
Lo L = >x1<uu01>2<uu01) S e
k=l+i (mod 2)
( m—1 2m )
k|2 Ve +2u— u;—3
« § :xrn(n—l)xQ(u—uo—l-l—k)nx a§1 J§1 J

nez
14 1 1)2__1 ( m1 1 2m ,)2 (7"71 1 2m ) 1)2
_ (_1) x;(ufUO* ) == uo+a§1 vafgjglu] — agl va+u7§J§1’U4]7
2
X Zﬁ,?b)(l,u,uo,uj,va),

where

/
Zf?f;)(l,u,uo,uj,va): l—uo—zva‘i‘%zuj Zva—i—u—%zuy‘

a=1 7=1 a=1 j=1 1
Thus, Fyg) (0% U1y ..., U2m)1i—1--1—2m can be obtained as follows:

—1 -1 ; .
(_1)m ﬁm Fqgv%) (O-Za Uy, - .- 7u2m)ll—1-~~l—2m
(uj—ug+1/2)% | r(uj—ug+1/2)
Tr— 1:(; 4(r—1) 2(r—1)

- H( ZJ)2(T D Fyeye (2j1/ %) H Lo(22;] 2% 0o (132 25

i<y’ =

+

Ll

2m

f/(Uj — Up + %)

%) o
2r

% H 271.\/710 (l u U(),ujjva) H(_wb)T_

a<b

('Ua —Vp— 1)

og — ) [vg — vpliz™ 71

m—1

X H x_222x_(”a_“)2+va_“[va — u]l(—wa)rilx ril(“0fi’“*1)2+“07v“71[va —up+1—m]
a=1
m—1 2m , (3327"_1wa/zj; $4’ $2T_2)m(x2r+3zj/wa; $4, x2r—2)oo

SINICHRS
| ( ZJ) " (x—lwa/zj;x4,m2r_2)oo(:r3zj/wa;x4,x2r_2)oo

2 m—1 2m 2
<uo+ Z Vg — 2 Z u]> —( > fua—l—u—% > u]-—1>
: = :

1
2
WA, = = , (5.3)

where f’(v) is defined by (2.6) for n = 2, a scalar function Fy«y+(2) and a scalar 3, are

(Z; :1:4, 1:4, x2r—2)oo($4z—1; x47 1,4, 1,21"—2)00

Fey(2) =
P*ap ( ) (:UQZ;:C4,564,:1327"_2)00(5562_1;354,334,%27"_2)00

(x2r+22; x47 1134, x2r72)oo(x2T+6271; .%'4, .%'4, x2r72)oo

—_ _ _ )
($2TZ;$4,$‘4,.%'2T 2)@(1.27‘4-42: 1;$4,$4,$2T 2)00

and

_ o {0)m — %) 5 (2wt (% 2 e (a7 )
Pm = (m — DI[1)m(z— 1 _ x)gl(mQ)(mQT mQT)gO(xQT-i-l mzr)oo
oo (2t a2t a?r (22r+6; g4 gt g2r—2)m

L
o (33‘6 1‘4 .1'4 x2r— 2) ($2T+4’x4’x4’x2r72)&’

2. 2)m 1( 2r,

x (x5 x L2272
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On (5.3), the integral contour C' should be chosen such that all integral variables w, lie in the
convergence domain x3|2;| < |wa| < x|2;].

Gathering phase factors on (5.3), we have P

we thus obtain the equality:

2m
i) ( 2 0 wj—up+ 2=+l g/
Z F?S@) (U ULy - 7u2m)V1"'V2m H v |: b :| ( - %(ril) ’ ) 25(7'7}))
i1 vj

. Redefining f’(v) by a scalar factor,

V1, V2m
= r 5 2m Zj_'ril
=B [] 277" Firp () 2) [ | —
mj<],, J 7 Pk Va(xzj)z2%) 0o (232 ) 255 %) 0o
jé H D1, u, w0, uj, va er 1 o — o) [va — vp]y @ TT (Ve TV 12
27r\/ 1wy o
m—1 5 ) )
% H x—QZQx—(Ua—uP-i-'ua—u[Ua _ u]lwg—lx—m(uo—va—l) +u0—va—l[va — g + I — m]/
a=1
—12 _ _ _
y ”ﬁ ﬁ ; - (5627" 1wa/zj§ $4, 72T 2)oo($2r+32j/wa;$47552r 2)00
Pl j (2 1w/ 2j; 2%, 277 2) o (4925 /wa; 2, 227 2) o

a=1

2m 2 m—1 1 2m 2
uo+ Z Vg — 2 Z uj | = X vatu—z Z u;—1
T j=1 ,

By comparing the transformation properties with respect to [ for both sides on (5.4), we conclude
that F (0% U1, ..+, U2m )iy -1, are independent of [, and also that

) 12
Ff(,i)(az;ul, e U2m )y gy, = 0 unless B Zyj =0 (mod 2),

as expected.
When m = 1, we have

2 T r—1
) _r .
F® o®iul,u =94 C) 200 -
(%5 w1, U2)vr = O 0 1 ]11 a(zzy /204 ) 0o (732/ 255 7)o
—1.,\2
y (z Z)Tx T2 (ug—u)— £ — A5 (uo— (w1 +u2) /2)? — (u—(u1+uz) /2—1)2
4

u— wtue o — wtua
X Fyeye(z2/21) <1/1[u_u2_1}1 + (—1)1"{u_u2_1};1> . (5.5)
[%] {= 21 }
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where C(®) is a constant. This is a same result obtained by Lashkevich in [8], up to a scalar
factor!.
Next, let us choose o% as a local operator:

z _ (1) 1)
o —E+7+E7+.

Then the relation for F,sf)(ax;ul,...,uzm),,l..wm reduces to (5.4) with Zr(,i)(l,u,ug,uj,va) re-
placed by

/

m—1 2m m—1 2m
) 1 1
X1, u,u0,u5,v0) = |1 —ug — g Vg + 3 g uj E Vg +U— 5 g u;j
a=1 j=1 a=1 j=1 1

' m—1 2m ! m—1 2
+ (=)t l—uo—Zva%—%Zuj Zva—l—u—% ujfl
a=1 7=1 a=1 7j=1 1
and with {0} in f,, replaced by [0], respectively. Here,
'U2
[[U]] = xT@:z:ZT(x%JrT)? [[U]]/ = [[U]”THT—M [[1)]]1 = [[U]”T‘Hlv

o} == 2% O (=), o} = fobeors, vk = fobleor

The transformation properties with respect to ! implies that F,%) (0%5u1y ...y Uom) i,y
independent of [, and also that

wvy, ale

2m
; 1
F,Sfb)(am;ul, e U2m) vy vy, = 0 unless 3 Zyj =1 (mod 2),
j=1

as expected. Furthermore, 2-point form factors for o*-operator can be obtained as follows:

2 r—1
. . z
FO(0%; uy, = 8y 1, C@ 220D !
(0% u1,U2) 1 v1v2 2 ]1_{ m*lz(xzj/z; 1’4)oo($32/zj§134)oo
—1.8\2
o (AT g L (o (1) /2)2 — (u (i uz) /212
4

u — watua oy — watuz
X Fyeye (22/21) @W ¥ <—1>“M> 59

where C(*) is a constant. The expressions (5.5) and (5.6) are essentially same as the results
obtained by Lukyanov and Terras [20]2.

6 Concluding remarks

In this paper we present a vertex operator approach for form factors of the (Z/nZ)-symmetric

model. For that purpose we constructed the free field representations of the tail operators Aggl,

1 This scalar factor results from the difference between the present normalization of the type II vertex operators
and that used in [8].

2Strictly speaking, we consider the parameterization of the coupling constants |J,| > J, > J, while Lukyanov
and Terras [20] considered that of J, > J, > |J.|. Thus, the present results (5.5) and (5.6) correspond to their
results of the 2-point form factors for o”-operator and o¥-operator, respectively. Furthermore, we note that their
rapidity 6; can be obtained from our spectral parameter u; by a constant shift. After such substitution, we claim
that our results (5.5) and (5.6) agree with their corresponding results in [20].
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the nonlocal operators which relate the physical quantities of the (Z/nZ)-symmetric model and
the ASEI model. As a result, we can obtain the integral formulae for form factors of the (Z/nZ)-
symmetric model, in principle.

Our approach is based on some assumptions. We assumed that the vertex operator al-
gebra defined by (3.2) and (3.5), (3.6) correctly describes the intertwining relation between the
(Z/nZ)-symmetric model and the Agll_)l model. We also assumed that the free field representa-
tions (4.1), (4.2) provide relevant representations of the vertex operator algebra.

As a consistency check of our bosonization scheme, we presented the integral formulae for form
factors which are related to the o?-operator and o*-operator in the eight-vertex model, i.e., the
(Z/27Z)-symmetric model. The expressions (5.3) and (5.4) for o* form factors and o” analogues
remind us of the determinant structure of sine-Gordon form factors found by Smirnov [21].
In Smirnov’s approach form factors in integrable models can be obtained by solving matrix
Riemann-Hilbert problems. We wish to find form factors formulae in the eight-vertex model on
the basis of Smirnov’s approach in a separate paper.

A  OPE formulae and commutation relations

In this paper we use some different definitions of the basic bosons from the one used in [2].
Accordingly, some formulae listed in Appendix B of [2] should be changed. Here we list such

formulae. Concerning unchanged formulae see [2]. In what follows we denote z = 22V, 2/ = 22V’
First, useful OPE formulae are:
r n—j %
Vi (0) Vi, (V') = (=2) =177 g5 (2 /2) : Vi, (0) Vi (V) 5,
r n—j %
Vi (0)Vi (V') = (=2) =177 g5 (2 /2) 2 Vi, (0) Vi (V) =,
e (xQT—IZ//Z; x2r—2)oo
Vi, (U)V_aj(vl) = (—2)" 1 (T Vi, (v)V_a]. (') 1,
o (3327“712//2:;:(}27"72) ' '
V*aj (U)ij (UI) - (_Z) o (x—lzl/z; x2r_2)o:o ) Vf”‘j (U)ij (U/) )
o (11327“712,/2; x2r72)oo
Voo, (U)V*ajil(v/) = (—z) ™1 (212 [z 227 2) o0 Vo, (U)V*aj:tl(vl) 5
o P (x_zz//z; er—Z)OO
Voo, (0)V_o, (V') = (—2)71 (1 - Z> CEIET N Vo, (0)Vog, (V) 1,
_ Jj(n—j)
Vi, (0) U, (W)= (=2)""n pi(z'/2): Vi, (v)Us; ('),
_Jj(n—j)
Us; (v)Vw] (W)y=2""n pj(z’/z) Uy, (v)ij ('),
Z/
Vi (0)U_q,; (V") = —2 <1 — z) Vi, (0) U, (V') == U_q, (v')Vi; (v),
Z/
Uw, (U)V_% (W) =2z (1 - z> : Uy, (U)V_aj (V') = V_a, (v/)Uw] (v),
Z/
V—CVJ (U)U_ajil (’U/) = -z (1 - Z) : V—Otj (U)U—a3i1 (’U,) U—a]jd (UI)V—OA] (’U),
Vo, (0 U_q, (V) :
Voo, (0)U_q, (V') = J(U,) ](v,z s (A.1)
20— )1 - =)
cU_q,(0)V_g, (V) :
U (0)V-ay () (0)Voe, (V) (A2)

= 7 )
21— )1 - %)

z
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where g7 (2) and p;(z) are defined by (2.2) and (2.3), respectively. From (A.1) and (A.2), we
obtain the following commutation relations:

Voo, (0000, (0] = S v 0,

where the d-function is defined by the following formal power series

i(z) = Z 2"

nez

Finally, we list the OPE formulae for W_,;(v) and other basic operators:

N e (xrz//z;:L,Qer)oo
Wea; (0)Voa,u, (V') = —=(=2) 7T (2722 [ 2; 227 2) o
% (ajrz//z; x2r—2)oo
(ZL'T72ZI/Z;SL'2T72)OO
r11 (er//Z; x2r—2)oo
(xr72zl/z; x27“72)00
%1 (zrzl/z;er—Q)oo

(.TT_2Z//Z; x?r—?)oo

i Wea; (V) Veayi, (COR

: V—Oéj:tl (U)W_aj (U/) 5

Vi, ()W, (0') 1,

tW_g, (0) Vi, (V) =,

From these, we obtain

Wea, (U + %) Vg (v) =0=V_q, ., (0)W_q, (v — %) ’
W_a, (v+5) Vi, (0) =0 =V, (0)W_q, (v—3%).
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